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PREFACE TO THE FIRST EDITION 

The enure field of PJane Surveying having lieen dealt with in the first 
volume,** the suhject-mattfT of tliis volume* covers tlic remainder of a 
degree course, rijid includes Field Astronomy, Geodetic Surveying and 
Levelling, Te^^jgra|)hieal and Reconnaissance Surv(*ying, and Mapping. 

As in Volume* f, an endeav'our has l)<*en made to meet the requirements 
of private students and practising surveyors, jiarticularly with regard to 
the subject of FieM Astronomy. In this branch of surveying it is essential 
that the student should {UTpiire a sounel grasp e:)f the fundamental 
concejilmns before •fire^cee'ding to a eejiisideration ejf the actual observa- 
tions. The author has e‘mphasis(‘d this necessity by devoting Chapter I 
entir(*ly to eX|)lanations regarding tin* quantities rlealt with in astronomical 
determinations, ft is hopt*d that the arrangement of this chapter and the 
inclusion of ty])ieal worked (*xamples on the use of the Nautical Almanac 
will faeillt‘»<^r* an understanding of the fundamental principles of astro- 
nomical measurements. 

(’haptcT II deals with the instruments and practice of Field Astronomy 
as apjilied to the determination of Time, Azimuth, Latitiule and Longi- 
tude. For each determination the firimarv m(*t]ioil is described as well 
as tile less r(*fined oh.servations by onlinarv field instruments. 

Chapter III covers the field work of (Jeodetic Surve\ ing. The catenary 
method of base m(*asurement by invar wires or tapes, having superseded 
all others, is tn*ated at length, but a ff*Av typical base bars have been 
described as a matter of intere.^t. 

The subjects of Theory of Krrors, Survey Adju.stmeiit and (leodetic 
Com])utations are d(*alt with in (iiapter IV. In , general textbook, 
considerations of sjiaee preclude d(*tailed treatment of these sulijects, 
but it is thought that tin* matter giv(*n will prove amply sufficient for 
the n(‘(*ds of the majority of n*ad(*rs. 

Chapter V deals w'ith (Jeodetie Ix*\elling, including Precise Spirit and 
Trigon* uuet riea 1 Jx’ vel ling. 

Topographical, Geogra])hieal ami Reconnaissance Surveys are treated 
in Chapter VI. Se\cral of tiu* survey methods have already been given 
in tletail in Volume I, and these are referred to only to the extent of 
indicating special features applicable to small si*ale work. The subjects 
of Barometric T^*velling and Photogra])hic Surveying, including Stereo- 
Photogra])hic and Aerial Surve\ing, are gi\en at greater length. 

Chapter VII deals with Map (Construction, and includes a rtsuvie of the 
principal map projections employed. 

Sets of illus(rjj!flv(» numerical examples and answers are given, and lists 
of references oa the various subjects treated are insert eil after the appro- 
priate chapters. As in the case ot Volume I, no attempt has been made 
to prepare exhaustive bibliographies, but the author has selected text- 
books and papers which are commonly accessible and many of which 
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he has himself foimd useful. He would take this opportunity of expressing 
his indebtedness to various oflScial publications, particularly those of 
the Survey of India and the United States Coast and Geodetic Survey. 

This volume is illustrated by 114 diagrams, which are original with 
the exception of Figs, 23, 25, 31 and 70 by Messrs. Bausch and Lomb, 
88 by Messrs. C. F. Casella and Co., 29 by M. A. Jobin, 26 by Messrs. 
C. H. Steward, 22 by Messrs. Troughton and Simms, 45, 57 and 58 by 
Messrs. E. R. Watts and Son, and 72, 96, 97 and 99 by Messrs. Carl Zeiss. 
The author gratefully acknowledges the kindness of those firms in ])lacing 
their illustrations at his disposal, and w^ould also jxpre.-is ^his tlianks to 
Messrs. The Cambridge and Paul Scientific Instrument Co. /‘.ir information 
relative to their invar precise staff. 

i). C. 


PREFACE TO THE SECOND EDITION 

In revising Chapters I and II, we have merely followed closely the 
author’s original text, introducing modifications that were rendered 
necessary by the recent changes in the mode of reckoning astronomical 
time and in the Nautical Alma7iac, and revising the paragraphs on the 
prismatic astrolabe, wireless signals and the determination of longitude, 
as well as the examples. In addition a number of minor alterations 
have been made, but there has been no attempt to make a general revision, 
as our desire was to retain the features of Prof. Clark’s presentation. 

L. J. COMUIE 
J. E. E. Crasteh 



PREFACE TO THE THIRD EDITION 


In view of tlic progress tliat has been made in geodetic methofis and 
instruments since the last edition of this book was published, it seemed 
to be impossible to carry, out the task of preparing a new edition satis- 
factorily unl^*U number of additions, now included in this volume, 
were made, ^onsecpiently, while I have tried to avoid altering the 
original^ character of the book in any way, or to depart from the original 
text more than w.as really necessary, I have found it necessary to make 
certain additions which I hoiX3 will add to tlie general usefulness of the 
book, botli to the practical man and to the student. 

Among other additions may be mentioned short descriptions of some 
modern light-weight geodetic theodolites and of other field apparatus ; a 
description of modern precise traversing which J believe is more com- 
prehensive than any that can be found in other text -books of the same 
kind ; fairly detailed discussions of the rc'ctangular spherical and Trans- 
verse Mercator systems of co-ordinates ; lapse-rate formulie for the 
graduation of aneroid barometers, etc. 

As the 45® prl.smatic astrolabe has come much into favour with British 
surveyors during recent years, the paragrajihs in (chapter T1 which deal 
with the prismatic astrolabe havt^ again been revised in order to provide 
a fuller descri])tion of the 45® model and of the method of using it, and 
the original illustrations of the fiO® prismatic astrolabe of l/laiide and 
Driencourt (Figs. 29 and 30 in the last edition) have been omitted to 
make room for illustrations of the later ty}X‘ of instrument. 

The original Chapter IV^ on Survey Adjustnumt and (.Tcoilctie Computa- 
tion has been extended to form two separate chapters, one on adjustment 
and the other on computation, and the matter on both subjects has 
been considerably exp«anded. In the original edition, Clark included a 
discussion on survey adjustment, which, although admirable in its way 
and sufficient to enable the student to apply the prineij)les of the methoii 
of least squares to very simple problems, was not sufficient to enable him 
to apply them to the more complicated requirements of practice, nor did 
he make any mention of the exccetlingly useful checks that are available 
during most stages of a least square adjustment. In this etlition, the 
mathematical theory of least squares has been excluded, as it was in the 
original, but F hope that the matter now added will enable a student to 
apply the method with confidence to most practical })roblems. 

In the chapters on Field Astronomy and (Geodetic Computation I have 
added a number of proofs of various formuhe which were not given in the 
original editions^as I think these will make the book mori* complete and 
add to its general usefulness. At the same time, owing to limitations of 
space, a proof of every formula is not given and only those which are 
reasonably simple and which help to illustrate basic principles have been 
included. Nearly all of these proofs are printed in small type so that 
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they can be omitted on a first reading or by those who are not interested 
in the mathematical theory. The book, as it stands, of course, makes no 
pretence at being a treatise on matliematical geodesy, and some rather 
difficult proofs, sucli as tliat of Colonel A. R. Clarke’s formulae for latitude 
and longitude from the length and azimuth of long lines, have been 
omitted on account of their length or mathematical difficulty. 

During the last twenty years or so Transverse Mercator (jo-grdinates 
have come into verj- extensive use for official surveys in different parts 
of the world. These surveys provide fixed points on the ground whose 
positions are accurately determined, and, in addition to letting tliem 
serve as a useful “ yard-stick ” by which to test the accilra'y of lus own 
work, the ordinary private surveyor may often save himself a considerable 
amount of unnecessary work both in the office and in the field if h« makes 
proper use of these points. Accordingly, I have thought it advisable to 
include a fairly complete description of the Transverse Mercator H^^stem, 
especially as it is important that those who have to ase it should know 
something of its limitations and of the principles on which it is bssetl. 
The rectangular spherical system of co-ordinates has also been fairly 
extensively used both at home and abroad, but tijo modern tendency 
is to rex)laec it by the Transverse Mercator. In s])ite of tl\is, tlie theory 
of the rectangular spherical system illustrates important basic principles, 
and leads up very naturally to the slightly more difficult tlieorv of the 
Transverse ilercator ; consequently it too has been described at some 
length. A third system of co-ordinates- —the conical orthomor])hic —is 
also used in various x)laees, and, accordingly, the principal formulae 
relating to it have been stated but no attcuupt has been made to ])rove 
them. 

In most text-books that deal with tlie subject, the tlu'orv of tlu'se 
three main systems of linear geodetic co-ordinates is considered as part 
of the subject of map projections. Tn modern practice' they t('nd to be 
definite co-ordinate systems, rather than ordinary rna]) proji'ctions, and 
accordingly it seems best to treat and considcT them as such, and as ])art 
of ordinary geodesy, so that the detailed deserij)tion of tliem is included 
in Chapter V rather than in (Chapter Vdll. 

I regret that it has not been possible tosj)are more space for the impor- 
tant subject of air survey. However, this tends to be a liighly specialised 
subject in itself, which is developing very rapidly, ancl sojue good text- 
books, describing the most recent practice, arc now available. 

Dr. L. J. Comrie, w'ho originally wrote Apx)endix I, on Mechanical 
Comi)uting, for the second edition, has revised this section, with par- 
ticular reference to the current vogue of using twin calculating macliines 
for rectangular co-ordinate survey. 

1 owe special thanks to Captain (1. T. McCaw, C.M.<jI., O.B.K., M.A., 
for much advice an<l assistance, and particularly for looking over certain 
parts of tlie text and for standing mcj notes on points that ajipeared to 
require correction, qualificiatifin or amendment. Other J4cJ\nowl(‘dgments 
are due to Colonel Sir Gerald Jx*nox-Conyngham, M.A., F.R.S., for 
various suggestions and for sending me notes of some? errors that he 
had found in the third edition of V'ol. 1 and which are now incluclcd 
in the list given on page xvi ; to Mr. E. J. H. Dale, of Capetown, for 
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pointing out a ratlicr serious and misleading error in the formation of the 
normal equations from weighted observation equations which appears 
in two examples in the i)revioiis editions and whieli is corrected in this 
one ; • to the Controller, H.M. Stationery OflSce, for permission to use 
information published in Vol. II of the Admiralty List of Radio Signals ; 
to Captain S. C. Saward, Director of Surveys, Gold Coast, for permission 
to include, the table given on page 1S7 for sag correction of a tape used 
on a slope whicli is taken from the Gold Coast Survey publication Tables 
for Use in the Department ; to the Director of the United States Coast 
and Geodetic Sury,ey for jK^mission to use the illustrations from U.S.C. & 
G.S. puhlicati^s that ajipear in these pages Jis Figs. 103, 104, lOo, 106 
and 107 ; and to Messrs. Cooke, Troughton & Simms, Messrs. E. R. Watts 
and Son,- and Messrs. H. Wild & Co. for tlu* provision of information or 
photographs r(‘lating to insfruimuits of their manufacture, for j)ermission 
♦o include illustrations of these instruments in this book, and in some 
cases for'tlie loan oS the blocks. The description of the adjustment of 
the transit instrument given on ])age 55 and tlie greater part of the 
description of the adjustment of the zenith telescoj>c given on page 57 
have been tak(‘n direct from the original author’s companion volume, 
Field Astronomy. 

J. Clendinnino. 



PREFACE TO THE FOURTH EDITION 

In preparing this new edition, besides including descriptions of certain 
important A\ar-time and poal-\\ar developments, I have made various 
additions vviiich either appeared to myself tq, be desirable or else were 
suggested to me by various friends and correspondents;' f 

The main new* developments which are described are*', the use of a 
new’ ^iar Almanac for Land Surveyors, Hare triangulation, applications 
of radar to surveying, the Bergstrand method of measuring distances 
accurately bj" means of modukted light waves, and certain astronomical 
methods which enable determinations of latitude, longitude and azimuth, 
sufficiently accurate for minor work, to be made with a minimum of 
observation and computation. 

The new Star Almanac for Utnd Surveyors, the first edition of which, 
containing data for 1951, is being published in 1959, is specially desigiu‘d 
for land surv'eyors engaged on ordinary survey work, as o])pose(l to 
geodetic w'ork, and it is intended that, for such work, this \olume should 
eventually replace the ordinary edition of the Nautical Almanac, (’onse- 
qiiently, I hav’e included a description of it and a numb(*r of exanqiles 
of the use of it ; also a fuller description of Appannt PUws of Funda- 
mtntal Stars, together with some e.xamples based on data taken from it as 
thk public itioii will now re])lace the Nautical Almanac for i(‘din‘jng all 
astronomical ob.servations ot geodetic or similar older. 

Flare triangulation and radar techniques at ])resenl involve a con- 
siderable amount of skilled staff and spc(‘ial ami t‘\j)en.siv(‘ apparatus, 
and these are only available to larg(‘ .surv ey organi.sations. such as (iovern- 
ment Departments, 'engaged on very extensive projects. Hem‘e, 1 have 
felt some doubt about giving so much space to tliern as I havt* done. 
However, as they offer so many opj>ort unities of extending geodetic 
measurements to cases where such measurements would otherwise* be 
quite impossible, and as some knowledge of them is already being 
demanded of candidates in certain examinations, it seemed that no up-‘o- 
date book on geodesy can now’ ignore them. The description of flare 
triangulation is short, and Chapter IX, the new chapter on Radar Ranging 
and Triangulation, is independent of the remainder of the book, so that 
it can be omitted by those not interested. 

The Bergstrand apparatus for accurate distance mi‘asurcmcnt , the 
“ geodimeter,*' which is described in Apjxmdix IV, has not yet come into 
general use, but, in an electronic age, it is of considerable* interest as an 
example of the application of electronics to surveying, and it promises 
to have important applications to ordinary triangulation. 

In the chapters on Field Astronomy, J have added a Khort description 
of position line methods. These methods, altliough not new in them- 
selves, are being used more and more by surveyors and references to tliem 
are now appearing in survey literature. Hence, the book is scarc(*ly 
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complete without a description of the principles on which they are based. 
I have also added to these chapters some additional notes on the selection 
and identification of stars, as this is an important subject in practical 
work and a fuller treatment appeared to be (fcsirable. In arldilion, in the 
chapter on Survey Adjustment I have included a siinph^ example a 
least s(}uare adjustment hy the method of directions and a slioil descrip- 
tion of adjustment liy the method of differential displacements. 

The chapter on Radar Ranginj^ and Triangulation is based largely on 
information contained in various articles and publications by i^rofessor 
C. A. Hart, of •University (^)llege, Ijoiulon (now V'ice-Chancellor of 
Roorkee UnivV’sity, India), who is chiefly responsible for the early 
research wcirk on whicli present-rlay applications of rarlar to surveying 
are founded, and 1 am much indebted to him for having read throiigli 
tLe original draft of the chapter and making many useful suggestions and 
corrections. 

Aj)|)endix I on Mef hanical ( junputing was revised liy Dr. L J. CV>mrie 
some' little time bPfon* his death, and (ontaiiis descriptions of ti.e latent 
typ(‘s of computing maehiiu*'. now available for survey wfirk. 

Appeiulix IV, on the Xew Method of Accurate Distance Measurement 
by (Jom billed Optical and Klectronic Means, is based on articles and 
informat'ai ^niovitled by Mr. K. Bergstrand. tlie designer of the apparatus, 
and 1 am very grateful to him. not only for proviriing me with information 
that 1 re<iuired, but also for having read and corrected th(‘ jiroof of the 
Appenrlix. 

Particular thanks are cine to the Superintenclenl of H.M. X'autical 
Almanac Office' for very kindly and courteously provirliiiL^ me with i>r(v>fs 
of certain pages of the 1051 editions of the new Star Atwanac for Jjuul 
Snrnyor^s, the yautiral Almanac and Apparent Plac^j^ of Fnndamt ntal 
Stars, as these editions had not been published when tlie iwision A\as 
being prepared. Acknowledgments and tlianks are also due to H.M. 
Astronomer Royal for providing me wWh information about the radio 
time signals ; to Messrs. Hilger and Walts Ltd. for providing me with 
information about their Watts “ Microptic tlieodolite No. '2. and for 
allowing me to use illustrations of the instrument taken from their 
catalogue ; and to Dr. J. l)e Oraaff-Hunter for reading the drafts of my 
descriptions of his metliods of determining latitude, longitude and 
azimuth and of his sliul ter eyepiece. In addition. 1 ha\e to thank various 
correspondents for sending me c'orreetions to tlie third edition and 
suggestions for the new. If I have not adopted all the Miggestions sent 
me, it is only because limitations of space have prevented mo from 
doing so. 

“ Jnmsvickk,” 

An cm i : h i s ( ! -on-Ska, 

Sr ssKX. 


J. Clkndinxixo. 
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PLANE AND GEODETIC 
SURVEYING FOR ENGINEERS 

HIGHER SURVEYING 

CHAFfER I 

MELD ASTRONOMY— INTRODUCTOR Y 

Survey methods in general are directed to obtaining only the relative 
positions of points, but when their absolute positions on the earth’s 
surface ^re required, recourse must be had to astronomical determina- 
tions. The branch t)f mathematical astronomy with which the surveyor 
has to deal relates to the determination of time, true meridian, latitude 
and longitude. Apart from their applications in pure geodesy, observa- 
tions for these quantities arc required for the following purposes. 

(1) In the *^xecution of the framework of a large survey it is necessary 
to obtain the true beaiing of at least one of the lines and the latitude and 
longitude of at least one of the stations, so that the survey may be located 
as representing a portion of the surface of the earth. 

(2) The direction of the true meridian may be determined in order to 
provide a reference meridian for traverse bearings. Its superiority over 
the magnetic meridian, by virtue of its permanence, is particular!}’ evident 
if survey lines have to be retraced at a later date. On other than small 
surveys, reference to true meridian is essential because of the facility 
afforded of checking the angular work at intervals by astronomical 
observations. 

(3) Rapid surveys of an exploratory character arc sumetimes entirely 
controlled either by means of the latitudes and longitudes of a few’ points 
at wide intervals or by the latitudes of points and the directions, or 
azimuths, of the lines joining them. 

(4) The field work of establishing interstate boundaries, involving the 
setting out of a considerable length of a meridian, a parallel of latitude, 
or an oblique line, is dependent upon astronomical determinations. 

The Celestial Sphere. The celestial bodies w’ith which the surveyor is 
concerned are the so-called fi.xed stars and the sun, the moon and planets 
being of minor importance. 

On viewing the stars, one sees a number of bodies of very varied 
distance from the earth, but all of which are so remote that straight lines 
from a star to different points on the earth, or even to different points on 
the earth’s orbit round the sun, may for all practical purposes be con- 
sidered parallel. In other w’ords, the orbit of the earth may be treated 
as a point in comparison. 

Since the surveyor has to deal only with the angular positions of the 
stars, and not with their linear distances from the earth, it is very 
convenient to consider them studded upon the surface of an imaginary 
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sphere, called the celestial sphere, at the centre of which the observer is 
stationed. This conception is quite legitimate, since the relative angular 
positions of the stars as they arc seen from the earth would remain 
unchanged if they were projected along the straight lines joining them 
to the observer until they were situated on the spherical surface. The 
radius of the celestial sphere is to be imagined indefinitely great, so that 
the diameter of the earth’s orbit may be regarded relatively as a point. 

On watching the stars for some time, it is seen that, although they 
maintain the same situations with respect to each other, their positions 
relative to the horizon are continually changing, some stars apparently 
moving more than others in a given time. Indeed, the observed motion 
resembles that which might be expected if the stars were actually fixed 
upon a sphere rotating from east to west. This motion is an apparent 
one, and is due to the real daily rotation of the earth from west to east 
about the axis joining its north and south poles. The apparent rotation 

of the celestial sphere is, therefo^'e, equal 
in rate and opposite in direction to that 
of the earth, and is about the axis of 
the earth produced. The points in 
which the prolongation of the earth’s 
axis meets the celestial sphere are called 
respectively the north and south celestial 
poles. About those points the stars 
appear to travel along concentric cir- 
cular paths with perfectly uniform 
angular velocity. 

It will be found convenient to dis- 
regard the fact that the diurnal motion 
of the celestial sphere is only apparent 
and to assume that it is real, and 
that the earth’s retention is annulled. 

Gedmetrical Properties of the Sphere. Many of the quantities involved 
in astronomical determinations are parts of the celestial sphere, and the 
surveyor should have some knowledge of spherical geometry and trigono- 
metry. The more important definitions relating to parts of the sphere 
are here collected for convenience of reference. 

(1) A great circle of a sphere is the circle in which it is intersected by 
any plane passing through the centre. The diameters of all great circles 
are also diameters of the sphere. The circles EAQ, PCAP', and EBDQ 
(Fig. 1) are great circles. 

A amaU circle is the circle in which the sphere is intersected by any 
plane not passing through the centre. Thus BCD is a small circle. 

(2) The axis of any circle of a sphere is that diameter of the sphere 
which is perpendicular to the plane of the circle, the ends of the axis 
being called the poles of the circle. Thus P and P' are the poles of the 
great circle EAQ and also of the small circle BCD, if t^e planes of those 
two circles are parallel. 

In the case of great circles, the poles are equidistant from the plane of 
the circle, but are not so with regard to small circles, the nearer being 
referred to as ik>1c. 
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Great circles passing through the poles of a great or small circle are 
termed second^iriea to that circle. Thus the great circle PCAP' is a 
secondary to both EAQ and BCD. 

(3) The distance between two points on the surface of a sphere is 
measured by : 

(а) The arc of the great circle on which both points lie, or 

(б) The angle which this arc subtends at the centre of the sphere. 

Thus the distance between the points A and C may be expressed either 

as the arc AC, since PCAP' is a great circle, or as the angle AOC. 

The distance between a point on the spherical surface and a great or 
small circle if^he distance from the given point to the point of intersection 
of the circle by that one of its secondaries wliich passes through the given 
point. The arc AC, or the angle COA, therefore expresses the distance 
of C from the circle EAQ, since PCAP' is the secondary to that circle 
which passes through C. 

(4) The angle great 

circles is measur^^d by : 

(а) The spherical angle at either of 
their points of intersection. Thus in 
Fig. 2, the angle between the great 
circles PAP' »nd PA'P' is the spherical 
angle APA'. 

(б) The angle between the planes in 
which they lie, as angle AOA'. 

(c) The plane angle between the 
tangents to the circles at either inter- 
section, as angle TPT'. 

(d) The arc intercepted by them on 
the great circle to which they are both 
secondaries, as arc AA' of the great circle EAA'Q. 

(e) The distance between their poles. Thus the angle between the 
great circles EAA'Q and HR is the distance between their poles P and Z, 
namely the arc PZ of the great circle PAP' or angle POZ. 

(5) A spherical triangle is a figure on the surface of the sphere bounded 
by three arcs of great circles. Thus if the points Z and S are joined by 
an arc of a great circle, PZS is a spherical triangle. Since an arc of a 
great circle is proportional to the angle at the centre of the sphere 
subtended by it, the sides of a spherical triangle are measured in terms 
of the central angles wliich they subtend. The angles of the triangle are 
the angles between the great circles which form the sides. Certain 
relationships then exist among the sides and angles of a spherical triangle 
and the investigation of these relationships forms part of the subject of 
spherical trigonometry. 

In general, as in plane trigonometry, the formulae of spherical trigono- 
metry are deduced in a form that is not always suitable for computation, 
although it may«be much the more convenient form for ordinary mathe- 
matical investigation or manipulation, or for deducing special formulae 
in work, such as spherical astronomy, where a solution depends on the 
use of spherical trigonometry. Consequently, where necessary, we shall 
first of all givp the formula that is most useful in mathematical work 




4 


PLANE AND GEODETIC SURVEYING 


and then the one that is most useful for computation by logarithms. 
Sometimes, however, the one used for computing is also suitable for 
mathematical work, and vice versa. 

(6) If three of the six paHs of a spherical triangle are knowji, the 
methods of spherical trigonometry enable the triangle to be solved. 

Let A, B and C denote the angles of a spherical triangle, and a, b and c 
the sides opposite these angles, i.e. the angles at the centre of the sphere 
subtended by the sides. Let s =■- \(a + b + c). 

The General Triangle. (1) Given two angles and tlie side opposite one 
of them, as A, £ and a. 

The side b is derived from : — 


sin b = 


sin a sin Ji 
sin A 


(i) 


C is obtained as in case (6) following and then c by substituting c and C 
for 6 and B in (i). 

As in plane trigonometry, h is ambiguous in this case, since there are 
two possible values for it, corresponding to the calculated value of oiu* 
being the supplement of the other. The fact that the greater angle subtends 
the greater side removes the ambiguity in certain cases, and in practice 
it is usually possible to select the correct value for the unknown angU'. 

This formula is suitable either for purely mathematical work or for 
computing. 

(2) Given two sides and the contained angle, as b, c, .4, 

cos a = cos 6 cos c + sin 6 sin c cos ^4 .... (ii) 


B and C can be obtained from ciusc (6). 

Formulae (i) and (ii) arc the fundamental forinuhe of sph(*rical 
trigonometry, as all the others can be derived from them. 

For logarithmic work a may be computed from 

cos a = K cos {<f> — b) (iii) 


where tan ^ = 


sin c cos A 


K = 


cos c 


If a is a small angle, or if the 


(iv) 


(V) 


cos c ' cos <t> 

complete solution of the triangle is required, compute B and (J from 
X 1 / n . cos \(b — c) ^ A 

tail 1 (B - C) = cot ^ 

^ ^ ' Sin I (h + c) 2 

whence i(JS + G) and ^(B - 6'), and B ^ ^(B + (J) + l(B ~ (!) and 
C = l(B + C) — ^{B — C). Then find a from case (1) or, when a is 
very small, from one of the tangent formulae in cases (3) and (o). 

(3) Given the three angles, A , B and C, 

cos A + cos £ cos G , 

cosa = ; — p . ... . . (vi) 

sin B sin C ' ' 


This formula is derived from (ii) by substituting the supplements of 
the sides and angles in the original triangle to form a new triangle (the 
“ polar triangle *') in which these supplements become the corresponding 
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anf;lc‘s and Hid«*H, t.e. a' — (180“ — A), A' = (180“ — a), b' = (180“ ~R), 
B' = (180“ - b), c' — (180“ - C), C = (180“ — c). By using the polar 
triangle, all formula) in spherical trigonometry give rise to analagous 
formula) in which the sides of the triangle bocomc the angles of the polar 
triangle, and vice versa. 

For compul ing purposes use : — 




sin .5 


= V 

V' 


COS S cos (S — A) 


sin B sill G 


• a j cos (<S — B) cos iS — C) 
^>1- 2 V sin iy sin 6' 


or tan 


! — cos S cos (H — A) 
V cos {S — B) cos {B 


C) 


(vii) 

(viii) 

(ix) 


where i(J 1- /|f + ^). Similarly, for b and c. Of these three 
exjiressions, (ix) w to bp preferred for computing purposes. 

(4) (jliven the tlirc'c sides a, b and c. 

For mathematical w'ork tin* most suitable formula will generally be : — 

. cos a — cos b cos c 
cos A = 


sin 6 sin c 

with similar expressions hjr cos B and cos C, 
For computing use : — 

, A 


2 = V 


'sin (t9 h) sin (« — c) 
sin b sin c 


or cos 


or tan 


sin s sin {a --a) 
sin b sin c 


'sin {a — b) sin (« c) 

V sin a sin (a — a) 
i(a + b f- c), with similar expressions for B and 


(X) 

(xi) 

(xii) 
(xiii) 

(xiv) 


wh(‘n* a 

(o) (liven two angles and tin* side between them, as ..4, B and c, 

^ ^ cos c cos .4 + sin ^4 cot B 
sin c 

when a and C can be found from eases (1) and (0). 

For computing use : — 

X 1 / , I N cos 4 (*4 — 5) 

tan i(a +b) = — - ,-7-3-5; Jc . . . 

^ . sin h{A — B) ^ . 

tan i (« - b) ^ tan . . . 

whence \(a + 6) and .J(a -- 6), and thence a = J(a + ^) + — b) ; 

b = + b) — 4(rt — b). C can then be found from case (0). 

(6) Given two sides and the angle opposite one of them, as a, 6 and *4. 

. „ sin x4 sin 6 

Bin B = : (xvii) 

sin a 


(xv) 

(xvi) 
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after which C can be found by substituting C and c for B and b in (xrii). 
For computing use the same formulae or 

= + .... (xix) 

^ , COS A (-4 + -B) ^ 1 / . XV /V 

“^srlrnrsj *“*<“+** • • • 

As in case (1) there may be an ambiguity about B and / as computed 
from (xvii) and (xviii), but, as before, it is usually not difficult to decide 
which value to adopt. 

(7) The following two formulae are sometimes useful in mathematical 
work : — 

sin a cos J5 = sin c cos 6 — cos c sin b ccs 4 . . . (xxi) 
sin A cos 6 = sin (7 cos B + cos G sin B cos a . . . (xxii) 

Similar formulae, involving c and C on the left-hand side, are, of course, 
obtained by making the appropriate substitutions. 

(8) In every spherical triangle the sum of the three angles is greater 
than 180° and less than 540°. The amount by which this sum exceeds 
180° is called the spherical excess and is denoted by /? or e. Then 

E +B + C) - 180° (xxiii) 


tan* \E = tan tan — a) tan — 5) tan \{8 — c) , . . . (xxiv) 


In geodetic work the spherical triangles on the earth’s surface are' 
comparatively small and the spherical excess seldom exceeds more than 
a few seconds of arc in numerical value. In this case the spherical excess 
(in seconds of arc) is iisually computed from the approximate formula : — 




A 

B* sin r 


(xxv) 


where R is the radius of the earth and A is the area of triangle expressed 
in the same linear units as R (see page 282). 

The Right-angled Triangle, If one of the angles of the spherical triangle 
is a right angle, the formulae are considerably simplified. Since only two 
parts, other than the right angle, need be known for solution of the 
triangle, the following formulae meet all cases. 

Let C be the right angle. 

sin a = sin A sin c = cot B tan h 
sin b = sin B sin c = cot A tan a 
cos c = cos a cos 6 = cot A cot B 
cos A = cos a sin B = tan 6 cot c 
cos B = cos bsin A= tan a cot c 


Some Usefol Series 

The following series, here tabulated for reference purposes only, are 
often useful in astronomical and geodetic work. 
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(1) Binomial Expansion. 

(*+<*)"='*"+ ar"“*a* — —*"-*«* + • • 


»(n — 1)(» — 2) . . . . (n— r + 1) 


a?>-'a'+ 


(2) Taylor’s Theorem for a single variable (with remainder term), 

f(x + h) =/(*) + hf'ix) + ^nx) +!*/'"(*) + 


A" 

+ ^|/"(^) + (n x<a< (x +h). 


(3) Afaclaiirin’s Theorem (with remainder). 

/(*) =/(P) + */'(«) +|-’/"'( 0 ) + 




(4) Exponential Series. 


--- 1 + X -f h 3i + ji + Qj + • 


[.r* < 00 ] 


= + . e^<.j 

e = 2*7182818285 value of when j: -=- 1. 

(5) Logarithmic Series. 

iog,(i + X) X -- + [- i< X := 1] 


log. (1 - X) = - X - ^ - [- 1 ^ X < 1] 

log,(x + 1) = log. X + 2 [(2a.- +T) 3(^+f)» Sfir + 1)* ■*■] ^ 

logio N — log, tV . logi^e where logjo^ = 0*4342944819 
log, N = logiQxV . log,.10 where log, .10 = 2*3025850930 

(6) Trigonometric Series. The following series hold when 0 is expressed 
in circular measure : — 

.ine = e-t.+l 


3! '5! 7! ' 

cos(l= I 


* /I „ , a? , 2fl« , 17<P fi20» , 

an a + g + -jg + gj,. + 2g35 

, . 1 a aa 2a6 a» , 

“ a 3 46 ■ 945 4725 ' 


[e<»] 

[-3 


. . [a*<7r*] 



8 


PLANE AND GEODETIC SURVEYINt 


sec 8 = 1 -f 

cascc 5 = 1 
u 

sin“* 0=6 


ga 55* 615* 
2 + 24 720 


— , ,315° 
6 360 15120 


5 75® 

+ - + — 
^6 ^360 

1 


1X3X5 5» 
2 X 4 X 6‘ 7 


['"< 3 ] 

[02 < ,r2] 

< 1 ] 


cos“^ B = 




, ^ ^ 

"-'- 3 + 5“ 7 + 


1 


1 


1 


tan-i 5 2 + 3^3 5^ ' 7^ 


I ITD7 



15® < 1] 
[5® > 1] 


cot-® 5 = ~ 
sec-®5=-|- 


— tail-® 5 

_ 1 _ 1 J_ 
5 2 • 35® 


1x3 1 

2 X 4 • 55® 


1x3x5 1 

2x4x6 ‘ 75® 


4- . [5® > 1] 


cosec“* 0 = 


— scc“® 5. 


(7) Reversion of Series. — If a quantity y can l)c cx])rossc(l as a series in 
ascending powers of anotlier quantity x, in wliicli each succeeding term 
in the series is numerically less than the terra that precedes it, it is 
often required to express x as a converging series in ascending jxiwers 
of y. This may be done by the use of the following formuhe : — 

If y = ax 5a;® 4- ca:® + dx* + ex® + 

where exi < dx* < cx® < 6x® < ax. Then 

y b , , (26® — ac) , (56® — 5a6c 4- (I'd) . 

o a®^ ^ a® o® 

(146® — 21a6®c 4- ^'•a^bd 4- 3rt®c® — ea®) . 

-L _J '«B — 

^ «» ^ 


If 

where 



a 


y = ax 6x® -f- ex® 4- dx® -|- ex* -f- 
ex* < dx® < ca;® < 6x® < ax. Then 
6y» (36® — ac) (126® — 8a6c 4- «®d) , 

a* ^ a® ^ a»® ' ^ •' 

, (556^ -- -f -f 5a V — m®) 

+ - - aft 


DEFINITIONS OF ASTRONOMIOAI, TERMS 

« 

The quantities dealt with in field a.strononay may be cla3S.sifii;d as 
relating to : (1) the earth, the celestial sphere, and the olxserver ; (2) the 
position of a celestial body ; (3) the classification of .stars ; (4) the sun ; 
(6) corrections ; (6) time. 
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The Earth, the Celestial Sphere, and the Observer (Fig. 3) 

The Terrestrial Equator, EiAiQj, is tlio great circle of the earth, the 
plane of which is at right angles to the axi.'^ of rotation. The north and 
south terrestrial poles, and P^', are its geometrical poles, and are 
consequently equidistant from it. 

The Celestial Equator, EAQ, is the great circle of the cel(*.stial sphere 
in which* it is intersected by the plane of the terrestrial equator. It is 
therefore, midway between the celestial poles P and P'. 

The Horizon, (a) The Seij^nble Horizon is a plane passing through the 
observer at nrfit ingles to tlie direction of gravity at the place of observa- 
tion. It is the plane in wliicli the line of siglit of a level telescope lies. 
(6) The True, Rational or Geocentric Horizon is a parallel plane through 
t’^e centre of tlie earth. 

The distance between these planes being negligible in comparison 
with thc/adius of the celestial sphere, they are to be regarded as coincident 
and intersecting the* celestial spliere in a great circle called the Celestial 
Horizon, or simply the Horizon. In 
Fig. 3, UR nqiresents the horizon of 
tlie place X. In tlui case of the rela- 
tively lU'ar boilii's forming the solar 
system, the radius of the earth subtends 
an apj)reciable angle at the celestial 
body, and results of observations from 
the sensible horizon must be eorn^cted 
to the values they would have if taken 
at the centre of the earth from the true 
horizon (see Parallax, page 19). 

The Zenith and Nadir are the ])oles of 
the C(*lestial horizon, the zenith Z being 
the point overhead in which the direc- 
tion of a plumb line at the ob.server 
would meet the celestial sphere, the nadir N being the corresponding 
point vertically below him. 

Terrestrial Meridians are lines of intersection of the surface of the earth 
by planes passing through its axis, as PiAjPi'. If the earth were perfectly 
spherical, they would be great circles through the poles and secondaries 
to the equator. 

Celestial Meridians arc corresponding great circles of tlie celestial 
sphere passing through the celestial poles. The celestial meridian of 
a place or an observer, referred to at the place as the meridian, i> 
that great circle whicli passes through the poles and the zenith and. 
necessarily, through the nadir also. It is therefore a secondary it’ 
the celestial horizon as well as of the equator, and cuts both the 
horizon and the equator at right angles. PZP' is the meridian of the 
observer X. 

Vertical Circles are great circles of the celestial sphere through the 
zenith and nadir. They are all secondaries to the celestial horizon. The 
observer’s meridian is one such circle. 

The Prime Vertical is that particular vertical circle which is at riglit 
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angles to the meridian, and wliich therefore passes through the east and 
west points of the horizon. 

The Latitude (^) of a place is the angle between the direction of a plumb 
line at the place and the plane of the equator. It is marked + or — (or 
N. or S.) according as the place is north or south of the equator. It will 
be seen from the definitions of the zenith and the celestial equator that 
latitude may also be defined as the angle between the zenith .and the 
celestial equator. The latitude of X is therefore represented by ZOA. 

The Co-latitude of a place is the complement of the latitude; and is 
therefore the angle ZOP between tlie zenith and the celestial pole. 

The Lon^tude (L) of a place is the angle between a fixed reference meridian, 
called the prime or first meridian, and the meridian of the place. Longi- 
tude is measured from 0° to 180® eastwards or westwards from the prime 
meridian, and must therefore be marked E. or W. The prime meridian 
universally adopted for astronomical and geodetic work is tliat of 
Greenwich. PZ^.^BP' being Greenwich meridian, th^ longitude 'of X is 
angle BOA west, measured on the plane of the equator. . 

The Position of a Celestial Body 

The fact that the situation of a point on the surface of the earth is 
completely specified by the co-ordinates latitude and longitude suggests 
the employment of similar means to designate the position of a body 
on the celestial sphere. In any system of co-ordinates for this purpose, 
it is necessary to adopt a plane of reference, one of the two angular 
co-ordinates being measured at right angles to this plane, and the other 

upon it. This plane should pass through the 
centre of the sphere, and the first co-ordinate 
is consequently measured upon a secondary 
to the great circle formed by the intersection 
of the reference plane with the sphere. The 
second is expressed as the angular distance 
between a certain specified point on this great 
circle and the secondary through the body. 
The radius to the specified point may be 
regarded as a fixed direction of reference. 
Thus in Fig. 4, let ABCD be the great circle 
of reference, or its plane, C being the fixed 
Fio. 4. point thereon. The position of the heavenly 

body S is designated by (1) the angle SOB, 
or arc SB, of ESBF, the secondary to ABCD through S, (2) the angle 
COB, on the plane of reference, or the arc CB of the reference circle, 
between the fixed direction OC and the plane of the secondary through S. 
To avoid all ambiguity, it is necessary in designating the first co-ordinate 
to state on which side of the reference plane the body is situated, and 
to have an established method of measuring the second angle as regards 
direction. 

Co-Wdinats Systems. Several systems of co ordinates are available 
according to the particular reference plane and reference point adopted. 
Three systems are of service in field astronomy : (1) altitude and azimuth ; 
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(2) declination and right ascension ; (3) declination and hour angle. 
The horizon is the reference plane in (1), and the equator in (2) and (3). 

The Altitude (h) of a celestial body is its angular distance above the 
horizon, and is measured on the vertical ciiscle passing through the body. 
In Fig. 5 angle AOS, or arc AS, represents the altitude of the star S to 
an observer whose horizon is HAR. 


Note, Jt follows from the dohnltion of latitude that the altitude of the pole P 
equals the latitude of the place of observation. 

^ Co-altMude or Zenith Distance (z) is the complement of the altitude, 
and is therefore the angular distance between the body and the zenith, 
i.e. angle S05^ dr arc'SZ. 

The Azimuth \A) of a celestial body is the angle between the observer’s 
meridian and the vertical circle through the body. Tliere is no universally 
accepted manner of reckoning azimuth, both quadrantal and whole 
circle methods being used, and in the latter the north point of the horizon 
is most ‘often takeq as the origin. ZPR being the meridian, and K the 
north point of the horizon in Fig. 5, the azimuth of S may })e expressecl 
as angle ROA, arc RA, or the spherical angle PZS, inc^asured from north 
towards east. Occasionally azimuths are reckoned clockwise from the 
south point of the horizon. In this case, the azimuth of S would be the 
exterior angh*, IIOA = 180® + ROA, where H is the south point of the 
horizon. 

The Altitude and Azimuth System. The (‘o-ordiintes altitude and 


azimuth are much used in field astronomy. 
The observation ot altitude is that most 
frequently required, and, since it is measured, 
subject to correction, by the angle of eleva- 
tion as registered on the verfical circle of a 
theodolite, the observation is a simple one. 

Since these co-ordinates not only depend 
upon the position of the observer, !)ut are 
constantly changing owing to the diurnal 
apparent motion of the celestial bo<ly about 
the pole (Fig. 5), they arc useless as a means 
of permanently recording the positions of 
heavenly bodies. For this purpose it is 



necessary to employ a system of invariable 

co-ordinates, and the equator must be the reference plane, Muce a star 


in its daily motion maintains a practically constant angular distance 


from the equator. The point of reference on the equator must partake 
of the apparent movement for constancy of the second co-ordinate. 
This is secured in the declination and right ascension system. 


The Declination (8) of a celestial body is its angular distance from the 
plane of the equator, and is measured on the great circle — ^generally 
called the declination circle — through the body and the celestial iK)le. 


Declination is measured from 0® to 90®, and is marked + or — according 


as the body is north or south of the equator. Thus in Fig. 6 the declination 
of the star S is measured by the angle BOS or the arc BS. 

Co-deolination or Polar Distance (p) is the angular distance between the body 
and the pole. Jt is termed north polar distance when measured from 
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the north pole, its value being 90® — the dcclijiation or 90® + the declina- 
tion according as the declination is + or — . When reference is made to 
the south pole, the quantity is called south polar distance, and equals 
90® — the declination or 90®*+ the declination according as the latter is 
— or +. The angle SOP, or arc SP, is the north polar distance of S, and 
angle SOP', or are SP', the south polar distance. 

The Right Ascension of a celestial body is the angle bct>veen the 

declination circle through a fixed point on the equator called the First 
Point of Aries ^ T (page 18), and the declination circle of the body. It is 

measurc'd eastwards from T,, the right ascen- 
sion of S in Fig. G being angjf> tOB or arc 
TB of the equator. Riglit ascension is 
intimately related to lime measurement, and 
it is found convenient to reckon it in time 
units from 0 to 24 liours instead of from 0° to 
3G0® (see page 22) 

The Declination and Right Ascension 
System. The observations of ticld astronomy 
do not inv'olve the measurement of declinaticm 
and right ascension, but thi‘S(» co-ordinatf's 
are constantly required in the reduction of 
Kio. 6. , observations and are employ(‘d for recording 

the positions of celestial bodu's. Their values 
for a fixed point in the heavens, although nearly constant, are not 
absolutely so. Owing to the fact that the earth is not quit(‘ spherical, 
the attractions of the sun, moon and planets (‘xert a disturbing 
couple which causes a slow secular movement of the plaiu' of tlu^ 
equator, called precession, fn addition, dii(‘ to variation in the valiu* 
of this couple, a small periodic disturbance, called nutation, is produee<l. 
These phenomena cause a variation in the position not only of the plane 
of the equator but also of the first point of Aries, and in eonse([iu*nce, 
although the positions of the stars relatively to each other are unatTeeted, 
both their declinations and right ascensions undergo slow alteration, 
increasing in some cases, decreasing in others. Tlu* fact that the c‘arth’s 
velocity in its orbit is an appreciable fraction of the velocity of liglit 
causes a displacement, known as aberration, of star i)ositions from their 
mean position. A fuither source of variation in the magnitude^ of the 
co-ordinates arises from the fact that the stars do not occupy quite* fixed 
situations on the celestial sphere. This motion, called pro])er motion, is 
partly real, due to an actual change of position of the ])ody in tlie heavens, 
and partly apparent, due to the movement of tlie solar system in space. 
The correction of star positions by the us<* of Appunni of 

mental Stars (page 33) is dc’seribed ami illustrated in pages 41 44. 1'he 
variation of tlie declination and right as<(‘nsion of the sun is very mm h 
greater than for the? stars, and is treated on jiagc* IS. 

The Declination and Hour Angle System. '14ie piano of tlu* (Hpiator is 
also used as the reference plane in this system of co-ordinates, the first 
co-ordinate being declination as defined above. Tlie reference; dir(‘ction 
is that of the observer’s meridian, the reference point being that in 
which the celestial (‘quator is intersected by the meridian. 
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The Hour Angle (J) of a cvlostial body is tlui ari^lo between the nierirlian 
of tlie observer and tlie ineri(Jian or dcH'Jination circle of the body. When 
it is eonsidensl in r(‘laUon to Ukj length of the day, it is measured west- 
wards (f>r in the sanui direction as the a[j|i)arent motion of the body) 
from the part of tlie obser ver’s mcTidian situated above the pole, that is 
from the position of U])|)er transit (see below), and is reckoiiefl in arc from 
0° to 30(1°, or in time from 0’“ to 24'*. Thus, in Fig. 0, the hour angle of S 
^is about ^40° or 10'* and is rej)r(‘sented by the* large* angle E013 = 180° -f- 
QOR, arc EQR, or the corresponding large siiherieal angle ZPS. Some- 
times, however, and more particularly in theoretical work, it is more 
conveni(*nt to jjeeT<on it from 0° to 180°, or from O'* to 12'*, in terms of the 
small(*st angle west (positive) or east (nc»gative) of the mt*ridian above 
the pole. In this ease tin; hour angh* of S in Fig. 6 would be taken as arc 
E'Y’B, small angle EOH, or the small spherical angle ZPS, and would be 
n(‘gative. 

Owing* to the apj)ar:cnt motion of a celestial bod\% its hour angle is 
constantly ehangjng, but at a uniform rate in the case of a star, or at a 
nearly uniform rate* in the* ease of the sun. 

Circumpolar Stars are sometimes defined as those* having polar distances 
h*ss than the latitude of the place of f)bsi*rvation. Such stars are, at any 
point in their diurnal path round the pole, always above the observer's 
horizon, and therefore do not set. 

In Fig. 7, the latitude of the observer whose horizon is HOR is angle 
ZOE IM)R. Any star such as S, tin* polar 
distance of which is less than POK, and which 
the efon* lies within the segment PTR of 
tin* ceh'stial sphere, is continually above tin* 
horizon, and is non-setting to the obs(*rver. 

Stars in tin* s(‘gment P'HK are nevi*r visible 
to him, while* all the others a 2 )pear to rise 
and s(*t. No stars an* Jion-s(*tting to a 
person on the j*([uator, his horizon being 
POP', while to an obs(‘rver at the north pole 
all the stars in the northern cele.stial heini- 
s|)here an* non-setting, since his horizon is 
EOQ. For pur[)oses of fi(*ld astronomy, 
howi*\er, the term eircumj)oIar is usually 
confined to stars near to the pole, i.c. to those whose polar dManee 
is less than 10°. 

Transit or Culmination. When a celestial body crosses the ob«ser\er’s 
meridian, it is said to transit or culminate. In one revolution round 
th(* poll* every body crosses the meridian twice, the two transits being 
distinguished as the upper and lower respectively (U.T. and L.T. in Figs. 7 
and 8), the former occurring on the same side of tl;e pole as the oh>erver's 
Z(*nith and tlu* latter on the ojij^osite side. Fig. S, wdiieh represents the 
polar region from the point of vie>v of the observer, shows that lower 
transits can be observed only in the ease of non -setting stars, and that a 
star attains its greatest altitude at upper transit and its least altitude (or 
greatest distance below the horizon, if a setting star) at lower transit. 
Elongation. A celestial body is said to elongate or to be at elongation 
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when it appears to attain its maximum distance from the meridian. 
The two elongations, E.E. and W.E. in Fig. 8, arc distinguished as the 
eastern and western elongations respectively. 

The Astronomical Triangle/ Many of the observations of field astro- 
nomy involve the evaluation of such parts of the spherical triangle formed 




by the pole, the zenith and a celestial body as will enable it to be solved 
for the quantity under determination. This triangle PZS (Fig. 9) is 
called the astronomical triangle. Its three sides are : 

PZ (an arc of the observer’s meridian) = the co-latitude of the observer 

PS (an arc of the declination circle of the body) = the co-declination 
or polar distance of the body 

ZS (an arc of the vertical circle through the body) = the co-altitude 
or zenith distance of the body. 

The angles are : 

at P = the hour angle of the body 

at Z = its azimuth 

at S = the parallactic angle. 

Solution of the triangle requires that three of the parts should be 
known The side PS is obtained from the declination of the body tabu- 
lated in the Xautiral Almanac or other sunil.ir .ilin.in.n* Two of the 
quantities PZ, ZS and / eoinnionly make up the (hita Of these* PZ ean 
be obtained by independent observations, ZS m«iv b(» obs(*!\(‘d, and t is 
obtained from the readings of a ehronoineter The unknowns, usually 
/, A or ZS, are then ealeulated by humus of the foimul.e gi\(‘n on pages 
4 to fi or their equi\alents. 

The Right-Angled Astronomical Triangle. Two important (vuses occur 
according as the parallactic angle or the azimuth is a right angle. 

In the former case (Fig 10) the celestial body appears to the obs€*rver 
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to attain its maximum distance east or west of the meridian, i.e. the body 
is at elongation. Solution of the triangle for the altitude, azimuth and 
hour angle of the body in terms of its declination and the latitude of the 
place gives : 


sin h = 


sin ^ 
sin 8 


sin A = 


cos 


cos 8 
cos ({> 
^ __ tan ^ 
tan 8 


When the azimuth is a right angle, the body is on the observer’s prime 
vertical (Fig. 11), and 

. - sin 8 
sin h = — , 
sill 

^ tan 8 

cos t = ; 

tan <f> 


The Classification of the Stars 

Nomeiiclatiire. For convenience in distinguishing porticulir stars, 
they have been arranged in named groups called constellations. This 
system of classification originated with the ancients and the number of 
constellations has been somewhat extended in modern times, but several 
of the groupings which have been proposed are not in common use. 

The brighter stars of each constellation arc named by assigning to each 
a letter of the Greek alphabet followed by the name of the constellation 
in the genitive ca.se. The letters are assigned roughly in order of bright- 
ness. Thus a Tauri is the most brilliant star belonging to the constellation 
Taurus, the Bull ; p Leonis is the second brightest in the constellation 
Leo, the Lion, and so on. Letters indicating the relative brightness of 
stars refer only to the constellation to which they belong and do not 
serve to compare the brightness of stars in different constellations. 
Thus rj Ursce Majoris is a much brigliter star than a Draconis, The fainter 
stars in a constellation are distinguished by numerals incretising in the 
order of their right ascensions. 

A second way of referring to a particular star is to quote its index 
number in one of the various star catalogues that have been published. 
Thus Boss 1234 is the star so numbered in the Preliminary General 
Catalogue of Lewis Boss. 

Several of the more important stars have been given special names, 
e.g, a UraoR Minoria or Polaria, the Pole Star ; a Lt^rce or Vega ; pOrionia 
or Rigel, etc. A full list of these names will be found in the Nautical 
Almajuir, or in Norton's Star Atlas and in the Nautical Almanac office 
annual publication entitled Apparent Places of Furidaniental Stars, which 
gives the apparent positions of 1,535 stars. 

Magnitude, The quantity termed the magnitude of a stai is a measure 
of its brightness. Magnitudes are noted in the Nautical Almanac for all 
the stars of which particulars are given, and are indicated by numbers. 
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the smaller the number the brighter being the star. The brightness of 
a star of magnitude m is about 2J times that of a star of magnitude 
m + 1- There are 10 stars brighter than magnitude 1*0, and their 
magnitudes arc given as fragtions. Thus the magnitude of Vtqa is, 0*1, 
indicating a briglitncss 0*9 of a magnitude greater than the unit. Of those 
stars, Sirixis and Canopus liave their magnitudes represented by the 
negative quantities — 1*0 and -—0*9 showing that their brilliancy is 
2-6 and 1*9 magnitiules greater than a star of unit magnitude. 

Since a bright star is easih’^ discovered in the field of view of a telescope, 
and observations of it can consequently bo made with greater convenience 
than in the case of a faint star, a table of magn'itudes y of service in 
enabling the surveyor to select suitable stars for obsiu’vation. Under 
favourable conditions, stars down to about the sixth magnitude arc visil)le 
to the naked eye, but, if possible, observations with a small theodolite 
should be restricted to those that are brighter than the sixth magnilude. 

The Sun 

The preceding explanations of the apparent positions of celestial 
bodies liavc been given more particularly witli reference to the stars, 
which are so remote that the values of tlieir astronomical co-ordinates 
are unaffected by the orbital motion of the earth. In considering the 
apparent motion of the sun, liowever, it must be k(‘pt in view that (a) its 
mean distance from the earth is only about 1/250,000 that of the nearest 
star, (6) the earth perforins a circuit of the sun yearly. The apparent 
path of the sun in the heavens is therefore tlie result of both th(‘ diurnal 
and annual real motions of the earth. 

Effect of Earth’s Annual Motion. The ])rineipal faets relating to the 
earth’s motion about the sun and their effects U])on tlie apparent position 
of the sun are as follows. 

(1) The earth’s orbit lies in a plane. The a])parent path of the sun is 
necessarily in the same ])lane, and, since tliis plane passes through the 
centre of the celestial sphere, it intersects the latter in a great circle, 
called the Ecliptic. The apparent motion of the sun is along tliis great 
circle. 

(2) The earth’s orbit is an ellipse having the sun in one of the foci. 
The earth is thus at varying distances from the sun, being nean st about 
January 2, when it is said to be in perihelion, the sun being then in 
perigee, and farthest about Jidy 4, when the earth is said to be in aphelion 
and the sun in apogee. The points of perihelion and aphelion in the' 
earth’s orbit, being situated at the ends of the major axis of the ellipse, 
are termed the apses of the orbit, the line joining them being called the 
apse line. 

(3) The plane of the ecliptic is not coincident with that of the equator. 
The angle between them is called the Obliquity of the Ecliptic, the value of 
which at 1950*0 is 23° 26' 45" with a moan annual clinjinution of ()"*47. 
The axis of the earth is therefore inclined to the plane of the ecliptic at 
an angle of 90° minus, the obliquity of the ecliptic, or about 66J°, and 
remains practically x)arallel to itself throughout the year. 

The effect of the obliquity is shown by the diagrammatic plan and 



FIELD ASTRONOMY— INTRODUCTORY 


17 


sections of the earth’s orbit, Figs. 12, 13 and 14. On or about March 21 
the axis of the eartii is perpendicular to the line joining the earth and the 
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sun, find tiu' .sun i.s in tlio piano of tho equator. I'lio in.'^tant at which 
this occurs is ca licit tho Vcriutl Jiquiixox, day and night being of equal 
duration tliroughout tho oarth. About June 21 the earth is so situated 
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Fio. 13. Section on Line of Solstices. 


that it.s axis is in tl.e plane j)ci j:endiouIar to tlie ecliptic wiiich contains the 
line joining tho oarth and the sun, this line noAv making an angle with the 
plane of tho c([uator cipial to the oliliquity of the ecliptic. The sun is there- 
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Fia. 14. Section on Line of Equinoxes. 



fore vertically over a point on the parallel of latitude 23° 27' N., called the 
Trojiic of Cancer, this instant being termed the Suminer Solstice. Tho 
Avitimnal Equinox occurs about September 23, and the Winter Solstice 
about December 22, the sun being then over the Tropic of Capricorn, or 23® 
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27' S. The line of equinoxes is the line of intersection of the planes of the 
ecliptic and t>he equator, and is at right angles to the line of solstices. 

A^liaient Motion ol the Sun. The apparent motion of the sun' produced 
by the annual circuit of the earth may now be traced. At the vernal 
equinox the sun is seen from the earth as if projected along the line of 
equinoxes upon a certain point on the celestial equator. This equinoctial 
point was at one time in the constellation Ariea, but, owing to the 
precession of the equinoxes (page 12) towards the west at the rate of about 
60''*3 a year, it is now situated in the constellation Pisces, It is .called the^ 
First Point of Aries (T)i and has already been referred to as the point 
from which right ascensions are reckoned. The Sun’s W^t ascension at 
the vernal equinox is therefore zero. The changing position of the earth 
in its orbit causes the sun to travel apparently eastward along the ecliptic, 
i.e. in the opposite direction to the apparent diurnal rotation of tlie 
celestial sphere. The latter motion being superimposed, the sun appears 
to move westward across the heavens daily at a slightly slower .rate than 
the stars. Since right ascensions are measured e^twards from T, the 
right ascension of the sun increases, at a variable rate (page 22), by about 
1® or 4™ daily, having the values 6'* at the summer solstice, 12** at the 
autumnal equinox, and 18** at the winter solstice, the return to the vernal 
equmox completing the annual circuit of the ecliptic. 

Since the sun crosses the equator at the vernal equinox, its declination 
is then zero. From March 21 until June 21 the sun travels northwards 
from the equator, attaining its maximum north declination of about 
23® 27' at the summer solstice. From June 22 to September 23 the north 
declination decreases until it is again zero at the autumnal equinox. 
The sun then crosses the equator at the other equinoctial point, called 
the First Point of Lifyra (—)f and proceeds southwards, its south d(»clina- 
tion increasing to a maximum of 23® 27' at the winter solstice on Decem- 
ber 22. The south declination thereafter decreases until the equator is 
again crossed at 

Corrections 

In general, the immediate results of astronomical measurements 
require correction before they can be utilised. Excluding corrections 
which depend entirely upon the instrument and method of observation 

employed, the more important 
corrections required in ordinary 
/ field astronomy are here described. 

3 Refraction. Kays of liglit pro- 
ceeding from a celestial body to 
an observer, on entering and 
passing through the earth’s atmo- 
sphere, undergo a gradual bending 
due to th(* increasing density of the 
atmosphere as ,tho surface of the 
earth is approached. In conse- 
quence of the observer’s being 
conscious only of the direction in 
which the rays reach him, the body 
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is seen displaced from its actual position in altitude. Thus in Fig. 15, 
the celestial body S apjx^ars to the observer A to be situated at S', and 
a refraction correction, R = S'AS, must be applied to reduce the 
observed or apparent altitude A' to the true altitude h. The correction 
is always negative to observed altitudes. 

Except for low altitudes, the magnitude of the correction is nearly 
proportiopal to the cotangent of the apparent altitude, being zero when 
the body is in the zenith. It also depends upon the density of the air 
through which the rays i)ass, and this varies with changing barometric 
pressure and temperature. • To obtain the value of the correction for a 
particular observed altitude, barometric pressure and temperature, 
reference is made to refraction tables, those of Bessel * being most 
commonly used. 

In the absence of tables, and neglecting pressure and temperature 
corrections, refraction is approximately given by 

R = 58^ cot A' 

provided A' is larfee. If the body is very near the zenith, R is approx- 
mately U for each degree of zenith distance. 

The value of the refract ion correction is always somewhat uncertain, 
since the assumptions made in the calculation of tabulated values are 
not applicable to all states of the atmosphere. With a view to minimising 
the uncertainty, observations shouhl not be made of stars of low^ altitude, 
and should be duplicated in such a way that errors of refraction are more 
or less balanced out by taking the mean of the resulting values. 

When accurate values of the altitudes of celestial bodies are required the 
barometric pressure and atmospheric temi)erature should be read at the 
time of observation. For all purposes required in field astronomy, it is suflB- 
cient to observe the barometric pre.ssure b}' means of an ordinary aneroid 
which has been carefully standardised against a good mercury barometer. 

Parallax. Parallax is the apparent change in the direction of a body 
when viewed from different points. 

The particular case with which we are 
concerned may be distinguished as 
parallax in altitude, or diurnal parallax, 
and relates to the difftTence between 
the altitude of a celestial body as 
observed from the sensible horizon at 
the surface of the earth and its altitude 
from the true horizon at the earth’s 
centre. Thus in Fig, 10, if A is an 
observer, and O the centre of the 
earth, the altitudes of a body S at A 
and O being respectively A' and A, the 
parallax of S is A — A' = ASO = P, 

The co-ordinates of celestial bodies are given in the Nautical Almanac 
with reference to Ihc centre of the earth, and altitudes to be used in 

* Given in some mathematical tables, such aa Chainbera'a Seven- Figure 
Mathemaiiva! Tables. Tlie now Star Almanac for Land Surveyors (page 33) contains 
a. useful refraction table which gives the refraction correction to the nearest second 
3f arc, which is good enough fur work of a minor onler of accuracy. 
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reductions must also be referred to the centre. Observed altitudes are 
converted to geocentric altitudes by application of the parallax correction, 
which is represented by the angle P subtended at the body by the earth’s 
radius, and which is always ])psitive. The value of the e.orrection becomes 
negligible in the case of the stars because of their remoteness and the 
comparative insignificance of the length of the earth’s radius.* In tlie case 
of observations of the sun or other bodies of the solar system, however, 
parallax becomes appreciable, and an appropriate value for the correction 
must be applied. 

Parallax vanishes when the body is in the zenith. It attains its greatest 
value when the body is on the horizon, as at S^, and the q^iantity is then 
termed the horizontal parallax, ff, of the body. On the assumption 
that the earth is spherical, the amount of the correction may be investi- 
gated as follows. 

Let D = distance of the body from the earth’s centre 
R = mean radius of the earth : 

R 

then sin H = whence H. 


From triangle OAS, 


sin P 

sin (90° + h') 


R 

/) 


/. sin P = sin H cos h\ 


Except in the case of the moon, P and H are sufficiently small to 
allow of the approximation 

P = H cos h\ 


The mean value of the sun’s liorizontal ])arallax is 8'’*80. It vari(‘s 
from 8'-95 early in January to 8'’*66 early in July f)n account of the sun’s 
varying distance from tlie earth, and is given in thr Nautical Almanac 
for every tenth day of the year. 

Note that parallax has the effect of moving tlie observed body away 
from the zenith whereas lefraction has tlie effcMt of moving it towanU 
the zenith. The cfirrection for ]>arallax is tlu'refnn* additional to the 
observefl altitude, the correction tor refraction being subtractive. 

Semi-diameter. In taking a single measurement of the sun’s altitude, 
the observation is made upon cither the lower or tin* upptT edge or 
limb. To reduce the measured altitude to that of thc^ sun’s centre, a 
correction for semi-diameter is applied, ])ositively in the one case and 
negatively in the other. The amount of the correction is the value of 
the angle subtended by the sun’s radius. It varies throughout the yc'ar 
between limits of about 16' 18" and 15' 45" owing to the varying dista!U (5 
of the earth from the sun. Its value is tabulated in the Nautical Almanac 
for every day of the year. 

♦ In the rase of the stiirs, thrre is uiiotlu^r type of pnnilliix ralliMl “ ainnial 
parallax ” which de[)onfls on the an^le Hiihtcii<l(si at the staf hy the line joining 
tho earth to the sun. Owing to tlus vast <listaric‘e of the stars, aniitial pnrailax for 
most of them is very small, and is onlinarily ne.^Iigihli*. hut u ciirrec-ti*ni for it has 
already been applied to the H.A. and declination of .‘I.") of the nearer stars whi<'h 
have annual parallaxe.s exceeding 
Apparent Places of Fundamental SU 



14(1^ are listed on page wxii of 
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The necessity for applying the correction is obviated if, as is frequently 
the case, observations arc made on both limbs. The mean of the two 
measured altitudes then represents the apparent altitude of the centre 
at tlu3 instant corresponding to the average of the times of the two 
observations, provided tliat the interval of time between the observations 
is small. 

Time 

A knowledge of some of the aspects of time measurement is required 
by the surveyor j)ecause of its intimate relationship with hour angle, 
right ascension and longitude. 

The rotation of the earth on its axis and its complete revolution in 
its orbit, being each performed with absolute regularity, afford suitable 
st^-ndanls by which to divirle up what is known as time or duration, the 
former interval being the day, the latter the year. It will be sufficient 
to eonsidhr the divi^yon of time into clays, as the measurement of long 
periods does not outer into fiedd astronomy. 

The Day. The day may bo dedined as the interval between successive 
transits of a celestial body in the same direction across the meridian : 
according as the body is a star, the sun or tlie moon, we liave a sidereal, 
solar or iwwixi da''. 

Although the rate* of rotation of the earth is perfectly uniform, yet 
the day as measured by transits of the sun or moon is of variable length, 
since^ the apj)arent diurnal motion of those bodies is not simply due to 
the (‘arth’s axial rota Mon. T)ie sidereal day may, however, be regarded 
as constant. It is not strictly so, owing to tlie cxisteTU'c of ])rccession 
and nutation, whicli, by affecting the position in space of the earth's 
axis, have a minute effect upon the times of transit of the stars. By 
adoj)ting the interval between the transit.s of 
T as the day, W(‘ have a unit whicli for every 
practical surveying [)urpo.se is invariable. 

Sidereal Time. The sidereal day is tin* 
interval of time between two successive ujiper 
transits of the lirst ])oint of 

The sider(*al time at up])er transit of T 
is O'*. A clock rated to keep .sidereal tinu» is 
call(‘d a sidereal or astronomical clock. It 
is set to register O'* at upper transit of T and 
24'' at tin* succeeding upper transit, and at 
any instant the reading of the clock is the Kig. 17 . 

sidereal time which has elap.sed since T was 

on the meridian, it therefore follows from the definition of liour angle 
(page 111), and with the convention that hour angle is measured westwards 
from the meridian of the observer, that 

The sidereal time at any instant is the hour angle of the first jX)int of Aries, 
and further, JVie hour angle of a star is the sidereal time that has elapsed 
since its transit. 

Thus ill Fig. 17, which represents a plan of the celestial sphere, the 
hour angle of T is ZPt = the sidereal time at the instant repn'sentod. 
The hour angle of the star S is ZP8, but the right ascension of this star is 
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'PPS, right ascension being measured eastwards, and we therefore have 
the further relationship,* 

Star's Hour Angle + Star's Sight Ascension = the Sidereal Time, 

24*' being subtracted when fhe sum exceeds 24'*. 

Note. Tho reader will find it instructive to make several sketchos similar to 
Fig, 17 with and S in various positions, and to verify the rolatioiLship in each case. 

At the instant when the star makes its upper transit its hour angle is 
zero, and the above equation reduces to 

Starts Bight Ascension = the Sidereal* Titne oj its Transit. 

A sidereal clock therefore records the right ascensions of stars as they 
make their upper transits. 

It will now be evident why hour angle and right ascension aye measured 
in time in preference to angular units. In the case of the stars, those 
angles are reckoned in sidereal time units. Since a rotation of the celestial 
sphere through 360° occupies 24*^, one hour is equivalent to 15°, and 
hours, minutes and seconds are converted to degrees, minutes and seconds 
by multiplying thioughout by 15. Thus, 5‘' 12"* 43" is equivalent to 
78° 10' 45". Conversely, division by 15 reduces angular measure to 
time. Conversion tables are given in the Nautical Abnanac. 

The sidereal division of time, although of great importance in astro- 
nomy, is not suited to the needs of everyday life, for the purposes of which 
the sun is the most convenient time measurer. On account of the increase 
in the sun's right ascension from 0‘‘ to 24** in the course of the year, the 
noon transit of the sun is recorded by the sidereal clock as occurring at O’* on 
March 21, 6’* on June 21, 12’* on September 23, and 18’* on December 22. 
The adoption of sidereal time for ordinary purposes would thus lead to 
endless inconvenience, which is obviated by the use of solar time. 

Solar Time. The interval between successive noon transits of tho sun 
is not constant, twey causes operating to produce a variation in tho length 
of the solar day. 

(1) The apparent diurnal path of the sun differs from those of the 
stars because it lies in the ecliptic. In consequence, even although the 
eastward progress of the sun in the ecliptic were uniform, tho time elapsing 
between the departure of a meridian from the sun and its return thereto 
would vary because of the obliquity of the ecliptic. 

(2) The sun does not advance at a constant rate along tho ecliptic, 
because the motion of the earth in its orbit is not uniform on account of 
the ellipticity of the orbit. 

The variation in the solar day may be examined with reference to 
the sun’s right ascension. The obliquity of the ecliptic and the sun’s 
unequal motion both cause a variable rate of increase of the sun’s right 
ascension. If the yearly change in right ascension from O’* to 24'* were 
at a uniform rate, then, since right ascensions are measured on the plane 
of the equator, the solar day, although different from the sidereal day, 
would be of constant length throughout the year. 

Time as reckoned* from the transits of the sun is called Apjxirenl 
Solar Time. It is the time given by a sun-dial, but, owing to the variable 
length of the day, cannot recorded by a clock having a constant rate. 
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To obviate this disadvantage, there has been adopted for common 
use a system of measurement called Mean Solar Time^ or simply mean 
time, in which the day is of Invariable length, and which is at the same 
time free from the disadvantages of sidereal ^time. The mean solar day 
is the average of all tlie apparent solar days of the year. Mean solar 
time may be conceived as being determined by an imaginary point, called 
the mean, sun, which moves at a uniform rate along the eqvator^ its 
constant rate of increase of right ascension being the average rate of 
increase of the sun’s right ascension. The mean solar day may therefore 
be defined as the interval between two successive transits of the mean sun. 

Civil, and Astronomical Beckoning. In the ordinary reckoning of time 
the day commences at midnight, and is divided into two periods, a.m. 
(antemeridiem) and p.m. (poatmeridiem). Astronomers, however, with a 
viow to avoiding ambiguity, count the mean solar day as beginning at 
midnight, but divide it continuously from to 24*'. The former system 
is called civil time, aijd.the latter astronomical time. 

To Convert Civil Time into AstronomicaL — If the civil time is a.m., 
make no change ; if p.m., add 12*'. 

Thus, June 30, 2 a.m. is expressed astronomically as June 30* 02*\ 

June 30, 2 p.m. „ „ June 30* 14*'. 

To Convert Astronomical Time into Civil. If the astronomical time is 
less than 12*', make no change and mark a.m. ; if greater than 12*’, subtract 
12*', marking p.m. 

Thus, June 30* 10*' is equivalent to June 30, 10 a.m. 

June 30* 20*' ,, „ June 30, 8 p.m. 

It is to be observed that what are called civil and astronomical times 
are simply systems of reckoning mean solar time.* 

The Hour Angle and Right Ascension of the Sun. The relationships 
between hour angle, right ascension and time which have been given 
on pages 21 and 22 for sidereal time are similar in the case of solar time. 
We have, therefore. 

At any instant the apparent solar tune is the hour a'ngle of the sun + 12*', 
and the mean solar time is the hour angle of the mean sun + 12*'. 

Sun's Hour Angle + Sun's Bight Asceiision = the Sidereal Time, and 
similarly. 

Mean Sun's Hour Angle + Mean Sun's Right Ascension = the Sidereal 
Time. 

As before, since the hour angle is zero r.t upper transit. 

Sun's Right Ascension = the Sidereal Time of Apparent Noon, and 

Mean Sun's Right Ascension = the Sidereal Time of Mean Noon. 

Interconveision of Time Systems. The aim of observations for time is 
usually to determine mean time at any instant, but since the mean sun is 
merely a convenient hypothesis, mean time cannot be found directly. 
Apparent solar time is obtained from sun observations, while star observa- 
tions give sidereal time, and it is therefore necessary to be able to deduce 
the mean time equivalent of the computed result. 

Relationship between Mean and Apparent Solar Time. The difference 
at any instant between apparent and mean time is known as the Equation 

* Before 1925 January 1, the astronomical day was reckoned from noon, instead 
of from midnight. For further explanation see the Nautical Almanac. 
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of Time (E), This quantity is usually defined as the amount which must he 
added to or subtracted from apparent time to give mean time. It may 
be expressed as the angle SPM (Pig. 18) between the meridian of tlie true 

sun and that of the mean sun, and is 
therefore the difference at any instant 
between the respective hour angles or 
right ascensions of the true and mean 
suns. In particular, at the instant of 
apparent noon, the sun’s hour angle 
being then aero, the mean time equals 
the equation of time + 12'‘. Thus if 
the value of the equation of time at 
apparent noon on a certain day is + 
apparent noon occurs at 12*8 p.m., the 
mean sun being ahead of the tr\ic sun. 
If the value is — 8"', the sun tran^jits at 
11.02 a.m. 

The amount of the equation of time 
and its variatioii are clue to the two 
sources of variation in tlic length of the apparent solar day, namely, 
the obliquity of the ecliptic and the sun’s unequal motion therein. The 
difference due to obliquity has a maximum value of about zt 10"‘, tliat 
due to unequal motion about ± 7'". The period of these two components 
are different, and on combining them we have the equation of time as 
represented in Fig. 19. The true sun and the mean sun are on the same 
meridian four times during the year, the equation of time tlien vanishing. 


p 




This occurs about April IG, June 14, JSeptember 1 and Pecember 25. The 
maximum values attained are roughly + 14'" about February 11, — 4"' 
about May 14, + 6'" about July 27, and — 16'" about November 3. 

The equation of time is tabulated in the Nautical Almanac for every 
midnight, but in the sen e ai^parent — mean,so that it must 1x5 added 
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algebraically to mean time to give apparent time, and vice versa. The 
G.M.T. of apparent noon, i.e, the moment when the sun transits at 
(Greenwich, is also given, fn the new Star Almanac for Land Surveyors 
(pago.8:j) 12 hours have b(‘en added to the equation of time and the 
tabulated quantity E is given at 6-hour intervals. Consequently, the 
tabulated value of E for 12*' is the O.A.T. of mean noon, and, for other 
tabulated^ values, E is the equation of time plus 12 hours, or O.A.T. 
minus O.IVI.T. plus 12 hours. 

Relationship between Mean and Sidereal Time Intervals. The difference 
between the lengths of the mean and sidereal days is a constant amount, 
since both are defined by points (the mean sun and T) which move at 
constant rates along the equator. The motion of the mean sun being in 
an eastward direction, the mean solar day is evidently longer than the 
siiereal by the daily increase in the right ascension of the mean sun. 
Now the total increase of 24’* in this quantity is accomplished in the 
interval from one vernal equinox to the next. This period is called the 
tropical year, and is equivalent to about 365*2422 mean solar days. The 
daily increase in right ascension of the mean sun, or the amount by which 
the mean solar day exceeds the sidereal, is tlierefore 

36 iS ^2 = 3'" sidereal. 

The matter may be considered in another way. In a tropical year 
the earth actually makes 366*2422 revolutions on its axis, but since it 
has in that periocl travelled round the sun, the latter has made one upper 
transit l(‘ss than T, so that we have the relationships 

365*2422 mean solar days = 366*2422 sidereal days 
Mean time units in any interval 365*2422 1 

Sidereal time units in the same interval 366*2422 1*00273S 

- 0*997270 

1 mean solar day = 24*‘ 03'“ 56"*56 sidereal time 
1 sidereal day = 23’* 56"' 04'*09 mean time. 

The conversion of mean time intervals to sidereal units, or vice versa, 
is facilitated by the use of the tables of equivalents published in the 
A'^autiral Almanac, and in Appannf /Vrev.s* of Fundamf ntal StarA as 
Tables 111 and IV. 

It is to be understood that the above ri‘lationships refer only to the 
conversion of time intervals from one unit to another, and do not enable 
one to deduce the mean time at a particular instant from the sidereal 
time of that instant, or vice versa (for which see pages 39 et seq.). 

Connection between Time and Longitude.- Let PA and PB (Fig. 20) 
be the meridians of two places separated by 8L of longitude, 

and t,i = the respective hour angles at those places of a time 
measurer T (T, the apparent sun, or the mean sun) 
at any instant 

Then — tf^ = APB = SL, 
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Difference of longitude, expressed in time units, is therefore equal to 
difference of local time, whether the time system is sidereal, apparent 
solar or mean solar. 

In particular, in Fig. 21, let PEP'Q be the meridian of Greenwich, 
S the sun, and M the mean sun. It is evidently afternoon at a place X 
west of Greenwich, the sun having crossed the meridian PAP' some 




little time before. The local apparent time is AOS' (the hour angle of 
the sun) + 12^ and AOM + 12^ represents local mean time. Now at 
Greenwich the sun transited some hours before, Greenwich apparent time 
being represented by QOS' + 12^, and Greenwich mean time by 
QOM + 12^. Therefore, with the convention that west longitudes are 
positive and east longitudes negative, we have 

Oreenwich Time — Local Time = Longitude in time. 

At the instant of local midnight, local time is 0^, so that 

Oreenwich Time of Local Midnight = Longitude in time. 

These relationships are applicable to sidereal, apparent solar or mean 
solar time. The local time referred to, however, is that at the meridian 
of the place and is not necessarily that adopted for every day purposes. 
To obviate the inconvenience arising through each place using its own 
local time, the various countries of the world have adopted Standard 
Timed, which are referred to the meridian of Greenwich and in most 
cases differ from Greenwich time by an integral number of hours.* Thus 
Greenwich time itself is used in Great Britain, Ireland, France, Belgium, 
Spain and Portugal. Mid-Euroj)ean time is that of the meridian I*" E. 
Canada is divid^ into five time belts, the Atlantic, Eastern, Central, 
Mountain and Pacific, which are respectively 4**, 6**, 6^, 7*^ and 8*‘ W 
the last four of these are adopted in the United States. A complete list 
of the standard times adopted in various countries is given in the Nautical 
Almanac. 

* Because of its almost universal use as a standard time, Greenwich Mean Time 
(G.M.T.) is now often called Universal Time (U.T.). 
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Interpolation, by Suoceeeiye Differences, from the 
Nautical Almanac and other similar Tables 

To Interpolate the Value of a Varying Tabulated Quantity by Means of 
Second and Third Differences. The required value may be obtained 
[a) by simple or linear interpolation between the successive tabulated 
values on the assumption that the rate of change is uniform and equal 
bo its valile at the middle of the interval, ( 6 ) by interpolating strictly, 
baking higher order differences into account. 

Le^ /o» /i» /a> he successive values of a function that it is 

iesired to interpolate, and let the first differences between these values, 
be denoted by A', with appropriate suffixes, e.g. — /.g = A'— 

— /o = A'-*, fi — /q = A'l 1/2 —/i = AV Similarly, the differences 
k^own as the second differences, are denoted by A", with suffixes, e.g, 
Sl'-* ~ A'_4 - A"_i, A'^ - A'-* = A^'o, A'. - A'* = A"i, and so on. 
These differences may be represented thus : — 


Number 

or 

Argument 

Function 

or 

Entry 

Differences 

First 

1 

Second 

1 

Third 1 

Fourth < 

Fifth 


e 

J-a 


t 

1 

1 

1 



f-x 

A" 

1 ^ -1 


1 





1 

A'" » 

1 

1 


i’o 

fo 

A'* 

' A". 

A' . ' 

A‘* 

A'"* 

1 


fx 


1 A-, 

1 

A". 1 

1 



Pt 

h 


1 A", 





1 

1 





Note that A"o + A"i = A'. ~ A'..*, A“o + A^ = A'"4 - A"'^, etc. 


Suppose now that we wish to find /„, i.e. the value of the function at a 
fraction n of the way between /g and f^. There are a number of formulas 
available, but, generally speaking, the most suitable one, esim*ially if 
tliird and higher order differences may be neglected (as they may in most 
cases which arise in practical astronomy and geodesy), is BesseTs : — 

L =/o + nA'* + £'7A"o + A"i) + 

+ B'A'* + . . . 

where n is the fractional valia* of the interval between two tabular values 
and 

_ n{n - 1 ) 

^ 9 01 

n(n -!)(»- J) 

_ . _ (n 4- !)»(» — 1) (n - 2) 

“ 2 . 4 ! 

„„ (n + l)n(n — 1) (n - 2) (n - 1) 

B gj 
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Neglect of the last four terms in the equation is equivalent to simple 
linear interpolation. The third term is a maximum when n ^ \ and its 
value is then one-eighth of the average second difference. Hence, as 
successive differences in general decrease very rapidly in value, the 
criterion for deciding if second differences must be taken into account is 
whether one-eighth of the second difference is negligible in value or not. 
The coefficient, B'” of the fourth term has a maximum })osiiive value 
when n is approximately 1 /5, its value then being + 0*008, and a maximum 
negative value when n is approximately 4/5, its value then being — 0*008. 

The quantities B*”, etc. are called the B(\sselian Tnterpolat ion 
Coefficients. Values for /?" are tabulated, for differcuit values of //, in 
Tables XVlll and XIX and for and in Table* XVI 1 1 of the 

Nautical Almanac, is always negative, since n is always less than 
unity ; JS'" is plus for values of n between 0 and 0*5 and negative for values 
of n between 0*5 and 1*0 ; and H" is always positive*. Table XX, giving 
-f A'\), can be usenl when 4 is le\ss than 200. 


Example. Find log 7531 given the following logarithms : — 


Number 

Logarithm 

A' 

A" 

A"' 

7300 

863 3229 

1- 59088 



7400 

869 2317 

4- 58290 

- 792 

1 

i 19 

7500 

875 0613 

b 57523 

- 773 

i 21 

7 <500 

880 8136 

4- 56771 

-- 752 

i 20 

7700 

886 4907 

i 

+ 50039 

- 732 

1- IS 

7S00 

892 0946 


- 7U 



• 

-t- 55325 



7900 

897 6271 

1 





Here, the third differences remain practically constant, se) tlie*re; is no 
point in proceeding beyonel them. In this example : — 

/o= 875U013, n= 0-31, A'* - i 57523 

(A"o - 773-752 - - 1525, A'"* } 21 

From Table XVIJI, 13" -- - 0 (1535, 13'" = h O-OOOti 

/o = 8750013 

ri X A'* = 0-31 X 4- 57523 =- 4- 17832 13 

Z^"(A"o 4- A",)= - 0*0535 X - 1525= 4- «1.59 

/r'A"'* 4- 0 0066 X 21 =4- 0-14 


= 8768526-86 
= 8768527 


log 7531 =- 8768527 

Another common interpolation formula, the Gregory-Newton formula, 
makes use of the binomial cex*fficicnt8 and is as follows : — 




n(n — 1 ) (n — 2) 


A"'< 4- . . 
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A table of the second and third binomial coefficients, to three decimal 
places in terms of n to two decimal places, is given on page 437 of 
Chambers's Seven-Figure Mathematical Tables. Accordingly, it may be 
more convenient to use this formula, instead of the one given, when the 
differences are small or the Nautical Almanac is not available. In general, 
howev«‘r, the Gregory-Newton formula is inferior to the Newton-Bessel 
formula. . 

Interpolation may also be ixsrformed without differences by using the 
La^ango formula. This formula, for differences up to the third, may be 
written 


/» — + Lg/p + Lj/j + Lifz 

j __ n(n — l)(a 2) 

g - 


j. (» + !)(» — 1; (n — 2) 
£. ^ 




(n + l)n(n — 2) 

2 


L = ■ { n + l)n(n - I) 

^2 -r g 

and L^i Lq + ^2 ~ 

III ordinary practice', the Lagrange formula is not nearly so convenient 
to use as the Bessel formula, but cases sometimes do arise when it is better 
to employ it, especially when a calculating machine is being used. One 
cas(‘ where it may be useful is when the interval of a table is i)eing halved, 
so that w = in which case tlie formula reduces to the very simple form 

/*= 0-0625 (-/_! + 9/0 + 9A 

In the above, it has been assumed that the argument advances by 
equal intervals, as nearly always occurs in practice. Sometimes, however, 
values of a function are given at intervals which are not equal and here it 
becomes necessary to u.se tlie method of “ clivided differences.” As this 
ca.se occurs very .seldom in ordinary field astronomy and geodesy it is not 
given liere but will be found described in Whittaker and Robinson’s 
The Calculus of Observation's, or in the same autliors’ shorter work A 
Short (bourse in Interpolation, 

In using the Nautical Alnuinac, or other similar tallies, the interval of 
tabulation is so close that third and higlier order differences are seldom 
or never required, so that the Bes.sel formula may be written : — 

/,.=./p + nA'»+5"(A"„+A'',) 

= /p + nA'i + B"(A':-A'-,). 

Inverse Interpolation. Suppose that, in the last example, we are given 
the logarithm 876 4975 and we want to find the anti-logarithm of this 
from the table. Tliis is the reverse case to the one we had before. 
Symbolically, it means that the numerical value of /„ is given and the 
argument, F,„ corresponding to this value is required. Obviously, we 
have the solutioivf w'e can determine n. 
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One method is to proceed by successive approximations. First, find 
an approximate value of n from the equation 

=/» — /o 

With this value of n, enter Table XVIII and obtain approximate values 
for B"* and B\ Substitute these in the equation. 

nA'* =/„ -/o - + A'\) - ~ + A'\) 

and solve for n. If third and subsequent differences are negligible, this 
solution will generally give a value of n sufficiently accurate for all 
practical purposes. If not, use this value of n to obtain new values of 
B'\ jB'" and from Table XVIII or XIX in the Almanac and substitute 
these values in the last equation. 

Example, From the table of differences used in the previous example find the 
number whose logarithm is 876 4976. 

Here/„ = 876 4976. = 876 0613, « 57623. 

14362 
14362 ^ 

.*. n = = 0*2497 approximately. 

From Table XVIII :~ 

i?- = - 0 047, B*" = 4- 0 008. B*'* = + 0 009 
= - 1525 ; A'"| =4-21 

Then the equation gives 

57523n=: 14362 - 0*047 X 1525 - 0 008 X 21 
= 14362 - 71*675 - 0 168 
= 14290*11 

giving n = 0*24842 approximately. 

Using this value of n and Table XIX we get 

ir - - 0*0467. Also, = + 0 008 

and 

67523n= 14362 - 71*22 - 0*17 
= 14290*62 

which gives n = 0*24843 

Hence, the anti-log of 876 4975 is 752 4843. as may bo verihed from a table of seven- 
figure logarithms. 

The method of successive approximations may be avoided, and the 
interpolation may be made directly, by the use of the following formula 
which, with different symbols, is the one given in Winterbotham’s Survey 
Computations for inverse interpolation up to fourth differences. 

8 S 8* /2B (7X83 /5^3 D\h^ 

A A' A*'^ V il* a)a> V A* a) A* 
where/, — /o = 8 and 

A + iVA-,. 

C ^ iA'"* - iA^ 

m which A"„ = J(A", + A'\) and A^ = i(A‘'. + 
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In nearly all cases that occur in practice the higher order terms in this 
equation are negligible. 

A very useful pamphlet on interpolation, in the form of a reprint from 
the Nautical Almanac for 1937 and entitled “ Interpolation and Allied 
Tables,*’ may be obtained from H.M. Stationery OfiSce for Is. This 
pamphlet, among other things, contains useful hints on interpolation 
when a calculating machine is used. The more essential tables, so far as 
the surveyor is concerned, and an explanation of the methods of using 
them, arc, however, contained at the back of each year’s issue of the 
Almanac. 

Double Interpolafion. In the cases so far considered the quantity to be 
interpolated is a function of a single variable only. Sometimes, however, 
a quantity is tabulated which is a function of two variables. For example, 
the Table on page 1H7 gives a factor to be used in determining the 
catenary correction for a tape or wire used on a slope. This factor 
depends on the slope apd on a quantity which is a function of the 
weight of the tape per unit length, the span involved and the jjull used. 

I^t Z, with suitable suffixes, represent the tabulated function or entry, 
Xq, Xj, Xj . . ., Fo» ^2 • * • successive values of the arguments 
in the columns and rows and let it be required to interpolate the value 
Z„,„ for an ':?itli j>art of the interval Xj — Xq and an nth part of the interval 
Fj — Fq. If the table has not already successive diflFerenccs tabulated, 
form one as follows : — 


X 

Y 

7o Ar 

Ac A" 

Ar 

Ac A" 

1^* 

Ac 

Xg • . 

Zgg A Tgg 

^01 ^ '’01 

^02 


ACgg A 'gg 

ACgi A 'gi 

ACgg 


^10 ^^10 

Ar„ 

Zio 


ACjg A"ig 

Acii A"ii 

Ac 12 

. 

^20 ^^20 

Ar„ 



Here Acqq = Zjq — Zqq ; Acqi = Z^^ Zq^ ; Ac^q = Z 20 ■Zjq, etc. 

AfQQ = Zqi — Zqo ; Afjo “ ^11 ^10 » ^^01 ~ ^02 ■“ ^on cfc. 

A QQ = Acq^ — Acqq = Ar^o Ar^g, etc. 

Then 

MU = ^00 +,wiAcoo + wArgo + wnA"gg + Jw(m-l)(Acig - Afgg) 
+ \n(n - l)(Arg, - Afgg) 

Usually the mesh ” of the table is chosen so that only the first four 
erms in this formula are required. 
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Example. Take part of the table on pago 18? which is used for computing sag 
correction on a slope when the tension is applied at the low'er end of the tape, and 
find the value of k for B = 0125, 0 = 21® 16'. Then m = 0-5, n = 0-25. 


B 



o 

O 


25® 


30“ 

012 

0 000508 

- 40 

0*000408 

- 45 

0*000423 


4” 86 

- 8 

4- 78 

- 7 

• + 71 

013 

594 . 

- 48 

546 

— •62 

494 


+ 93 

- 8 

4- 86 

- 9 

4- 76 

0*14 

687 

- 56 

631 

61 

570 


Here, Zqq = 0*000508 ; Aroo = — 40 ; Acqo = + 80 ; A"oo = — 8 ; 

(Acjo Acqo) = "i" 7 » (Ar 01 — A>*oo) = — 6. 
/. k = 0*000508 + 0 000001 (0-5 x 80 - 0*25 x 40 - 0*5 X 0*25 x 8 

- i X 0 5 X 0*5 X 7 }- J X 0*25 X 0*76 X 5) 
= 0*000508 + 0*000001 (43 - 10 - 1 - 0*875 -f 0*400) 

= 0*000540. 

In surveying, the occasions on which “ Tables of Double Entry,” such 
as the one just given, are most frequently used are when rectangular 
co-ordinates or the convergence of the meridians are tabulated in terms 
of latitude and longitude. 

It is obvious that interpolation by successive differences is of great 
value when constructing special tables, either of single or double entry, 
becaure the function can be computed for a comparatively few values 
of the argument only and intermediate values interpolated by the use 
of the successive differences. Hero it is well, when computing the pre- 
liminary table, to compute it to at least two places more than that ulti- 
mately required in thp completed table. 

The Use of the Nautical Almanac and of the Star Almanac 
for Land Surveyors 

The Nautical and Star Almanacs. The Xaatiral Almanar* in eommon 
with similar foreign publications, contains such particulars of the 
varying ])ositions of celestial bodies as are required for the reduction of 
observations. 

Commencing with the issue for 1931, the Nautical Almanac was re- 
designed, and furnished with a very complete explanation. It will be 
assumed, in the remarks that follow', that the reader has a copy of it 
and/or of the Star Almanac for Land Snrvetjors before him. (k‘rtain 
further slight changes were introduced in 193") and subseciuent yc'ars, so 
that the exam})les in this chapter will be taken mainly from 1951. 

The values of the published elements are continually changing, and in 
applying any of the quantities to the reduction of an observation its 
value at the time of the observation is required. It is therefore generally 
necessary to interpolate the value corresponding to a given instant from 
* Published annually by the Admiralty two years in advance. 
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the tabulated values. Further, the value of the elements are given 
for certain times on the meridian of Greenwich, and it is usually 
required to obtain their values for a particular instant of local time at a 
place east or west of Greenwich. It is then necessary to express the 
given time in terms of Greenwich time before the interpolation can be 
performed. 

The ordinary standard edition of the Nautical Almauar contains many 
tables, such as tables giving the positions of the moon and planets, 
which till* surveyor never n<‘eds. Accordingly, as a result of a proposal 
nuidc‘ at th(‘ lt)47 (yonfer(‘nce of (Vjinnionwealth Otliceis, the Nautical 
Almanac Office is pr(*pai ing a s])ecial A'/ur Almanac for Land Surveyors, 
and it is exp(*cted that the first issue, giving tables for 19.11, will be jiub- 
lished some time during the summer of 19.10. The new almanac will only 
c*(>*itain tables that are of immeiliate use to ordinary surveyors, wlujse 
requiriunents are an ephemcris of the sun and the ])ositioiL^, to an accuracy 
of about a second (if arc, of a large number of stars. Hence, the volume 
will contain an eiihemeris of the sun, apjianuit places of about 0.10 stars 
(iiu'luding all stars brighter than magnitude^ 4-0). a star index, circum])olar 
star table's, time's of siiniise' and sunset, a re'fraction table and inter- 
polation table's, together with a minimum of explanatory matter, 
iieside's bi irig much less bulky and expensive, the' new almanac, in many 
re'speM'ts, will be more' conve'nient to use' than the oidinarv c'dition of 
the Nautical Almanac, as the' interval of tabidatiein will normally be imie'h 
e'leise'r. Thus, the' jieisition of the sun will be given for 0-h(*iir intervals 
for every day of the year inste'ael of at daily intervals as in the Nautical 
Almanac, sei avoiding the ncee'ssity for interjiolation by see*onel diffeienccs. 
Against this, the right ascension of the sun and the e'quatie n of time will 
oidy be given to a tenth of a .seceind of time and the declination to a tenth 
eif a minute' of arc, while' ajijiaient ])Iaces of stars will be* gi\en tei a 
tenth of a seconel of time in right asernsiein anel to a scconel of are* in 
ele'e'linatiein. 'Phis is accurate eneiugh for ordinary work of a mineir oreler. 
Jf gn*ate'r ae'curae*y is ne'e'de'd, the standard edition e>f the Nautical 
Almanac should be use'd, as it gives the ])Iaccs of the sun and stars to a 
hundre'dth of a see*ond eif time* in right ascensiein and tei a tenth of a sce-emd 
of are* in declination, but for first-eirdcr geodetic or similar weirk it is 
ne'ce'ssary to use the Xautie*al Almanac Office publication Apparint 
Placis of Fundanu ntal Stars, which is de'seribed em page* tl, eir a similar 
star e*atalogue*. Commencing with the issue for 19, “>2, however, the 
Nautical Almanac will nei longer give the positieins of stars, so that the'se 
w ill then have to be* obtaineel freim the Star Almanac for Land Surnyors 
for minor work eir from Appannt s* of Fundann ntal Stars when 

gri'ater accuracy is ne'e'de'd. In fact, after UK*)!) the surveyeir will eiiily 
ne'ed the Nautical Almanac whe'ii elata for the sun an* reepiire'd tei a 
gre'ater de'gre'c eif ace'urae*y than that te^ which thay are give*n in the Star 
Almanac. 

T^he manner in whie'h the Nautical Almanac anel tlie* Star Almanac 
for Land Surnyors aie use'd feu* wwking euit e'eunmon ])roble'ms is illus- 
t rat I'd be'low. In meist case's, two .sohitieuis eff e'aeh ])roble'm aie given, the 
elata use'd in the first being taken freiiu the stanelarel editieui of the 
Nautical Almtnaa and the elata useel in the second be'ing taken freun 


P ic O. S. 
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the Star Almanac* The procedures in the two cases are somewhat 
different, although the basic principles remain the same. When the 
ephemeris of the sun is used, it should be remembered that the data 
given on pages 6 to 21 of tlie Nautical Almanac are for the a2)j)arevt 
sun at G.M.T. 0‘*, and those given on pages 22 to 29 are for the apparent 
sun at transit at Gieenwich, that is for the a])parent sun at G.A.T. J2*‘. 
In the ea^e of the Star Almanac, the tabulated values of li .Mid are for 
the mean sun at G-hour intervals of (x.M.T. In addition, in the Star 
Alminac, the quantity tabulated as N on pages 2-2o is K.A. of the mean 
sun L- 12’' and the quantity tabulated as E, for which we shall use the 
symbol E^, is Equation of time + 12’*. Hence the value of R for ()’' in the 
tables is also the sidereal time at G.M T. O’* and the value of for 12’* is 
also the G.A.T. of Greenwich mean noon. From this it will be seen that 
R A. of appareiit sun — R - 

An index to places of stars, arranged alphabetically by the n.Miies of 
the constellations, is given in the Nautical Almanac (jip. G15 GIG), in 
the Star Almanac (pp. o3-5o) and in A'pparent Placoi of Fundamental 
Stars (pp. 529-538). Hence, to find the data relating to any star, it is 
only necessary to look up the star in the index and fiiul the relevant page 
in the tables of appaient iilaces. 

Notation. The following notation f is adopted : — 


Altitude 

. h 

Right ascension of mean sim + 

Apparent places of 

funda- 

12’* (plant ity tabulated 

as 

mental stars 

A.P. 

R in the S.A. 

. J{ 

Azimuth 

. A 

Greeiiwicli apparent time . 

G.A.T 

Co-altitude or zenith distance . z 

Greenwich mean time 

G.M.T. 

Co-declination or polar 

» . P 

Greenwich sidereal time 

G.S.T. 

Declination . 

8 

Greenwich apparent noon . 

G.A.N. 

Equation of time . 

. E 

Greenwich mean noon 

G.M.N. 

E(iuation of time t-. 

12'*, or 

Greenwich sidereal noon . 

G.S.N. 

quantity tabulaterl as E in 

Local apparent time 

L.A.T. 

the S.A. . 

. a;, 

Local mean time 

L.M.T. 

Hour angle . 

t 

Local sidereal time . 

L.S.T. 

Latitude 

. ^ 

Nautical Almanac 

N.A. 

Longitude 

. L 

Star Alwanar for Ijand 


Right ascension 

.R.A. 

Surni/ors 



The astronomical method of writing dates is year, month, day, hour, 
etc. 

1. To obtain the Sun’s Declination at any given Date and Greenwich 
Mean Time. 

Rule. Express the hours, minutes and seconds as a fraction of a day. 
This can be done by ordinary arithmetic or, more conveniently, by means 
of Table V (pp. 542-3) of the Nautical Almanac. ISo determine n, the 
fraction to be used in the interpolation. Then obtain from the Tables 

• The datu used in the examples on pa^es to 41 are actCxally taken from some 
proofs of tlie Xautiral and Star Altnaums ^ivni^ data for 19.>J wliieli wei*e kindly 
provided by the Superintendent of tho Nautical Almanac OUiee, as at the time of 
writing tho issues of the.so Almanacd for that year had not been published. 

t The notation here is that commonly used in surveying, and iliffers in some 
instanoes from tliat used in the Nautical Almanac, and in astronomy generally. 
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for the Sun given on pages 6-21 the sun’s apparent declination at Green- 
wich for zero hour on the given date, and interpolate for the hours, 
minutes and seconds by the methods already described for interpolation 
by successive differences. 

Example, To find tho valiio of the sun’s declination at Hlol Jan. 4'* lU* 50"' 30" 
Cr.M/r. from tho following data - 


Date 


Declination 

A' 

A'' 

From AM4., p. 6, 1951 Jan. 

3 

-22® 55' 

20''-3 

r 337^-7 



4 

22 49 

51-6 

-i 364-9 

4- 27"-2 


5 

22 43 

46-7 

+ 392 0 

4 27-1 


6 

22 37 

14-7 




TIero it is scon that tho third difforcncos aro nogligihlo. 

From Table V of tho . (pp. 542-3), 1 1»‘ 50"* 30“ — 0-4034 1 . Hence, ?i — 0-40341 
and Table XVIll = - 0 002. 

/„ == Docliiyit/on at Jan. 4'/ O'* - —22® 40' 51^-6 

nA'i= 0-40341 X | 3()4" 0 |- 3 00 0 

/?"(A''o + A^) - AO =- - 0-062 X i 54"-3 -- - 3 -4 

Sum =* /„ — Doc. at 4* IF' 50*" SO-* — - 22 46 55 -0 

In this the neglect of second differences would have caused an 
error of 3", which is about the maximum error that could occur with the 
sun’s declination. The maximum error with the right ascension or 
equation of time is O’**!. 

The sun’s riglit ascension and the equation of time can be found in a 
similar manner using the data given on pages 6 to 21 of the N,A, In 
these cases tho second differences are very small and can usually bo 
neglected. 

The iS7r/r Ah//r//ff/r gives tlio declination of the sun at 6-hour intervals 
of a M.T. and hence the problem becomes one of simple inter])olation 
from the tables. Thus, with the following tal)ulated values from p. 2 
of the . : — 

Sun's Declination 


0>« 

- - 22 ' 

49'-9 

6 

22 

48-4 

12 

22 

46-9 

18 

22 

45-3 


we have : — 

(liven time - IP' 50'" 30“ 

6*' -t .V 50'" 30“ 

- 6'' f- 0-074 of 6»' 

FromiS.J., p. 2, Dc<'lination of sun at 6’' (l.^l.T. - 22' 48'-4 

0-074 X 1 J '-5 (or from tho Interpolation 'rable for tho 

sun on p. 63 of the X.l.) -{ 1-5 

Sum De<-Iiiialion of sun at 1051, Jan. 4‘i IP* 50"' 30" - — 22 46-0 

Hero, for the sake of illustration, wo liavo interpolated from the value for 6*', but, 
as the given timo is almost 12*' and a tabulateil value for 12*' is available,, it would 
have boon simpler to interpolate backwards from this value. 3'hus ; — 

(liven timo - IP' 50'" 30“ 

. - 12»« - 0>' 01)'" 30" 

- 12»' -- 0-026 of 6»' 
~22'46'-l) 

-- 0-0 
s - 22 46-9 


From *V..4., p. 2. Declination of sun at 12*' (7. M.T. 

- 0-026 X 4- r-o 

Sum — Docliiinlion of sun at 1951, Jan. 4*) IP' 50'" 30^ 
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If the R.A. and E are needed, R and may be obtained by simple 
linear interpolation in the same way, interpolation for R being facilitated 
if desired by the use of the special Interpolation Table for R on pages 
64- 05. E is then equal to Ey^ — 12**, but, as the R.A. of the true or 
af)paTcnt sun is required, and tlie tabulated values of R are for the mean 
sun, we use the relation ; — 

R.A. of true or apparent sun ^ R — E^. 

Interpolations for the sun’s declination and for can be simplified by 
‘means of the special Interpolation Table for the Sun on page 03 of the 
S.A., as this is in terms of actual interpolation intervals and avoids the 
necessity for working out the interpolation coefficient obtained by 
dividing the interpolation interval by O’*. 

2. To find the Greenwich Time corresponding to a Given Instant of 
Local Time. 

Rule. To the given local time, expressed in astronomical reckoning, 
apply the longitude in time, adding it west and subtracting if oast. The 
resulting Greenwich time is on the same system, apparent, mean or 
sidereal, as the local time. 


Example. Find G.A.T. corresponding to L.A.T. April 24 (a) 12.15 p.m., (5) 5.23 p.in. 
at a place in longitude 32° 15' E. 


h in 

(а) Given L.A.T., expressed astronomically = Apr. 24 12 15 

East longitude in time -= — 2 09 

Corresponding G.A.T. = Apr. 24 10 00 

(б) Given L. A. T., expressed astronomically = Apr. 24 17 23 

East longitude in time — - - 2 09 

Corresponding G.A.T. = Apr. 24 15 14 


3. To find the Local Mean Time corresponding to a Given Instant of 
Local Apparent Time. 

In this case it is required to find the value of £7, the equation of time, 
at the given instant. As the time given is apparent, we utilise the G.M.T. 
of transit of the sun at Greenwich (N.A. pp. 22-29), i.e. the G.M.T. of 
apjmrent noon, as the difference between this time and 12’* is the 
equation of time at apparent noon. 

Rule. Find G.A.T. corresponding to the given L.A.T. Interpolate 
the value of G.M.T. of transit at Greenwich to this G.A.T. Then 
L.M.T. = L.A.T. + G.M.T. of transit at Greenwich — 12'* 


Example. A time observation on 1951 ,Tan. 3, nt a place in longitude 04° 45' W., 
gave L.A.T as 17*' 34'". Find the corresponding L.M.T. 

d li m 


Given L.A.T. 


dan. 3 

17 34 

West loncitude 

= 


-h 4 19 

G.A.T. 


3 

21 53 


= 

31 ]2I. -t- Oh 63'" 


= 

3.1 I2h + o<i-4118 



h m 

s 

From N.A., p. 22. G.M.T. at G.A.T. 3'» 12** 


12 04 

10"-04 

0-4118 X + 27«-72 

= 

-1- 

11-42 

- 0-061 X - 0'^-72 

= 

+ 

004 

Sum = G.M.T. of transit as at G.A.T. 3'* 21*' 53"* 


12 04 

28-10 

L.A.T. 

= 

17 34 

00-00 

Sum - 12*1 = L.M.T. 

= 

17 38 

28-10 


[f the >S7ar Almanac is used, we must determine the proper interpolation 
interval since the given time is apparent time and the values given in 
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the SA . are for O.M.T. Hence we must convert tlie nearest (i.M.T. from 
which we arc^ ^oin^ to interpolate into appanmt time arul subtract tin; 
result from the (i.A.T. (ujuivalent of the given L.A.T. Thus, after 
finding the (I.A.T. as above : — 


From S.A., p. 2, at 3‘i IS*' G.M.T. 

<1 

0 

h 

11 

tit 

5.3 

s 

36-5 

3'» 18»' G.M.T. 

3 

18 

00 

00-0 

Sum* 12>' G.A.T. at 3** 18*' G.M.T. 

3‘ 

17 

5.3 

36-5 

G.A.'r. corresponding to given L.A.T. from above 

- 3 

21 

.33 

00-0 

Difference -■ interpolation interval 

..r 

3 

57 

23-5 

/j#\ ut 3'* 181' G.M.T. from above 

0-66 of 6» 
<1 h 

IJ 

til 

.35 

36-5 

0-66 X -- 7‘’-0 (or from the Interpolation Table 
on p. 63 of the *V..4.) 

Sum - E^ at 3'i 21i' 53"' G.A.T. 

- 

11 

.3.3 

4-6 

31-9 

L.A.T. 

- 3 

17 

34 

00-0 

Difference 1 12>' L.M.T. 

3 

17 

38 

28-1 


It should be noted Here that, altliough the inter|)olalion interval of 
;jii 27'" 23 ‘'*o is in terms of apparent time, the O-hour interval between 
the times of successive tabulated values is in terms of mean time. 
Conse({uently, from the strictly theoretical point of view, this fi-hoiir 
interval of mean time should be converted into the equivalent interval 
of apparent time when working out the inter[)()lation coefficient O-fifi. 
To do this, we couid use the rule : — 

Apparent time interval -- mean time interval -\- change in value of 
during the interval. 

The maximum value of the change in the value of during a 0-hour 
interval never exceeds 7‘'*o, which is only 0-()02 of an hour. Hence, for 
all practical purposes, so far as working out an inti*rpolation coefficient 
is concerned, we can neglect, a.s we have neglected above, the difference 
between 0 liours of mean time and the interval of apparent time which 
corresponds to a mean time interval of 0 hours. 

4. To find the Local Apparent Time corresponding to a Given Instant of 
Local Mean Time. 


Rule. Interpolate the value of E from those given for mean midnight, 
and add the value so obtained algebraically to the L.M.T. 

Example. Find L.A.T. corresponding to L.M.T. 1U.51 tian. 211' 0(i"‘ at a place 
in longitude 64® 45' W. 

(1 h in 


Given L.M.T. -- Jan. 15 21 06 

West longituile — -1-4 19 

G.M.T. - Jan. 16 01 2.3 

== Jiin. 16«i0590 

m 8 

From N.A., p. 6, E for Jan. 16‘« 0»' = - 9 27 S6 

0 0690 X - 20s S;i = “■ 1-23 

— 0 014 X l- ^O = — 0 02 

Sum = E for Jan. 16‘» 01»' 26«» = - 9 29 11 

Given L.M.T. -Jan. 15 21 06 0000 

ij? (Apparent - Moan) = — 9 29-11 

Sum = Required L.A.T. = Jan. 15 20 56 30-89 


The computation by means of the S.A. is equally simple : — 
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ci ll III s 

(livoii Ij.M.T. -- Jiin. l.l 21 (Ki (K)-0 

West loiiufitutlo I 4 11) OO-O 

CJ.M.T. I() 01 2”) 00-0 

JrtFi. 10 • 00 « -I- 0*24 ofOi' 
FroniAS.*-!., p. 2, at UJ* 00‘ C*..\r.T. ll*' 50" 32''-l 

0-24 X — 5*'*2 (or from Intorpolalioii 
Table for {j'liii) -= — 1*2 

Sum - at. .Ian. Kv* 01'* 25 " -- 11 50 .*)0*0 

Given L.M.T. .fan. 15 21 00 00-0 

Sum - J2‘' --- Keqiiired Jj.A.T. .Fan. 15 20 50 .‘lO-O 

5. To find the Sun’s Bight Ascension and Declination at any Instant 
of Local Time. 

Rule, First obtain the corresponding G.T. If this is G.M.T. interpolate 
the values given for every midnight. If the time obtained is G.A.T., 
interpolate the values at transit at Greenwich (N,A. pp. 22-29), whicli 
are, of course, for G.A.T. = 12‘\ 

Example, Find the sun’s R.A. on 1051 Jan. 4'* 10>* L.A.T. at a place in longitude 
87° 15' K. 

d li in 

Given L.A.T. — Jan. 4 10 00 

East longitude — — 5 49 

G.A.T. = Jan. 4 10 11 

= Jan. 3<« 12»i -f- 22«' ll'» 

- Jan. 3 ‘ 12i‘ b 0‘i 02431 
h in s 

From A^.4., p. 22, K.A. at G.A.T. 3'* 12‘» — IS 63 29*73 

0*92431 X 1 - 204‘'*30 -f- 4 04*35 

-- 0 017 X ■ 0^*73 ! 0*01 

Sum = K.A. at G.A.T. Jan. 4<) 10)» 11'" - IS 57 34*09 

In the ease of the the tabulated values of R an* for the. mean sun, 
not for the true or apparent sun, and it is the value for tlu* apparent 
sun which is required. Hence we must interpolate for and R and use 
the e-xpres,sion : 

R.A. of apparent .sun R — 

Here also, as the given time is apparent time, we must begin, as we 
began in E,vampl(i 3, by reducing the nearest G.M.T., 4'‘ iV\ from whiidi 
we are going to interi^olate to G.A.T. so as to obtain a real interpolation 
interval. This interval Avill then be in terms of apparent tinu' whereas 
the interval for which the values are tabulated is (i hours of mean time. 
In practice, liowevcr, when calculating tlu^ inter[)olation (*oefficient, it is 
sufficient, within the limits of accuracy involved, to assume that 0 lio\irs 
api)arent time are the equivalent of b hours mean time and hemu) the 
interpolation coefficient can be obtained by dividing by (> the interpolation 
interval found by subtracting the apparent time at 4*' b'' G.M.T. from the 
G.A.T. corresponding to the given L.A.T., or el.se we can use this interval 
as the argument in entering the Interpolation Table on page (53 and the 
Interpolation Table for R on page 65 of the S.A . 

From S.A„ p. 2, at Jun. 4'» 6-' G.M.T. ^ - 0 11 55 22’'*6 

. Jan. 41 6“ G.M.T. -=4 6 00 00*0 

Sum -—12^'= G.A.T. at Jan. 4'* 6*' -- 4 5 .55 22*0 

G.A.T. at given L.A.T. as above ^4 10 11 00*0 

Difference = interpolation interval — 4 15 37*4 
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h ni fl 


From above, at Jan. 6^‘ G.M.T. 

11 

55 

22-6 

Increase for interval of 4^ ir»»« 37'*-4 
(from Interpolation Table for Sun 
on p. 63 of to. .S./l.) 

Sum El at J an. 4‘» 1 0»‘ 1 1 •» G.A.T -- 

11 

55 

- 4-0 
17-7 

From A'./l., p. 2, R al Jan. 4‘« 6»‘ G.M.T. 

6 

52 

09-8 

IrifTcase for interval of 4*' lo"‘ 37“*4 
(from Interpolation Table for R 
on p. 65 of the S.A.) _ 

Sum R at Jan. 4'* 10'» 1 1'" G.A.T. - - 

6 

52 

f 42 0 
51 -8 

Ki from abov'o 7_ 

IJ 

55 

17-7 

R - El 


02 

25-9 

R.A. of' sun af Jan. 4‘> 16'' L.A.T. 

18 

.17 

34- 1 


It may ho iisoiul to note here that, in calculations which involve 
finding the R.A. of the sun, an approximate estimate of the number of 
hours in the which is good enough to use as a check in seeing that 

12 hours have not been missed or wrongly applied, can })o obtained })y 
remembering that the -R.A. of the sun is zero on or about March 22 of 
each year and increases from then until the same date in the following 
year at the rate of about 2'* for each succeeding nuinth. Losing this rule, 
wc see that the hours in the* sun’s R.A. on Jan. 4 are approximately 
94 X 2*' 19''. 

In finding the sun’s declination, the differences for fi-hour intervals are 
comi)aratively small when the work is f)nly being taken to a tenth of a 
minute of arc and hence we can use the same interpolation interval as 
before. 

Krom p. 2, Declination at Jan. tP' (J.AI.T. - — 22'^ 48''4 

IiKTcaso for inter\al of 4'* .‘JT'- t (from 

Interpolaf ion Tablo for Siiii on p. (>3 of 
tho*SVI.) -M 

Sum - Declination at Jan. 4* lf)*‘ L..V.T. - — 22 47*3 


6. To find the Local Mean Time of Local Apparent Noon. 

Rule. Interpolate the G.M.T. of transit at Greenwich to the given 
longitude. 


E.rnwple. Find tlio approximate L.M.T. of L..\.N. in 
lO.’il Jan. 4. 

Kioin p. 22, (i.M.T. of traii'^it at (In'cnwieh 

- 0-24 X i 27^4 
Sum L.M.T. of L.A.N. 


loiigitudo 5'* 42"'Dast 
h m 3 

- 12 04 44 

— - - 7 

12 04 37 


on 


When using the iS\4., eorreet for the time equivalent of the 
longitude and subtract the n'.siilt from 24’‘. 


S.A.. p. 2, t: 

1 for 1951 Jan. 4-' 12*' 

h 

III 

- 

G.M.T. 


11 

55 

IG 

Increase for 

interval of .*>*» 42*" 




(from lilt 

(M’polat ion Table for 




Sun on p. 

63 of the S.A .) 



; 7 

Sum /i', at 12*' L.M.'P. 

11 

55 

23 



24 

00 

00 

Diffen'iice - 

L.M.T. of L.A.X. 

12 

01 

37 


7. To find the Local Mean Time of Local Sidereal 0''. 

Rule. Correct the G.M.T. of transit of first point of Aries for tlie date 



40 


PLANE AND GEODETIC SURVEYING 


at the rate of 9’‘8296 for every hour of longitude, adding if east and 
subtracting if west. This is most conveniently done with the aid of 
Table IV. 

Example, P'ind the L.M.T. of local Puloroal O'* on 1951 Jan. 4 at a placo in longitude 
4ii 23n»E. 

From JV..4., p. 7, Transit of Aries, Jan. 4 = 

Correction for 4^ East (Table I\') — 

Correction for 23'» East (Table IV) — 

Sum = L.M.T. of local sidereal O'* 

When the computation is made with the aid of tlie S.A,y we must 
derive the mean time of transit from the tabulated value of H of the 
mean sun at mean noon. 


h 

m 

8 

17 

00 

00-79 


-f 

39-32 


-f 

3-77 

17 

06 

43-88 


From p. 2, E.A. of mean sun at 12'* (I.IM.T. 

h 

III 


- i? [ 12'* 

- 18 

53 

08-9 

Sidereal interval imiil transit of Aries at 
Creenwich 

5 

00 

.ill 

Moan time equivalent of 5'* 00"* 51>-1 siderer.l 

, 


■ 

time 

.5 

00 

00-8 

Mean time of transit of Aries at Greenwich 

- 17 

00 

00-S 

Correction for 4'* East 



1 39-3 

„ „ 23»* East 

r - 


1 3-8 

Sum -- L.M.T. of local .sidereal O'* 

- - 17 

00 

43-9 


8. To find the Local Mean Time corresponding to a Given Instant of 
Local Sidereal Time. 

Rule. Find the L.il.T. of the preceding local sidereal 0**, as in the 
previous example, and to it add the mean time equivalent (from Table IV) 
of the given sidereal time. 

Example, Find the L.M.T. corresponding to 1951 .fan. ;>'• 13'> 08"* 54^*2 L.S.T at 
tt placo in longitude 4*' 23".* East. 


From Example 7, L.M.T. of preceding L.S. = 
Moan time etpiivalont (Table IV) of IS'* = 

08"* = 
54« = 
0?-2 = 

Sum = L.M.T. 


h 

17 

12 


00 

57 

7 


= 5 00 13 


43 SS 
.52-22 
58-09 
53-85 
•20 
28-84 


9. To find the Local Sidereal Time Corresponding to a Given Instant 
of Local Mean Time. 

Rule, Correct the G.S.T. at O’* at the rate of O'-SSGS for every hour of 
longitude, adding if west and subtracting if east, and to this add the 
sidereal equivalent of the given L.M.T. 

Example. Find the L.S.T. corresponding to 1951 Jan. .5'* 00*' 12"* 32-3’' L.M.T., 



h 

in 

9 

6, G.S.T. at O'* 

0 

55 

07-22 

Correction for 4'* East 


— 

39-43 

Correction for 23«* East = 


— 

3-78 

Sidereal equivalent of O'* — 

0 

00 

59-14 

12"* - 


12 

01-97 

32^-3 - 



32-39 

L.S.T. 

13 

07 

.57-51 


Since the K.A. of the mean sun is equal to the l^idereal time of mean 
noon, the sidereal time at O'* M.T. will be the mean sun’s R.A. at that 
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time ± 12”, which is the value of R at 0” M.T. Hence, if we are using 
the S.A., we have : — 

Tabulated value of li for Jan. 5'* 0‘* --- G.S.T. at O'* O.M.T. -= 6'* 55*" 
07''*2 and the remainder of the calculation jjrocccds as before. 

10. To find the Local Mean Time ol Transit of a Star. 

Rule. Since the R.A. of the star equals the L.S.T. at the instant of 
its upper ‘transit, convert this L.S.T. to L.M.T., as in Example 8. The 
lower transit is separated by 12 sidereal hours from the upper. 

Note. For tho piirposo of solecting stars for observation, a rough estimate of 
the time of transit is iisuaMy all that is required. It is then sufficient to subtract 
from the R.A. of tho star, increased if necessary by 24^, tfio U.S.T. at 0^ for the date. 

Example. Find the approximate L.M.T. at which p IJ rmi Minor in will be on the 
meridian on 1951 Jan. 7. 

h in 

Irorn S.A., p. 40, R.A. of p I Mi nor in == 14 oJ 

From S.A., p. 2, E for Jan. 7‘» 0** G.S.T. at 0>‘ = 7 03 

•Difference =^L.M.T. of transit = 7 48 

11. To find the Local Sidereal Time of Elongation of a Star. 

Rule. To the R.A. of the star apply its hour angle at elongation 
(page 15), in time, adding for west and subtracting for east elongation. 
The result, increased or diminished by 24'* if neeessary, represents the 
L.S.T. of elongation. 

ffixample. Find the L.S.T. at which p Ursce Minorin will elongate on tho evening 
of 1951 July 27, at a place in latitude 55° 52' N. 

h lu s 

From pp. 40 -il, H.A. of P Urstv Minoris — 14 50 51-7 

8 - 4- 74° 21' 25" 

* . 1 . . tan A 

At elongation cos t = k 

tan 8 

log tan 55° 52' = 0*168835 

log tan 74° 2 1 ' 25" = 0-552S 1 s 

log cos / = 9-616017 

t = 65° 36' 09" = 4 22 24-6 

L.S.T. of W. elongation — 10 13 16*3 

As tho sidereal time at U‘' is approximately 20*' 15”' (N./l., p. 15), it is evident 
that tho western elongation is tho one that occurs in tho evening. 

Use of Apparent Places of Fundamental Stars. In 1941 the number 
of stars whose mean and apparent places are given in the Nautical 
Almanac was jeduced to 2()S, and the jdaces of these stars are now (1950) 
only tabulated to 0"*01 in right aseen.sion and ()"-l in declination. In the 
same year, a sepaiate volume, giving the apparent places of 1,535 stars, 
was issued under the title dppurew/ Places of Fundamental Stars and, 
after a break caused by the war, it is now being published annually. 
This ])ublication, whicli should be used in preference to the Nautical or 
Star Almanacs when work of the highest order of precision is being under- 
taken, or wJien a greater choice of stars than those now listed in these 
Almanacs is desired, gives the apparent places of stars whose declination 
is less than I. OO^'to 0'*-001 in R.A, and 0"-01 in declination, and of stare 
whoso declination exceeds 00° to 0''*01 in R.A. and 0^*01 in declination. 
The interval of tabulation is every tenth upper transit at Greenwich for 
all of tho 1,483 stars whose declination is less than lL 81°, and for the 
52 circumpolar, stars (i.e. those within 9° of either pole) the interval is 
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for each upper transit at Greenwich throughout the year. The data 
required for survey work are the apparent places and these may normally 
be obtained with sufficient accuracy by interpolation, using differences 
up to the second order and the Bessel interpolation formula, from the 
list of apparent places given in pages 36-511. The tabulated values 
have had all necessary corrections, such as the corrections for })r()per 
motion, annual aberration, annual parallax, etc., applied to them with the 
exception in many cases of certain corrections for short-period terms of 
nutation.* When the period of tabulation is the interval between 10 
upper transits, these short-period terms complete their oscillations 
within this period and hence they cannot conveniently be included in 
the tabulated values, since to do so would cause difficulties in inter- 
polation. They are, however, very small in magnitude and can be 
neglected in all except work of high precision. If it is desired to take* 
them into account, let Aol be the correction to right ascensior and JS 
the correction to the declination. Then 

Ja in seconds of time — da(^) . + r/a(€) . (U, 

JS in seconds of arc -= + dS(c) . de, 

in which the quantities di/j and de, the short-period terms of nutation 
in celestial longitude 0 f and obliquity €, are given for every day of the 
year in Table I (pp. 512-513), and the quantities 

da(0) — (cos € 4- sin a tan 8 sin e) ; d8(0) - cos a sin c 

da(€) = — cos a tan 8 ; d8(t) - - sin a 

are tabulated on pages 36-107 under the entries for each star. 

In the case of the circumpolar stars with ])olar distances less than 
whose positions are tabulated on pages 40S-511, these corrections have 
already been aj^plied, as here the interval between entri(*s is oidy that 
between successive uj)per transits, and this covers the ])eriods (;f the 
short-period terms. • 

An example, illustrating tlie application of these corrections is given 
below. 

A table, Table II, in Appareiil Placets also gives the sidereal time* at 
0^* G.M.T. for every day of the year to O'-OOl, whereas the corresponding 
table in the N.A. only goes to O'^-Ol and to 0"'l in the S.A. Consequently, 
Table II in Apparent Places should be iiserl when time is computtMl to a 
thousandth of a second. When ajiparent sidereal time is taken from the 
table to pass from mean solar time or from G.M.T. to ap])arent sidiu-eal 
time and vice versa, a very small correction for change in nutation in 

* The corrections for annual parallax have only been applic'd to thirty-live stars 
for which parallaxes equal to or greater than 0"'*ll>0 arc availa])le, and a list of 
these stars is giv^en on page xxxii of tho Introduction to the Tables. In 194S, 
however, the International Astronomical Union <lccidod tliat those c^orreotions slioiihl 
be included for a greater number of stars us soon as the nooessary arrangoments 
could be made. At present, therefore, the corrections for annual parallax that 
have been omitted from the tabulated values may exceed those for the short-periotl 
terms of nutation. 

t Celestial longitude is the angular distance measured eastwards along the 
ecliptic from the First Points of Aries to the point where a great circle drawn through 
the star perpendicular to the ecliptic passes through the latter. 
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right ascension between 0*' and a given G.M.T. has to be applied. This 
can be done by adding together the long- and short-period terms of 
nutation given in the table for the given date and the day following and 
taking the difference. The amount of the correction is this difference 
multiplied by the solar interval since O'* and divided by 24'*. Examples 
of these computations are giv'en below. 

As noted on page 33, the positions of stars will no longer be given in the 
1952 and subsetpjent issues of the Nautical Almanac so that, for all 
computations relating to stellar observations, the surveyor will then have 
the choi(?c of the ^tar Almanac for Land Hnrvayors for minor work or 
Aj}parent Places of Fundamental Stars for work of greater accuracy. 


Fj'fimple 1, Find the apparont ]>Iucc of a Aquilm on IDol Juno l,3-6. 

From page S4l Apparent I'larrs on 19.51 .Juno 10*1 K.A. - lO** 4S»» 26*' 086 

8 - 1 sM4'o<r.:is. 

Intorval of tabulation is 10 transits and honco n 0‘.35. 

For K.A», J'i + 0'-22S; J'l - { 0‘'*105 ; J -i = i- 0^-2.5f) 

I A\ A' A -- - 0*^ “061 


11. A. on .liino lO l 
nA'\ - O-.T) X 1 0'-22S 
h A'\) (Table VI) 
Sum -- Jl.A. on June* Ill-O 


h 

rii 

•4 

19 

4S 

20 0S6 



1- OOSO 



f 0003 

- 19 

4S 

26-109 


For 8, i- 2'-N , J'l 2" la ; A' \ ^ 2"-0S 

A\ t A\ ■■ A'i - A' I i 0"-0.> 


8 on .Tune 10- 1 

- f S 44 09-.38 

??J'i - 0-:i.5 X } 2"- 14 

-1- 0-7.5 

/r (J"„ ; A\) (Table \T) 

- - 0-00 

Sum 8 on .Jura- l.'bO 

- -r S 44 10-13 


'rbose vidiic's are aeeurato for rno^t ordinary work, but in observations of the 
highest precision it is neeessnrv to add the corr(M*fions for tlie si lort -period terms in 
nutation. 

Frofn page S41 of tlic tabU's wi* find fora Aquilw 

! (b-llo7; d8(0) - — 

Jaje) O-fKJ.5; J8(e) - - 0-SS) 

and from Table I ffir the date .hine IS-t> we get by straight lorw'arti linear inter- 
polation 

f/0 -()-14; Jc -- ! 0-10 

Ueneo 


Ja I n X 014 * t) t)().5 X ^-0-10 - ~ O^-OOS 

J8 I this X - 014 f- - 0S9 X - O-IO ----(r il 
(V>n.se(piciit Iv, tht» corrected values are 

K.A. lull 4S'n 20 -109 - O^'-OOS -- 19»« 4S™ 20s.l01 
8 - { S ’ 44' I0" i:i -- tr il S’44'10" 02. 


K.mmpte 2. Kind tlie local apparent .sidereal time at a place in longitude 
S*' ;i2"‘ 4ls-()lt) \V. at (I.M.T. Ill*' 42"* ir)‘*-914 on 19.51 .June 22. 


Mean solar interval from O'* 

Corrections to mean solar time jyj\ 

to give sidereal time J ' 

A]>parent shlereal time at O'* (Table II) 
Change in nutVition from O’* to 14’* (Table II) 

Sum -- apparent ( Jreenw ich t ime 

DitTereiice in longitude 

Sum -- local ap])arent sidtTeal time 


It 

in 


13 

42 

10-914 

... 

o 

10-034 

0-044 

- 17 

o7 

2S-66S 
f 0-003 

- :u 

41 

.59-663 

— s 

32 

41-016 

23 

09 

18-647 


Hero the sum of the long- and short-period terms of mitution for Juno 22 given 
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in Table II is + 0'-308 and for June 23 it is + 0«-314. Hence the correction for 
change in nutation is (+ 0-314 — 0-308) X 14/24 = + O-OOfi X 14/24 = -f 0-003.* 

Example 3. To find O.M.T. on 1951 April 23 corresponding to a local apparent 
sidereal time of 18'> 26>'* 19"-804 in longitude S" 32'« 41«-010 W. 

h in H 

Local apparent sidereal time = IS 20 1{)-S04 

Difference in longitude = h S 32 4 1*0 16 

Sum = Greenwich apparent sidereal time 20 50 ()0;82() 

Apparent sidereal time at 0*' (Table II) -- 14 00 55*104 

Sidereal interval - 12 5S 05*020 

Corrections to sidereal time to give l\') ■/ ~ “ 07*457 

mean solar time j ^ \ — 0*016 

Change in nutation from 13*' to 0*' (Table II) - - — 0*002 

Sum — G.M.T. at local apparent sidereal 

time 18*' 20"' 10«»*S04 12 55 58*151 

The sums of the long- and short -period terms of nutation for April 23 and Ajiril 24 
are -f- O^-ISO and f- 0^*100 respectively and so the correction for tho changes 
between 13*’ and 0*' is -- 0*004 X 13/24 — - -- 0**002. 

Mndifluftliftna when Standard Time is Used. It its, generally speaking, 
more convenient to keep the mean time clock on the standard time 
used in the country of observation, although tho apparent and sidereal 
times required will always be local. Conversion from one sj'stcni of time 
to another is then done by converting the given time to the corresponding 
Greenwich time, as in paragraph 2, then converting to the required 
system of time at Greenwich, and finally reducing tho time so obtained 
to the desired local or standard time. The principal conversions dealt 
with may be summarised, in the new form, as follows. 

3a. To find the Standard Mean Time corresponding to a Given Instant 
of Local Apparent Time. 

G.A.T. = L.A.T. 4- west longitude 
L.A.T. — oast longitude 

G.M.T. = G.A.T. — 12*' -j- G.M.T. of transit at Grocnwicli, inter- 
polated from apparent noon to tho given G.A.T. 

Standard mean time =* G.M.T. — west longitude of standard moridifui 
= G.M.T. + east longitude of standard moridinn. 

4a. To tod the Local Apparent Time corresponding to a Given Instant 
of Standard Mean Time. 

G.M.T. == Standard moan time -|" we.st longitude of standard 
meridian 

= Standard mean time — east longitude of standard 
meridian 

G.A.T. = G.M.T. -f- Equation of time (Apparent — Mean), inter- 
polated from Oh to the given G.M.T. 

L.A.T. = G.A.T. — west longitude 
= G.A.T. 4- ea.st longitude. 

8a. Ito tod*the Standard Mean Time corresponding to a Given Instant 
of Local Sidereal Time. 

(i.S.T. = L.S.T. + west longitude 
= L.S.T. — east longitude 

♦ The tables in Apparent Places give values for both apparent and mean sidereal 
times and in most cases tho'sum of the two terms on nutation in H.A. i.s e(|ual to th(» 
difference between tho apparent and the mean sidereal times, but this is not always 
so as end-figure discrepancies sometimes occur. 
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O.M.T. -- Mean time of tl preceding transit of the first point of 
Aries -i- mean time ccpiivalent (Table IV in A'. /I. anrl 
A . /*. ) of given (I.S.T. 

Standard Tnean time — C.M.T. — ^vest longitude of standard mei'idian 
= (i.M/J\ 1- east longitude of standard meridian. 

9a. To find the Local Sidereal Time Corresponding to a Given Instant 
of Standard Mean Time. 

G.M.T. = Standard mean time -f- \ve.st longitude of standard 
meridian 

= Standard mean time — cast longitude of standard 
meridian 

G.S.T. = Sidereal time at 0»‘ -f sidereal equivalent (Table 111 in 
and A.P.) of given O.M.T. 

L.S/r. = Cr.S.T. — we.st longitude 
= (Jr.S.T. + east longitude. 


Examples 


1. (^oinpute the value of the sun’s declination for the instant on the morning of 
11)41 Oct. 2S at which it.s hour angle is 50° at a place in longitude 50° E. The sun’s 
declination at transit at Oreenwich is 


1041 Oct. 20 

27 

28 
20 


~ 12 24 06-6 
-- 12 44 32-6 

- 13 04 46-6 

- 13 24 48-3 


- 1226 0 

- 12140 

- 1201*7 


2. Find the true altitude of the sun’s centre from an observation which gave an 
apparent altitude of 55° 34' 23"' to the sun’s upper limb. Take the sun’s horizontal 
parallax as O"' and serin -diameter a.s 15' 53"'. 

3. Find the standard mean time of L.A.N. on 1041 July 21, at a place in New 
South Wales in longitude 142° 30' E. Standard time in New South Wales is 10*» 
fast on Greenwich. 

Date G.M.T. of Transit at Greenwich 


h m I* 


1941 July 19 

12 

06 

06*89 

20 

12 

06 

10*82 

21 

12 

06 

14*22 

22 

12 

06 

17*06 


8 

+ 3*93 
-f 3*40 
^}- 2*84 


4. The Greenwich sidereal time at Greenwich mean midnight on a particular 
day is found from the A\.‘l . to bo 7J» 20'« 35*?. An observation of a star is taken in 
longitude 2° west at local sidereal time 17’’ 30"’ oO-. The correction of S.T. for longitude 
is O^’SCi per hour. Find the local mean time at instant of observation. 

366*2422 sidereal days — 365*2422 mean solar days. (Univ. of Loud.. 1918). 

5. At what standard time does ^ make its upper transit on 1941 Nov. 4, at a 
place in longitude 122° 15' W. in the Pacific time belt (8’’ W.) ? 

G.M.T. of G.S.N., Nov. 4 - 21’’ 05’” 09-3. 

0. Calculate to the nearest second the Indian standard mean time (corresponding 
to the meridian 5’> 30™ E.) of transit of jS Draconi/t (P.A. — 17’’ 29”’ OS-5) on 1941 
July 2, at a place in longitude 84° 30' E., given that G. S.T. at O’* on July 2= IS** 38™ 
33-7. 

7. From the following data calculate the Greenwich mean time of transit of the 
star A at the place U. 

h 111 

Right ascension of star A 10 00 

Sidereal time of mean midnight at Greenwich 22 00 

Longitude of place B 8 W 

8. Find, to the nearest second, at what Eastern standard time (corresponding to 
the meridian 5’’ W of Greenwich) y CassiopeicB (8 = + 60° 23' 56", R.A. = 0** 53™ 13-1) 
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elongates on the evening of 1941 Aug. 31, at n place in latitude 50** N. and longitude 
70® W., and state whether the elongation is eastern or western. The transit of the 
first point of Aries at Greenwich on Aug. 31 is at !•« 24'“ SO"*!. 

9. At what L.S.T. was ]8 Ceti (S = — 18® 24' 47"^, R.A. = 0*‘ 39'“ 40^-5) on the prime 
vertical at a place in latitude 22® 32' 8., and what was then its altitude ? 

10. At what L.S.T. did a Bodtis (8 = + 19® 35' 3r/, R.A. = 14»' 12™ 05^-7} 
attain an altitude of 60® on the east side of the meridian at a place in latitude 
32® 17' N. ? 



CHAFIER II 

FIELD ASTRONOMY— OBSERVATIONS 

The quantities to he obtained by the o})sorvations of field astronomy 
are time,. azimuth, latitude and longitude. Each can be determined in 
several ways, and the selection of a suitable method is based chiefly upon 
the instrumental means available and the degree of precision required. 

The observatioi;is to ,be described do not exhaust those available for 
the different determinations. The principal methods are given, including 
those employed for the most refined field determinations as required in 
geodetic survey. It is impossible to state definitely the probable accuracy 
to be expected from the different methods of determination as it depends 
very largely upon tlie capability of tlie instrument used. 

Tlic data required in the reduction of observations include, in many 
of the methods, quantities which necessitate astronomical observation 
for their evaluation. Thus, observations for time are made in connection 
with determinations of azimuth, latitude and longitude. In some cases 
the same observation yields more than one quantity. For determinations 
of low grade it is satisfactory to make one observation serve a double 
pur])ose, but in d(*liberat(* work each unknown is generally observed for 
independently, though accurate values for time and latitude may be 
derived simultaneously by (3l)servations on three stars at equal altitudes 
and time and azimuth by two stars on the same vertical. 

ASTRONOMICAL AND GEODETIC POSITIONS 

From the definitions of time, azimuth, latitude and longitude, it is 
evident that the values of those quantities are influenced by the direction 
of the vertical or ])lumb line at the place. The results of astronomical 
determinations tluTcfore include the effect of local loviations caused 
by the irregular distributioTi of mass ifl tlie eartli’s crust. The amount 
of local deflection cannot be measured directly. It is deduced by com- 
parison of the astronomical position obtained by observation with the 
gf'odetic position com])utcd with reference to the spheroid which best 
represents the form of the whole earth or a particular part of it (page 321). 
llenc(s in order to obtain an estimate of the local deflection at any single 
jHiint it is necessary to liavc^ a number of astronomical observations at 
various surv(\v stations co^ering a fairly considerable area surrounding 
the giv(*n point . The discrepancies at <lifferent pennts are of great interest 
and importance in geodetic investigations. Their numerical values are 
usually relatively small but they arc seldom or never zero. In many 
cases they (‘xceed the jirobable errors of the instrumental observations 
in themselves, and sometimes they have been found to amount to as much 
as 30" of arc. Conse'quent ly , although the determination of their values, 
and the elimination of their effects, belong to the province of the pro- 
fessional geodesist rather than to that of the professional engineer, it is 
important for the latter to recognise the limitations they impose on the 
value of astronomical determinations, by themselves, as a check on 
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positions established by triangulation or traverse, or as a framework to 
be substituted in place of either. For these reasons, therefore, it appears 
advisable to give some further consideration to this subject. 

Astronomic and Geodetic Latitudes and Longitudes and the Deviation 
ol the Plumb Line. The difference between the geodetic and the astro- 
nomical latitude is illustrated in Fig. 22. The curve EPQP' represents 

a section through a meridian on the 
earth’s surface, PP' being the polar 
axis and EQ the equatorial axis. 
Since the earth is an oblate spheroid 
in shape, this curve will be an ellipse. 
At any point A draw the lino 6AB 
normal to the curve at A. Join A 
to C, the centre of the ellipse. Then 
the angle ACE is the geocentric 
latitude 0 and the angle A BE is the 
geodetic latitude 

Now suppose an abnormally heavy 
mass to be concentrated at tlie 
point X. A plumb bob suspended 
Fio. 22. at A will then be drawn by gravita- 

tional attraction towards X, so that 
the plumb line will no longer lie along the normal 6AB but along some 
other line rfAD. All astronomical observations for latitude ultimately 
depend on the indications of a spirit level, and, as tlie level is at the 
centre of its run when its tangent plane there is perpendicular to the 
plumb line, it will be seen that the latitude measured by the instrument 
will be the angle ADE.and not the geodetic latitude ABE. Tlie measured 
latitude ADE is called the astronomical latitude, and the difference 
between this and the geodetic latitude — the angle BAD in the figure — is 
called the deviation pf the vertical, or of the plumb line, in latitude. If 
the mass X lies to one side of the meridian plane, and not exactly on it, 
there will be a similar deviation in the local time, so that the astronomical 
longitude will not coincide with the geodetic longitude L,;. When 
the point of observation is not on the equator this difference between 
astronomical and geodetic longitudes will lead to a difference between 
the astronomical and geodetic azimuths, since the effect will be slightly 
to tilt the plane in which horizontal angles arc measured. Let A , and A,; 
be the astronomical and geodetic azimuths. Then it can be proved 
that : — 

= — (L, - L,.) . sin 

where is the geodetic latitude. This equation is known as the “ Laplace 
equation,” and points at which both geodetic and astronomical longitudes 
and azimuths have been observed arc known as “ Laplace points.” In 
important and extensive gciodetic surveys it is now customary to correct 
the observed astronomical azimuths by means of tin’s equation after 
values have been obtained for the deviations in longitude. This is not 
necessary when all the points lie on, or very close to, the equator, as 
sin is then zero or very small. 
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Effect of the Deviations of the Plumb Line on the Survey of Position. 

In order to appreciate the effect which the deviations of the plumb line 
may have on the relative positions of points established by survey or 
geodetic methods, con8id(‘r Fig. 23 which represents a short arc AB of a 
meridian. To simplify matters let this 
arc be short enough to bo considered 
an arc of a circle of radius R and 
centre C. ‘Then, a direct measurement, 
by triangulation or traverse, between 
the points A and B will give the length 
of the arc AB, ’which is equal to 
R X where A<^,, is the difference 
in the geodetic latitudes of A and B 
Owing to deviations of the verticals at 
the two points, astronomical measur(\s 
will give .a difference of astronomical 
latitude of Hence, assuming 

that, cOs the deviations are v(*rv small, 

R is not appreciably altered in value, the length of the arc AB by 
computation from the astronomical measures will be R X A<^^, so that 
the differr'ii''' in lengths as obtained from geodetic and astronomical 
measurements will be — A^,). If (A<^,, — A<^J = 10'', this 

diffenaice amounts to about 1,001) ft. on the earth’s surface. Deviations 
in longitude will produce a somewhat similar effect, the linear displacement 
in this ease' being given b}" R{^L^ — AL,,) cos 

From the above (‘Xplanation it will readily be realised that closely 
spaced astronomical determinations of ])osition are not of much value 
as a check on .such operatioiis as theodolite traversing or on triangulation 
{see Vol. I, page 232). On the other hand, astronomically determined 
azimuths are invaluable for cliecking the propagation of angular error in 
traversing, especially in low latitudes Avhere the difference between the 
geodetic and astronomical azimuths is always sma’l although, unle.ss 
corrections arc made, astronomical azimuths also may have their limita- 
tions when applied to very refined work. 

Meet of the Deviation of the Vertical on Azimuth ControLf It has 
already been pointed out (page IS) that slight deviations of the plumb 
lino will cause discrepancies between the astronomical and geodetic 
azimuths. Unless they are allowed for, these small deviations in azimuth 
will naturally cause local “ swings ” in traversing or triangulation, but. 


* It is usual to express, the di'vintions of tho vertical i?i terms of seconds of arc 
measured along the inoridian ami along the j>rimo vertical, and these components 
arc called tho meriilional and priino vertical components respectively. The meri- 
dional component is and tho priino vertical component is (L i -- L,,) . cos 

One advantage of oxprobsiiig the dtniatiou in longitude in this \\ ay, instead of directly 
in terms of — La), is that it affords a eonvement method of forming a rough 
mental estimate of tho ainouiit of each component in feet. For this purpose, I* 
of arc on the earth’s surface, measurctl either along tho mcrnliaii or along tho prime 
vertical, may bo taken at 100 ft. approximately. 

t For further iiiforinatioii on this subject see a very useful and interesting paper 
by Captain G. T. MeCaw, C.M.G., O.B.E.. M.A., on “ Astronomical Azimuths and 
their Introduction into aViangiilntion ” in Kmptn Conference of Survey Officers, 
Report of ProcceiHngs. ]9‘2S. 
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SO far as fixing the relative positions of points by either of these methods 
is concerned, the effects will not be nearly so serious as those of the dis- 
placements in astronomically determined positions caused by the devia- 
tions in latitude and longitude. The reason for this, of course, is that the 
length of any arc subtending a given angle depends on the radius of the 
circle of which the arc forms a part, and the length of any survey line, 
or series of lines, is almost infinitesimally small when compared with the 
radius of the earth. 

The disturbance in azimuth in latitude 55^^, corresponding to a devia- 
tion of 10'' in longitude, which is rather a largo figure, is 8"' 19 of arc, and 
the lateral displacement caused by this at the end of ‘a line one mile in 
length is 0*21 ft., or one part in twenty-five thousand of the length of the 
line. If the latitude is 10° the corresponding deviation in azimuth is 
V*14: and the linear displactmient in position 0*044 ft., or one part in a 
hundred and twenty thousand of the length of the line. It follows, 
therefore, that, when great accuracy is sought, some corrections to the 
observed azimuths may be n(*cessary when working in higli latitudes, and, 
if such corrections are not made, work carried out in high latitudes may 
not appear to give such good results as work caiTii'd out by exactly 
similar methods in places near the equator. It sliould, however, be 
noted that small discre])aneies between the geodetic and astronomical 
longitudes and azimuths, due to deviations of the vertical, must not be 
confused with discrepancii's caused by normal accidental errors of observa- 
tion. If the observed values of (Lj — L^f) aic no more than those that 
can be expected from the quality of the observations themselves, it would 
be wrong to suppose that the whole effect is dui* to tlie displacement of 
the zenith, or to apply the Laplace equation. Kven at the equator, 
differences between the computed geodetic and the observed astronomical 
azimuths arc usually found. The Laplace equation can be* written : — 

(/y^ • cosec^ 

so that, with ^ = O'and (4, —-4,,) finite, this would lead to an infinite 
value of (L, — Z/,,). This, of course, is absurd, and here it must be 
assumed that the apparent {A , — is not a true value, in the sense 
that it represents a real deviation to whicli the Laplace equation is 
applicable, but is due entirely to ordinary errors of observation. 

Owing to the application of wireless time signals to determining 
longitude, there is now no great difficulty in taking fairly frequent 
observations for longitude. If this is done, and (L, — L,,) is determined 
at a number of points, the corrections to the astronomical azimuths at 
these points can bo worked out. The geodetic longitude's will normally 
be based on the astronomical longitiah' at tlie initial station of tlie survey 
and, at this point, the true geod(‘tic longitude will not usually coincide 
with the astronomical longitude. Henee, all the eouqaitecl geodetic 
longitudes will be affected by the unknown (L, - at tin* lieginning of 
the survey. So far as any work likely to be carried by engineers is 
concerned, however, it will suffice if the mean (L, ■— L^) is taken, and the 
lesult applied, with its proper sign, to each longitude determination, 
including that at the initial station, to give a corrected (L , — from 
which to work out the azimuth correction. Kven this, or for that matter 
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the ai)|)licatioTi of a Laplac(‘ corrc^ctioii at all, is only iK*(JCssary for the 
very highest class of work, and for most purely c‘ngine(*ring surveys the 
disturbances to azimuth caused by local dt»viations of tluj vertical can be 
consid(jrcd to be negligible and can thus be ignored. 

A further point to be considc^red is the frequtmey of check azimuth 
observations on such work as theodolite traversing and tri angulation. 
If no corT9Ction is to be applied to the observed azimuths it follow.s that 
tluTc is not much point in taking observations at closer intf'rvals than 
those in which the probable error in bearing, due to the propagation of 
angular error, is l(\ss than the probable error of tlui observed azimuths, 
the latter p.e. including any that may aris(5 from the unknown deviations 
of the vertical. 

The numerical values oi (L ^ — L,^) vary a gi^od deal, but, when they 
ar" unknown, they may, for purposes of estimating probable error but 
not, of course, for purj)oses of applying corrections, be taken at about 
zk .T, though this valjje is oft(‘n greatly exceedt'd in practice*. 

Astronomically Determined Latitudes and Longitudes as a Control for 
Mapping. It miglit at first be thought that, owing to the ease and 
accuracy with which observations may now be made with modern 
instruments, astronomical observations for latitude and longitude might 
serve admi.ebly as a framework for mapping on a fairly small scale. 
ProvicU'd There are no unusual climatic difficulties, a giv(*n area can be 
covered with a network of astronomically detennint'd ])oints much more 
quickly than it can be cover(*d with a network of points fixed by triangula- 
tion or traverse. ]\roreov(*r, any errors of observation that may be made 
at one ])oint are not earritMl forward wlum fixing other points, whereas 
in triangulation or traveising errors of observation tend to lx* propagated 
and magnified. In addition, if it is desire<l to survey a particular district 
before tin* framework in other districts is eompl(*te, or ni*arly complete, 
astronomical latitudes and longitudes can be ob.servcd at once in that 
district without having to wait for the framework to be completed else- 
wh(*r(*. This is iu)t the case with triangulal ion or tra'- i dug, which, as a 
rul(*, have to be pusluxl forward as a whole and not surveyed in bits and 
])ii*ces. 

In spite of all these advantages, the pos.sihility of the existence of 
deviations of tin* vertical, of unknown and varying amounts, sets a 
limit to the us(*fulncss of astrcmomically di*t(‘rmined latitudes and longi- 
tudes as a framework for majiping. If the scale of the map is vi*rv small, 
or if the map is to be a rough geographical one only, when* errors in 
jiosition of, say, a quarter of a mile or more do not gieatl\ matter, the 
use of an astronomically determined framework can be justified, cspc*cially 
if speed of production is a main eonsuh'rat ion ; but, when the scale is 
reasonablv large, and rcasonabh* accuracy i^^ desired, it is inad\ istible to 
rely solely on astronomically fixed points for systematic mapping pur- 
posi*s. and it is far bett(*r to lay down a proper network of points fixed 
by triangulation ex* bv accurate theodolite traverse. It must be stated, 
however, that there has been a tendency in recent years to rely on astro- 
nomical fixings as a basis for mapping on medium scales, moic particularK 
when, in order to ])roduce the map quickly, the detail suive\ has been 
done by air survey methods. 
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INSTRUMENTS 

The theodolite is the most generally useful instrument for the observa- 
tions of field astronomy, and all sizes from 3 in. to 12 in. are employed 
for the purpose. For determinations in connection with geographical 
mapping, the 5-in. or 6-in. micrometer instrument gives sufficiently 
accurate results, and is that most commonly used. The astronomical or 
nautical sextant may be employed in certain cases for the measurement 
of altitude. For primary determinations, as required in geodetic survey- 
ing, the principal instruments used arc the portable transit instrument 
for time, the geodetic theodolite for azimuth, and the zenith telescope, 
or the theodolite with eyepiece micrometer, for latitude observations. 
In recent years, however, owing to the general standard of excellence and 
the adaptability of modern geodetic theodolites, the tendency, even in 
the most precise work, has been to take all astronomical observations, 
whether of time, azimuth or latitude, with an instrument of this kind. 
The theodolite is an all-round instrument, capable of measuring ordinary 
horizontal and vertical angles, as well as of being used for astronomical 
observations. Consequently, when it can be used for astronomical work, 
there is no point in carrying other instruments as well. 

The Theodolite. The modern large theodolite, described on pages 11)1 
et aeq^ is usually entiicly suitable for astronomical work, but certain types of 
engineer’s transit theodolite are imperfectly adapted for the measurement 
of altitude. The provision of micrometer reading of the circles instead 
of verniers is very desirable, but of even greater importance is the ncc'essity 
for the mounting of a sensitive spirit level on the frame carrying the 
vertical circle micrometers or verniers. This altitude level, being inde- 
pendent of the inclination of the tclcscoi)e, defines the horizon throughout 
the observation, and serves to show whether the instrument remains 
stable. Its sensitiveness should be about S'’ per 1*5 or 2 mm. division 
for a 5-in. or 6-in. theodolite, and must be carefully determined so that 
altitudes observed with the bubble off centre may be corrected. The 
use of a sliiding level to ensure horizontal ity of the horizontal axis is also 
necessary. 

Accessory parts required are : (a) means for illiiminaf ing the field of 
view ; (6) a diagonal eyepiece ; (c) sight vanes fitted on the upper and 
lower sides of the telescope tube to give a line of sight parallel to that of 
the telescope to facilitate pointing to a star ; (d) a dark glass to fit on 
the eyepiece when observing the sun. 

For star observations it is necessary to illuminate the field sufficiently 
to enable the cross-hairs to be seen. In older instruments this is usually 
effected by having the trunnion axis hollow and attaching a small lamp 
to one of the standards. The light is projected along the axis, and is 
reflected by a very small mirror in the telescope. Alternatively, a paper 
reflector may be attached in front of the objective. It should be bent 
over the lens and be provided with an opening to enable the light from 
the star to enter the telescope. A lamp is held or placed so that just 
sufficient light is refle'eted down the tube. In the more modern typo of 
instrument, such as the Wild or Tavistock, the illumination of the cross- 
hairs is effected by means of a special low- voltage system, built into the 
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instrument itself. This system may bo operated either from dry batteries 
or from accumulators, and the intensity of the light may bo controlled 
by moans of a variable rosistanco provided for the purpose. The same 
system is also now used extensively to provide illumination for the 
micrometers used in reading the circles. When a theodolite is provided 



Fia. 24 . Portable Trvnsit T^&TllLME^T. 

(By ptrmUiion of Messrs. Tnughtun dr Simms ) 


with a system of ccvnplete internal electrical illumination it is well, when 
precise angular observations aie being taken, to use the electrical illu- 
mination of the mieromet(‘rs for daylight ob'^cr vat ions as well as for night 
ones. The advantage of doing so is that the illumination of the circle 
graduations is more even and constant than it would be if ordinary 
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daylight illumination were used, and small errors in reading are thereby 
reduced. 

The diagonal eyepiece (Vol. I, page 28) is used when the altitude 
exceeds about 45°. The })roportions of the theodolite must be sucli that 
the telescope can be tiausited without having to disturb the focus of the 
eyepiece. In observing tlie sun with tlie diagonal eyepiece, it should be 
remembered that the prism inverts the image, so that with the usual 
Ramsden type the sun appears right side up but inverted in azimuth. 

The Portable Transit Instrument. This in.drument (Fig. 24) is an 
adaptation of the transit circle used in observatories, but is of much 
smaller size. It is set in the plane of the meridian for observing star 
transits for time and longitude determinations, and is c'ccasionally utilised 
for the observation of azimuth, the referring object (page DtS) being placed 
sufficiently near the plane of the meridian to be within the range of tlie 
eyepiece micrometer. The instrument may also be fitted for latitude 
observations by the Talcott method (page 112) 

Various sizes are used, tliat illustrated being suitable for primary 
determinations. In the larger instruments, the telescope objective has a 
focal length of 3(5 to 45 in. and an aperture of about 3 in. The powers 
of the various eyepieces provided range u]) to over 100 diameders. The 
telescope is mounted on a rigid axis resting oi\ wye supports as in the 
theodolite, and provision is made for reversing the axis without lifting 
the telescope by hand. A sensit ive st riding level is essent ial. Tlu* vcTtical 
circles are of small diameter, and are used only for sidting the telescope 
approximately at any required altitude. The inslrumenl must have a 
very stable support, the best form being a masonry pier well fouiuh^d and 
insulated from vibrations by having a narrow surrounding air space 
below the ground. 

In a design of portable* trfinsit instrument, knowji as the broken- 
telescope transit, which is used on the Continent and in America, the 
light which passes through the object glass is reflected through a right 
angle by means of a prism placed in the trunnion axis.* This hollow 
axis is continued beyond the supports, and the eyepiece is fitted at one 
end. A small electric lamp for the illumination of the fi(*ld is carried at 
the other end of the axis. With this optical arrang(‘meut the standards 
can be made much lower than in the ordinary pattern, so that the instru- 
ment is very compact. 

A transit is observed by taking the time at whicli the star crosses each 
of several vertical hairs forming the rcticiilc. When the times are taken 
by the eye and ear method (page 79), no more than five hairs can bci 
used in order that the intervals between successive passages may permit 
of the times being booked. Wlien the instants are registered by chrono- 
graph, eleven or more passages are recorded, and the influence of accidental 
errors of observation on the mean result is consequently reduced. 

Still better results are obtained by the use of the transit or impersonal 
micrometer, fitted with its movable vertical hair in the focal plane of the 
telescope. The micrometer drum canues five contact points, which make 
an electric circuit as they pass a fixed contact spring, and the instants 

* For an example of an instrument m which the broken- telescope principle is used, 
see the description of the Wild Astronomical Theodolite on page 207. 
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of the coiitacts arc registered on the chronograpli 8})oet. In observing a 
transit it is only noeossary, as the star crosses the field of view, to keep it 
conlinnously bisected by the movable hair. Two milled heads are pro- 
vided for actuating the micrometer screw so that, by using botli hands, a 
steady motion may be imparted to the hair. An automatic cut-out is 
fitted, and no record is tr.insrnitted except wliile tlie star is traversing 
the middle part of tlie ti(»ld d(‘fined by two fix(*d viTtical hairs. Four 
complete revolutions of the micrometer screw an* r(*({uin'd to carry the 
hair across ‘this space*, so that twenty contacts are made and registered on 
the chronograj))! sl)eet. , 

The principal adjustments of the transit instrument arc those of the 
striding level and liorizontal axis and of the collimation line. The former 
adjustments are made* in tlie manner described for tlie theodolite (page 195). 
TliC collimation adjustment is performed by sighting a well-defined 
distant point witli tlu* middh* hair of the t*yepiece micrometer. The 
(*xact bistH'tion of tlu* <ibject sight(‘d is effected by movement of the 
azimutli tangent screws. On rc‘\(*r.sing the telescope in its su])ports, the 
liiK* of sight should still bis(*ct the object . If it does not, the error may be 
eliminated by moving the hair half-way towards the image of the object 
by the adjusting screws controlling the diapliragm. The test and adjust- 
ment are ie[HM'c<I if lU'cessary, but the complete (‘limination of collimation 
error is not really essential (s(*(* page* 219). 

The portable transit instrument is seldom used now’adays in survey 
work (*xc(*pl possibly for primary d(*terminat ions of longitude w^here the 
higlu'st possible stand. ’rd of accuracN is rccpiired. For all ordinary geodetic 
])urposes a good geodetic t\ pe of theodolite, fitted with an eyepiece 
micromet('r, is us(*d inst(*ad. In some theodolites (cjj., the large Tavistock 
and tin* Wild Astronomical tlu'odolite) the (*\c])iece micrometer may l)e 
turiu'd through 90^ about the longitudinal axis of tlie telescope so that 
it can b(* u.s(*d for obM*r\ ing star ])assages either in azimuth or in altitude. 

The Chronograph. The chronograx>h (Fig. 25) is an instrinneiit which 
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reproduces the time record of a chronometer (]>. ol) in graphical foim. A 
sheet of paper to^receive the record is wTapped round a cylinder which is 
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rotated by the action of a descending weight at the uniform rate of 
either one or two revolutions a minute. The speed is controlled by a 
governor. The pen carriage is mounted on a screw which is also rotated 
by the descending weiglit, so tliat tlie i)eii moves uniformly along the 
cylinder. A helix is therefore traced upon the paper, but by means of an 
electrical coimection with a chronometer a sharp break in the line is made 
every second by the clironometer automatically breaking the circuit. 
Whole minutes are usually recorded by tlie absence of the regular mark 
at the fifty-ninth second. The chronometer may be arranged to break 
the circuit at the even seconds only, and the whole minutes are then 
indicated by an additional mark at the fifty-ninth second. 

For taking transits witli the aid of the chronograph, there is provided 
in the chronograph circuit a key or button, which the observer holds in 
his hand and depresses at each passage of the star across a hair. The 
circuit is thereby broken, and the instants are recorded by ^he pen in 
the same manner as the breaks made by the chronometer. The positions 
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of these additional marks relatively to the second or two-second marks 
can be scaled with considerable piecision, since the speed of lotation of 
the cylinder is sufficiently steady that it may be assumc'd uniform between 
adjacent chronometer marks. When an impersonal micrometer is used, 
the chronograph sheet is automatically marked at the instants at which 
the movable hair, bisecting the star, readies tlie positions coriesponding 
to contacts on the micrometer head (Fig. 26) 

In a compact form of the instrument, known as the tape elironograph 
(Fig. 27), the record is received upon a continuous strip of paper whicli 
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is fed through at a uniform rate. The instrument illustrated is operated 
by a small electric motor, and the speed is regulated by means of a 
rheostat. The record of the micrometer contacts is made alongside 
that of the chronometer seconds, instead of being superimposed upon it. 
In some instruments the armatures carry needle points instead of pens, 
and a series of fine punctures forms the record. 

The Zenith Telescope. This instrument (Fig. 2S) is used for precise 
determinations of latitude by the Talcott 
method of. measuring small differences 
of meridian zenith distance of pairs of 
stars (page 1 i:i). The telescope is similar 
in size to that of the portable transit 
instrument, and is mounted either cen- 
trally on, or at one end of a short 
horizontal axis levelled by a striding 
level. An eyepiece micrometer, with 
movable horizontal hair, is an essential 
feature. The value of one division of 
the micrometer head is about O'' -5, and 
the range of the movable liair about 20'. 

Tlic vertical avis, carrying the supports 
for the horizontal axis, is made long to 
ensure a true motion of the telescope in 
azimuth, its deviation from true verti- 
cality being measured by means of one 
or two cliamben'd latit ude levels attaclied 
to the t(*leseop(» and having a sensitive- 
ness of about O^-S per mm. The vertical 
circle or arc is used simt)ly for setting 
tlic telescope approximately to any 
required altitude. The horizontal circle 
enables the liiK* of sight to be set 
approximately in the meridian, and 
azimutli stops are provided for clamping 
on to the circle so tiiiit the telescope may 
be quickly swung tlirough 180° from a 
north to a south star. The instrument 
Mip])ort mu.st be very stable, and .should Fio. 2S. Zenitu Telescope. 
j)referably be of masonry. 

In adjusting tlie instrument, the striding level is used as in the case of 
the theodolite for the horizontxl axis adjustment. If the telescope is 
mounted centrally on tlie horizontal axis, the collimation adjustment is 
]K»rformcd as for a transit instrument. In the eccentric type of instru- 
ment illustrated this adjustment may be made by the double reversal 
method used for small theodolites, two points being established on either 
side of the instrumejnt and at a distance apart equal to twice the eccen- 
tricity of the telescope. The value of one turn of the micrometer screw 
is calculated from the sidereal time required for a circumpolar star at or 
about elongation to move through the angle corresponding to one turn, 
or it is derived by least squares from the results of the latitude observa- 
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tions themselves. If the time of passage of a circumpolar star at elonga- 
tion is used to determine the value of the micrometer screw, then the 
change in elevation dh of the star corresponding to a change dt in the hour 
angle, expressed in seconds of arc, is given by dh = — cos S . dt. It is of 
importance that the movable hair should be truly horizontal when the 
instrument is levelled. This should be tested by setting the movable 
hair upon the image of a distant point to one side of the field of view. 
The instrument being levelled and the telescope clamped ih altitude, 
the point sighted should remain upon the hair while the telescope is moved 
in azimuth. Otherwise, the eyepiece must be rotated by means of the 
appropriate adjusting screws. 

Although a good deal of modern work in primary latitude determina- 
tion has been performed by means of the transit instrument, instead of 
the zenith telescope, the general tendency in rcccuit years has been to 
replace both instruments by a good geodetic theodolite. A transit 
instrument can be made equivalent to a zenith telescope by the attach- 
ment of a sensitive spirit level to one or both of the setting circles and 
by using the eyepiece mieromeler with the movable hair in tlie horizontal 
position. A precise theodolite fitted with a suitable eyepiece micronK^ter 
may be similarly adajitcd for refined latitude observations by fitting a 
sensitive level. 

Hunter Shutter Eyepiece. It has lieen found by oKpcuicMice that, 
when estimating times of transit of a star across a liair, nearly (‘very 
observer has his own personal error so that he obstu'ves tlie ])assage eitluu’ 
too early or too late. The sign and amount of this error is fairly constant 
with a single observer, but both may differ fnnn those' of anotluM* ol)serv(»r. 
The imjicisonal micrometer (p. .>4) has been devised largely to eliminate 
this source of error but, while such a fitting ('an be attached to an ordinary 
portable transit instrument, it is too large and cuinlK'rsonu' for fitting 
to the average geodetic theodolite. Hence, in order to eliminate as far 
as possible the occurrence of pcusonal error wlnm an ordinal \ g('od(‘fic 
theodolite is being used, Dr. J. l)e (baaf-Huntcr lias de\ised a v(‘ry 
ingenious piece of apparatus which can Ik* atta(*h(*d to a conqraratively 
small theodolite. 

The Hunter shutter eyc])iece consists of a movable* shutter whicli 
operates directly in front of a scale engraved on glass situat(‘d in the 
focal plane of the* objective. This scale, which take's the ])lace of the 
ordinary diaphigam, can be rotated through 1H)° against stojw, so that 
it can be set for observations of a star passing f'ithe*r a known altitude* 
or a vertical plane. The shutter is ele*cti ically conti'olle'd to o})(*i*ate 
every three seconds, wdien it opens and exjroses tlie star for a p(*iiod of 
70 to 100 milliseconds (thousandths of a se*cond), a ])eri(xl which is long 
enough for the eye to see the star and note its position relative* to the 
graduatious on the scale but at the same time* is too short for it to de*te*ct 
any appreciable rrujvemc'nt. As the motion of tlie* shutter is controlled 
by the chronome*ter, the time of each exposure cap be obtained V(*ry 
accurately. The observations theie*fore consist in noting these* time's 
and at the same tinu^ recording tlie re'ading of the star's ])osition on the 
scale. Thus, the mean scale reading for a series of rajml observations of 
the same star corresponding to the mean chronometer time is i*asily 
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fuiHKl, and, after the usual correetious for ccdliination, bubble reading, 
r(‘f?aetion, (‘te., Ijavci beerj applit^l, the ehrononieter time* of the star 
jMissing a known altitudfi or of transiting a vertical plane can be 
deduced. 

In longitude observations it is necessary to compare the time of shutter 
operation with radio time signals. For this i)iirpose, an electrical contact 
connected .with the wireless circuit is broken when the shutter operates, 
the relay through which the timing of the shutter is ccmtrolled being set to 
o])en the latter every second. Hence, when the time signals are received, 
those whicdi corn'^pond, with the seconds at which the shutter opens 
aie extinguished. Thus, tlu' shutter method docs not require any chrono- 
graph, which is a v(*ry big advantage. 

For fin ther paiticiilars of tin* Hunter shutter cyej)iece sec Proceedings 
oj ihe Rogal Sociehj, Vol. (!LXVI (May 19, 19:18), Xo. 92.>, pp. 197-2i;i. or 
the Empire Survejj Review, Vol. IX, Xo. Oil, »Ianuarv, 1947, pp. 20-24. 
The eyepieVe can lx* (jbtained as an extra fitting to the Tavistock geodetic 
theodolite (p. 208) manufactured by Messrs. (Vjoke, Troughton & Simms, 

T^td. ' , . t. • . 

The Astronomical or Nautical Sextant. The framework of this instru- 
ment (Fig. 29) is a gun-metal casting, the curved limb of which carries 



Fia. 29. Astkonomical Skxtant. 


the gradualod arc 1. At the centre, of evvature tlu>re is htted an axis 
about which tlie index arm 2 rotates, llie latter is proAidcd with a 
vernier rcadiiif? against tlie arc, and is eontrollcil by a c amp and tangent 
sc™ V It also ermies the index gla.S8 4, the vertieal axis of which is 
«)llinear with the axis of rotation of the arm. This g ass is wholly silvered, 
3k fixed in a metal tray in a manner iK>rmitting its adjustment j^rpen. 
dicular to the. piano of the arc. The horizon glass 
is silvered on the Jower half and of plain glass on the upper half. 
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The arc has a radius of from 6 to 8 in., and is graduated to 20' or 10' 
according to the size of the instrument. In accordance with the principle 
of the sextant (Vol. I, page 56), the divisions are figured at twice their 
actual value so that readings may represent the angles measured. Sub- 
division is carried to 20" or 10" by the vernier, which is usually of the 
extended type (Vol. I, page 43). The graduation of the arc is continued 
for a few degrees beyond the zero to form an arc of excess (see index 
error, page r>l). 

The telescope is screwed into the collar 6, formed on a short pillar, 
called the up-and-down piece. This can be raised or lowered by a screw 
to vary the position of the line of sight relatively to the upper edge of the 
silvered part of the horizon glass and so equalise the brightness of the 
direct and rcfiected images. Two telescopes accompany the instrument — 
the long or inverting telescope ^ and the star telescope 9. The former is 
generally provided with two eyepieces 5, of different powers. The reticule 
usually consists of four lines forming a square in the centre of the field. 
The star telescope is of low power and wide field, and is convenient in 
identifying stars and for terrestrial observations. In addition, a plain 
tube iO, with a pin-hole sight, is provided, but its utility is chiefiy confined 
to terrestrial observations and to preliminary sights in astronomical 
work. Two sets of coloured shades, 11 and 12, arc fitted on hinges so 
that they may be brought into action when observing the sun. When 
it is desired to reduce the brightness of the direct and reflected images 
equally, as when making a solar observation by artifi 'ial horizon, a dark 
glass is fixed on the telescope eyepiece. 

Testing and Adjustment of Sextant The geometi ieal relationships of 
the sextant which can bo established by adjustment .irc : 

(1) The index glass should be perpendicular to the plane of the arc. 

(2) The horizon glass should be perpendicular to tlie plane of the arc. 

(3) The line of sight should be parallel to the plane of the arc. 

(4) The mirrors ^lould be parallel to each other when the index reads 
zero. 

The following further requirements ijifluencing the accuracy of the 
instrument are not adjustable, but the errors arising from their non- 
fulfilment can be ascertained and allowt d for. 

(5) The axis of rotation of the index arm sliould pass through the 
centre of graduation of the arc. 

(6) The glasses forming the miirors and shades should have their faces 
accurately parallel. 

(7) The graduation of the arc should be uniform. 

1. Adjustment of Index Glass. Object. To set the index glass perpen- 
dicular to the plane of the arc. 

Test. (1) Clamp the index arm near the middle of the arc. 

(2) Place the eye just above the plane of the arc and near the index 
glass. The part of the arc seen by reflection in the index glass should 
appear continuous with the arc itself. 

Adjustment. If the reflected part appears to rise (fall) from the arc, 
the glass is leaning forward (backward). Turn the adjusting screw at 
the back of the glass in the direction thus indicated until the test is 
passed. 
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2. Adjustment of Horizon Glass. Object. To set the horizon glass 
perpendicular to the plane of the arc. 

Test. (1) Point the telescope on a star. 

(2) Move the index arm to either side of the zero. This should cause 
the reflected image to pass exactly over tlic direct image. 

Adjustment. Turn the adjusting screw at the top of the horizon glass 
until the test is fulfilled. 

Note. iMthougli ti star forms tljo best object for sighting, the tost may bo per- 
formed by ob^orviiig tbo sim. If tho instrument is used for terrestrial observations, 
as in tho ease of tho sounding sextant (Vol. I. page ool), it is siiflicient to sight any 
distant straight lino, making' tho direct and ix^fieeted images appear continuous. 
On tilting tho instrninent, tho oontimiity should be maintained. 

3. Adjustment of Telescope. Object. To make the line of sight parallel 
to ilie plane of the arc. 

Test. (1) Fit the inverting telescope, and turn the eyepiece until two 
of the wires ar(5 approximately parallel to the plane of the arc. 

(2) Sight one star directly, and bring the reflected image of another, 
not less than distant, into coincidence on one of the wires. 

(:3) Move tlio instrument until the images appear on the second parallel 
will'. Tho contact should remain xxu*fcct. 

Adjustm:nt. Alter the inclination of the telescope by the opposing 
screws controlling the collar. 

Note. A siinpln altornativo <*an f>o perform(?d indoors as follows. Set the 
sextant on its h'gs on a table. Plaee on tlio are two small objects of exactly equal 
la ight to servo as tenipoiary sights. Sight along them, and mark where the line 
of sight moots a vertioal surface at least 20 ft. distant. Now sight through tho 
telescope, and note how far tho tolosoopo lino of sight strikes above or below the 
mark. This differeiKx' should bn the same as the differonoo ])otweon tho lieight of 
tho temporary sights and tho vertical distance botwcon tho centre of tho telescope 
and tho piano of tho arc. 

4. Index Error. Object. To ascertain the reading of the vernier index 
when the index glass is parallel to the horizon glass. 

Tlie position of the index wlien the mirrors are parallel, i.e. wlien the 
direct and reflected images of a very distant object are coincident, is 
the true zero from which angles are measured on tlie arc. If tliis does 
not coincide witli the zero of tht* graduations, the difference is the index 
error, positive or negative, wliich must be applied to all observations 
alike. As its value is liable to change, it is preferable to ascertain tlie 
amount of the correction, rather than attempt to keep the instrument 
frc(^ from error. 

Test. First metliod : Point the telescope at a star and bring the direct 
and reflected images into coincidence. T'he reading of the vernier is 
the index error, wliieli is negative when the vernier index is to the left 
of the zero, or on the arc, and positive when off the arc (on the arc 
of excess). 

Second method : i(l) Set tlie index at about 30' on the arc and sight 
the sun. 

(2) The direct and reflected image.s sliould appear approximately in 
contact. Complete the contact of the right and left limbs by the tangent 
screw, and note the reading. 
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(3) Set the index at about 30' off the arc, make the contact as before, 
and note the reading. 

(4) The index error is given by half the difference between the two 
readings, and is subtractive (additive) when the greater reading is on 
(off) the arc. 

Notes. (1) Since index error ia applied to all observations, it must bo determined 
with as great refinement as is employed in the observations, and several determina- 
tions may be made and the moan adopted. AwS the error changes with change of 
temperature, it is advisable to ascertain its amount on each occasion of observation. 

(2) As a chock on the observation in the second method, the sum of the rea< lings 
on and off the arc should equal four timers the sun’s He,nii-dia,motor, as given in the 
Nautical Almanac for the date. 

(3) As the arc of excess is read in the opposite direction fioin the arc itself, care 
must be exercised in reading the vernier off the arc. 

(4) In tho case of a sextant used for terrestrial observations, the first method of 
setting is employed with tho sight taken on a distant object. 

Adjustment. If it is desired to eliminate the error, eltimp- tlie index 
at zero, and bring the reflected image of a celestial body into coineidenccj 
with the direct image by turning the adjusting screw at the ba.se of the 
horizon glass. 

Note. After performing this adjustment, tho perpendicularity of tho horizon 
glass should again bo tested and, if necessary, ro-adjusted, in which case a further 
adjustment of index error may be found necessary. 

5. Centering Error. The error produced by non-coincidence of the 
axis of rotation of the index arm with the centre of graduation of the 
arc cannot satisfactorily bo detached from the effects of refraction due 
to non-parallelism of the mirrors and shades, or from errors arising from 
defective graduation or from flexure. It is therefore usual to group all 
such residual errors under the name of centering error, and from the 
results of testing to prepare a table of corrections, for various angles, to 
be applied in the ^manner of index error. The examination is most 
conveniently made by the use of fixed collimators, and in this country 
it is usual to have the test performed by the Nat ional Physical Laboratory, 
Teddington. Flexure of the instrument may, however, affect the constancy 
of the corrections, which should therefore be determined from time to 
time, and the suiveyor may have to undertake field tests. 

One method consists in observing the angular distance between two 
stars and comparing the result, after cornu-tion for index error and 
atmospheric refraction, with their calculated distance apart . To facilitate 
making the refraction correction, the stars selected should lie as nearly 
as possible on the same vertical circle. Several pairs of stars are thus 
observed, and the centering error is ascertained for several points on the 
arc. An alternative method consists in observing latitude by circum- 
meridian altitudes of north and south stars (page llfi), which should be 
of about equal altitude. Tlie difference between the latitude, deduced 
from the north star and that from the south star represents the centering 
error corre8p<»nding to the double altitude observed in the artificial 
horizon. In the northern hemisphere the error is positive or negative 
according as the latitude given by the south star is the greater or smaller, 
and vice versa for the southern hemisphere. 
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Tf a good theodolite is available the test can bo made by measuring 
the angles between different distant objects by means of both theodolite 
and sextant, the angular elevations of the objects also being measured 
with the theodolite. The angle measured by the latter is the horizontal 
angle whereas the one measured by the sextant is the angle mt‘«asured in 
the iiiclin(‘d plane oontainiiig the point of observation and the two 
obj(H;ts. 



Jjot a be the lu)rizontal angle between the two obje(.*ts, //j and their 
angular el(‘.Vations and a' the angles measured 
directly between them wi^h the sextant. Then in 
the spherical triangh* ZAB, b'ig. 30, 

cos a' = sin sin + cos cos cos a 
^ sin Ag sec M sin ) 

wlu're tan M = cot lu cos a. If a' and a are small 
angl(\s, us(', 

sin \oL — sin J (//^ - h^) sec 0 

where 

, _ _ sin ia . 

tail » -• ^j, . Vtio-s Ai . cos /ij 

Comj)arison ma> then be made between tlie 
value of a' computed from the above formula and 
the angle ol)served with the sextant. 

The Artificial Horizon. It has not been found 
practicable to fit the sextant with levelling 
ajjparatus so tliat altitudes may be observed directly, and such measure- 
ments are nuuh*. (‘itluT by ohserviTig the angle of efevation from the sea 
horizon and a])i)lying a negative correction for tlie dip of the horizon, or 
by the use of an artificial horizon. 

The artificial liorizon consists (*s.sentially of a horizontal reflecting 
surface, and the sextant observation of altitude cor . 's in measuring 
tlie angle between the celestial body and its imago 
as seen in the reflector. In Fig. 31, let AB be the 
liorizontal reflecting surface, D the position of the 
sextant, and S a celestial body. DE being a hori- 
zontal line, the required altitude h is EDS = BCS. 
Hie angle measured is SDS', and by virtue of the 
laws of reflection and the parallelism of AB and 
DE, SDS' is evidently twice the required altitude. 

There arc two general types of artificial horizon 
according to whether the reflector is a glass plate 
or the free surface of mercury in a tray. The former instrument consists 
of a small plate of black glass having a truly plane surface and mounted 
without strain on a brass frame fitted with three levelling screws. A 
loose level tube is Jaid on tlie surface in setting the plate horizontal. 
This type of artificial horizon can only be employed for land observation, 
and is now seldom used. The mercurial instrument has the advantage 
in the certainty of the reflecting surface being level and in the superior 
brightness of the reflected image. The commonest form consists of a 
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shallow iron or wooden tray (Fig. 32) about 6 in. by 3 in. To shield 
the surface of the mercury from wind, the tray is covered by a collapsible 

roof with sloping faces of glass plate worked 
to a uniform thickness and with truly plane 
surfaces. The mercury is contained in an iron 
flask when not in use. This type of horizon 
can be used at sea. 

Observing by Artificial Horizon. In the 

measurement of altitude, the artificial horizon 
is placed on the ground in front of the ob- 
server and at a conveliient distance for 
Fio. 32. Meucutual sighting the leflected image. The latter is 
Artificivl Horizon. viewed directly. By moving the index arm, 

the celestial body is then brought down until 
the two images are approximately in contact. This preliminary sighting 
should preferably be done with the blank tube, or simply tlirough the 
telesco})e collar, and when the index arm is clamped at the approximate 
angle, the inverting teleseoj^e is screwed on as quickly as possible^, and the 
two images are made coincident by the tangent serenv. 

In the ease of solar observations the required coincidence consists in 
making one disc just toucli the other. To ascertain whether the measun*- 
ment is being made to the sun’s upper or lower limb, thi‘ rule is that, 
with an inverting telescope, the images are continually overlapping in 
the forenoon and separating in the afternoon for the upper limb, and 
vice versa for the lower. 

When taking repeated sights, except in the ease of observations of 
equal altitudes, the glass roof sliould be reversed for half tlu* obsen* vat ions 
as a precaution agaiilst the effects of possible non-paral holism of the glass 
plates. Under all circumstances the index correction is applied to tlie 
measured angle before halving it. 

Xf*tes. (1) Practice is necos'.ary for acipiiriii^ ^peed in obscrviiiji w itli the ai tifieial 
horizon. The use of a sextant stan<i is h^*lpful, but if this not av ailahic, the oh*^oi\ or 
should sit on the ground and rest the right aim agaiH'^t the knee. 

(2) Tho brilliancy of the reflection d<*pends upon tho cleanness aiul cln*iiiical pin ity 
of the mercury. Dirty mercury may ho elouneil h^ straining thiough chamois li'athor 
or by pouring it a few times through a papi r funnel with a very small opening. 

(3) »Should the raereury ho accidentally spilled, any li({iiid may ho siihstituted 
temporarily : viscous lapiids such as treacle or hea\y oil are piefeiahlo to water. 

The Prismatic Astrolabe. Any determination of latitude and longitude 
involves, directly or indirectly, a relation between the position of the star 
at the moment of observation and the direction of the vertical at the 
place of observation. In most surveying instruments, such as the transit 
circle and the theodolite, the apparent direetion of the vertical is indicated 
or controlled by means of a spirit level attached to the instrument. 
Consequently, the accuracy of the observations depends to a very large 
extent on the sensitivity and accuracy of the indications of the spirit 
level. The astrolabe is an instrument which lias been designed to make 
the observations not* only independent of the indications of a spirit level 
but also of the readings on a vertical circle. A spirit level is not necessary 
since one of the essential rays in the optics of the instrument is reflected 
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from an artificial horizon. Neither arc readings on a vertical circle 
necessary because all readings are taken at a fixed vortical angle. 

Iho astrolabe in its original form was designed by MM. Claude and 
Driciicourt, who used a t**)® ])rism to control the fixed altitude at which 
stars arc observed. In British practice, the original form has now given 
way to an improved type designed by Captain T. Y. Baker, R.N., which 
is manufactured by Messrs. Cooke, Troughton & Simms, and has been 


SIDE ELEVATION 



45” Prismiitic Astrolabe. 
Fio. 33. 


adopted for standard use by the Admiralty. In this later ty|x? of instru- 
ment the observations are made at a fixed altitude of about 45®, instead 
of GO® as in the Claude aiul Driencourt model. Hence, this instrument 
is called the 45° Prismatic Astrolabe. One advantage of observing at an 
altitude of 45° instead of G0° is that there is a greater choice of stars for 
the lower altitude.* Another is that the computations are somewhat 
simpler. 

A form of ast rolabe, designed by Mr. E. A. Reeves for use on an ordinary 
theodolite, can also be obtained. 

y. & a. s. • ^ 
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It may be noted that it is not essential that tlie prism should be so 
accurately constructed that the observed altitude should be exactly 00® 
or 45°. So long as all stars in a series are observed at the same altitude — 
and, apart from ordinary errors of observation, this is secured by the 
design of the instrument — a small error in the construction of the ])rism, 
causing the observed altitude to differ slightly from the nominal altitude, 
does not matter. Observations to at least three stars aie necessary, and 
the resulting equations take into account, and can be used to determine, 
the error of the prism. 

The astrolabe can only be used to determine hitituch', longitude and 
time ; it cannot be used for observation of azimuth. 

Fig. 33 shows a side elevation of the 45® astrolabe and Fig. 34 a fiont 

elevation with tlie telescope 
removed. In J<^ig. 33, AHtJDEA 
is a pentagonal, or Pi *01(11, prism 
in which the faces ArE and CD 
are silveird, Imt on AE a cir- 
cular part of the silvering is 
removed. A small right-angled 
prism AEF, with an acute angle 
of 22 J®, is eementtsl on the face 
AE of the pc'iitagonal [irism. 
Th(' artificial horizon consists 
of iiK^rcury held in a shallow 
metal tray, and is [ilaec'd, as 
shown, in front of the face EE 
of the aeutt‘ angled prism. A 
l(4escope plaec^l lU'ar, and look- 
ing down into, th(' face CB of 
the jientagonal prism (uiahles 
magnifi(‘d iinag(\s of the star 
to be seen cl(*arly hut serves no 
purpose other than this. 

The principle of the instru- 
ment is very simple. A ray of 
light entering the face AB at 
right angles to it is reflected 
horizontally from the face CD and is then reflected again from the face 
AE, the reflected ray entering the objective at 45° to the horizontal. 
This gives one image of the star. A second, and direct, image is formed 
by reflection from the artificial horizon, the reflected ray passing tlirough 
the unsilvered portion of the face EF of the prism AEF and then through 
the face CB, no deviation of the ray taking place in its pa.ssage through 
the prism as the faces EF and CB are both parallel and are peri)endicular 
to the ray entering EF. Thus, on looking through tlui telescope, two 
images of the star are seen but it will be noticed that they apjiear to 
move in opposite directions. The observation is made when they 
appear to coincide dr to lie against each other in the same horizontal 
line. 

As, owing to diffraction, either image of the star is of finite dimensions, 


FRONT ELEVA'IION 
(telcscopo romovocl) 



45® Prismatic Astrolabe. 


Fio. 34. 
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it would bo very difficult to judge when the centres were coincident if 
the two images wore sux)crimposcd one on top of the other. Consequently, 
half of the face AB of the pentagoTial i)ri.sm is left uncovered and a weak 
deviating, or duplicating, prism is placed over the other half with its 
edge parallel to the edge of the main prism. Tf ifferit of this prism is to 
eaiiso two images, lying close together, to be 
formed in the ])ontagonal prism and the in- 
strument is set so that the image formed in the 
artifi(;ial iKjrizon passes midway between these 
two images. Tiie appearancfi in the telescope 
is tbereforc as shown -in Fig. 35, and the 
observation is takem when the three images 
appear to lie, close to the vertical wi''e in the 
U l(‘scopc, on a horizontal lino. A fine motion 
adjustment screw is j^rovided to bring th(^ 
reflected .'ynglc image between the duplicate 
images. This screw rocks the whole i)rism 
casing about an axis parallel to the telescope 
axis and situated near the lowest point of the casing. 

Another usefid accessory is provided by mc^ans of which several 
observati(»ii{ niny bi^ made on the one star. This is done by means of 
weak prisms inti'rposed in front of the mercury pool. If the angle of 
deflection causcal by one af these ])risms is a, tlu*. angle between the 
directly observed star and the reflected image will be 90® -f a or 90® — a, 
according to the wav in which the prism is turned. Hence, if it is used 

in both ways, angular elevations of 45® + ^ and 45®— ^ will be measured, 

the mean being 45®. In the latest model of the Cooke, Troughton & 
Simms instrument three such prisms are fitted, these giving angular 
deviations of 3', 9', and 15', corresponding to changes of elevation of 
IJ', 4iJ' and 7.y. These ])risms are showji in section in Fig. 33 and in 
(devation in Fig. 34. They are mounted in a slid(‘ h can bo rotated 
through 180® about its horizontal axis and can be pushed into any one 
of three horizontal })ositions, so as to oxposa the different prisms in turn. 
This slide engages with a spring detent when the prism is correctly placed 
in the path of tin* ray. By using these prisms six observations with one 
star are possible. The edges of the slide are marked Rl, K2, R3 and SI, 
S2, S3 respectively, Rl and SI refening to the 15' prism, R2 and S2 to 
the 9' ])rism and R3 and S3 to the 3' prism. For a rising star, the correct 
sequence of observations is Rl, R2, R3 (reverse), S3, S2, SI. For a 
setting star, the order is SI, S2, S3 (reverse), R3, R2, Rl. 

TJie instrument is provided with a horizontal circle divided into 
degrees, the sole function of this circle being to assist in finding the star. 
The circle is friction tight and can be set so that the zero indicates true 
north when the telescope is in the meridian. This setting is made by means 
of a tubular magnetic compass attached to tlie telescope support. A 
circular level is fixed to the cover plate, but the instrument need not be 
very carefully levelled as all that is necessary is to ensure that the mercury 
will not run over the side of the containing melal tray. Levelling itself is 
done by thiee^ levelling screws and fine adjustments in azimuth are 
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secured by means of a clamp and fine-motion screw fitted between tlie 
cover plate and the tribrach. 

The stand or stool provided with this instrument is made of mahogany, 
with stretcher bars for stiffness and an adapter for attachment of the 
instrument. This stand is only 18 in. high so that observations may be 
made comfortably from a camp chair. In order to secure rigidity, it is 
well to set the legs of the stand on a concrete platform and to dig them 
in slightly while the concrete is still wet. A wind screen should be erected 
about the instrument and the chronograph and wireless set housed in a 
tent close to the point of observation. 

Preparing a Programme of Work, Before commencing observing it is 
essential to prepare a suitable programme of work. This means that the 
approximate azimuths of a number of stars, and the sidereal times 
when they are at altitudes of 44® 52^' to 45® 07 V, must be worked out 
beforehand. This information is needed not only for knowing which 
stars to observe, and when to observe them, but also for setting the 
instrument to the proper azimuth and picking up and identifying the 
stars to be used in the observations. Stars should be observed in sets 
of four, one in the north, one in the south, one in the east and one in the 
west quadrant, the azimuths of stars in opposite quadrants differing as 
closely as possible by 180® and each star being within the middle 30® of 
the quadrant in which it lies. 

The first thing to do is to work out the sidereal time at which it is 
proposed to commence observing and then to choose suitable stars. Eor 
this, the Hydrographical Department of the Adiuiralty publishes a 
special diagram (No. 5170. ‘‘ Diagrams for the Preparation of Star 
Programmes for the 45® Astrolabe ”). From these diagrams the limits of 
Right Ascension and Declination for the stars in each quadrant which 
read 45® zenith distance during suitable hours of ob.servation can be 
obtained. Then, having selected suitable stars, the times and azimuths 
for reading 45® altitudo can either be determined from the diagram and 
star azimuth tables or else they must be calculated. Naturally, the 
times to start observing comes a little before the time computed for 45® 
altitude, since the first observation is taken at an altitude of 44® 52 
and the last at an altijbude of 45® 074', or vice versa if the star is setting. 
The first observation will, in fact, be taken at a time 30 sec^ cosecA 
seconds before the star is at an altitude of 45®, and the last observation 
the same amount of time later, being the latitude of the plac(i and A 
the azimuth of the star. 

A very much more convenient method of preparing a programme of 
observations for the 45° astrolabe is to use a “ Mechanical Programme 
Finder,’’ which is manufactured by Messrs. Cooke, Troughton & Simms. 
Not only does this extremely useful accessory indicate suitahlr 
stars for observation, but the azimuth and local sidereal time at 
which any one of 95G given stars attains an altitude of 45® can also be 
obtained from it. It consists of a duralumin disc,* 10*6 in. diameter, 
over which can be fitted, so as to revolve about its centre, one of ten 
celluloid quadrants giving each degree of latitude from 0® to 00® North 
and 40® South. The positions of 640 stars with northern declinations are 
marked on one side of the plate and those of 416 stars with southern 



FIELD ASTRONOMY— OBSERVATIONS 


69 


declinations on the other. Each star is numbered and the necessary 
particulars concerning it arc given in a special star list which is supplied 
with the instrument. With this accessory, sidereal times can be read to 
1 minute of time and azimuths to 30 minutes of arc. Hence, it provides 
an easy and rapid method of selecting suitable stars and of obtaining the 
n(*cossary data for making owt a programme of observation. 

If a mechanical programme finder is not available, the selection of 
stars offered by tlie Nautical Almanac may not be sufficient. In this 
case a good star catalogue should be used. A suitable and up-to-date 
one is Apparent Places of Fundamental Stars, which is published annually 
by the Admiralty and gives the apparent jilaces of 1,535 stars. If a 60"* 
astrolabe is used, the preparation of programmes is facilitated by the use 
of a special 00° star list which is published by the American Geographical 
Society. This givr\s, for each degree of latitude between 60° N. and 60° S, 
the azimuth, local sidereal time, magnitude and right ascension of every 
star that is available for oliservation witli an astrolabe of this kind. 

Obscrvalions with the astrolabe should be confined to stars of magni- 
tudes gn^ater than the fourth since the images of smaller stars are very 
faint when viewed in the mercury pool. 

Observing with the 45° Astrolabe. Having set up and levelled the 
instrument sonv, little time before observations arc to begin, the surface 
of the mercury in tlic artificial horizon should, if necessary, be cleaned by 
means of tlio glass rod provided for the purpose. The instrument should 
then be orientated by means of the tubular compass so that the zero on 
the circle indicates true north. When this has been done the instrument 
should 1)0 set to read the azimuth of the first star to be observed. Three 
or four minutes before the star is due to reach its proper altitude it will 
be seen coming into the field of view of the telescope, and, if it is an cast 
star and rising, the slide containing the deflecting prisms should be set 
to read Rl, or, if the star is setting, the slide should read SI. Three 
images of the star will now be seen, two moving togetlier in one direction 
and one moving in the reverse direction. These images should be adjusted 
so that tlie single one comes midway between the other two. This is 
done by means of the small adjusting screw on the right which rocks the 
duplieafing prism. The fine azimuth motion should then be used to 
bring all three images very close to the central wire in the telescope. 

At the moment wlien tlie three images of the star are seen in the same 
horizontal line, the key of the chronograph is depressed and the slide 
containing the deflecting prisms is pushed over to read Rii (or S2). The 
observation is then repeated, and, in this way, six observations in all 
arc mad(‘ on the one star with the slide in the successive positions Rl, R2, 
R3 (reverse), 83, 82, 81, or in the order 81, 82, S3, (reverse), R3, R2, Rl 
if the star is setting instead of rising. 

The chronomet(*r times may be checked by noting the differences iii 
time for the Rl and R2 readings, which should be. the same as the 
differences between the 82 and 81 readings. Similarly, the R2 — ^R3 
readings should be ecpial to the S3 — 82 readings. 

It may be noted that it is better to observe a few sots on each of several 
nights than it is to observe a large number of sets on one or two nights. 
If a large numl>cr of stars is observed on the same night, the surface of 
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the mercury may get scummed over while observations are in progress, 
in which case it can be cleared by means of the glass rod. 

Computation of Results, For rough work the mean of the times of the 
six observations on a single star may be taken as the observed time wlicn 
the star was at an altitude of 45°. The motion of a star in altitude is 
not, however, exactly proi^ortional to time. Hence, if the mean of the 
observed times is taken as the time of observation, it becomes necessary 
in precise work to apply a second order correction to the zenith distance. 
This correction is given in seconds of arc by : — 

Corrn. to Z.D. = — ^2^^ cot A (cot A — tan ^ coscc A) sin l'^,* 

where N is the number of observations, A the azimuth of the star mciisured 
from north througli cast, ^ the latitude of the place, Az the amount, in 
seconds of arc, by which the altitude for that particular obscrva!.ion differs 
from the standard altitude and, as usual, 2 denotes suniinatioii, so that 
is the sum of the squares of the individual As’s. For tlie later model 
of the C. T. & S. 45° astrolabe, N = G, and As has the values — 74' — 4^', 

— 1^', H', 4^', 7^', so that in this case the quantity 

becomes 0-23 seconds of arc. Hence : — 

Correction to zenith distance in seconds of arc = 


— 0*23 cot A (cot A — tan ^ cosec .4). 

For logarithmic calculation, the formula m.ay bo put in the form : — 

Conation = 

Sin a sin A cos 0 

where tan a = sec A . 

The sign of the trigononi(?tricaI co-efficient depends on the signs and 
magnitudes of cot^, cosec A and tan and, if these arc given tluur 
correct signs, no difficulty need be experienced with n'gard to the sign 
of the correction. Tlic trigonometrical term, wliHili may hi^ calltid A, is 
given in a diagram. No. 5072, wliich has been publislied by t lie Admiralty. 
Note, however, that the “ Cooke 45° Astrolabe ” ref(*rred to in example a 
in this diagram is an earlier type of instrument in which eight observa- 
tions were made instead of six. 

After having corrected the zenith distance of 45° by means of the 
second order terra, and applied tin; corrcctioiLs for refraction and for tlie 
error of the prism when this is known, an assumed value for the latitude 
is taken and the azimutli and hour angle of each star arc worked out 
from the formula) : — 


tan^ I A = 


tan^ ^t == 


sin {s — c) . sin {s — z) 
sin s . sin (s — * 

sin (s — c ) . sin (j? p ) 
sin 8 . sin {s z) ' 


♦ This expression, which only holds for the 45® Astrolabe, can bo obtained by 
using Taylor’s Theorem* to ox])and (2 -f- dz) = cos“^[Hin ^ sin 8 + cos ^ cos 8 cos 
{t -f dt)] in terms of dt and then making the substitution dt — dz . sec ^ . cosec A. 
If an altitude h other thsn 45” is used the term in the bracktd. becomes (cot A tan h — 
tan 4 cosec A). See p. 8t). 
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wlicro c == assumed co-latitude of place, z = zenith distance, p = polar 
distance of star and « = J (c + + 2 ). From the hour angle and the 

R.A. of the star the computed sidereal time of observation is obtained 
and this, minus the observed sidereal time, converted into seconds of arc, 
gives dt^y the absolute term in the observation equation. Reckoning 
azimuths clockwise from iiortli from 0° to 360'", th(i equation may be 
writt(‘n : — 

dti + cbt A sec — eosoc A sec ^ dh — ~ the northern 

hemisphere. 

or dt^ — col A sec <l>d4 — cosec A sec ((> dh — dt^ == 0 for th(i southern 

hemisphere. 

wliere ^ is always taken as positive, dt^ is the clock error, or true sidereal 
time minus observed sidereal time, d<f> tlie correction to the assumed 
latitiuk^, and dh a eorrecition to the assumed altitude.* 

There are threes unknowns in this equation, dti, dtj} and dh, and hence 
at least three o(piations are needed to obtain a solution. Usually there 
will b(* more equations than three, and, in that event, a straightforward 
solution by least squares is ])robably the simplest method to use. If the 
(■om])utcr is not familiar witli the use of least squares, the equations can 
l)(‘ solvi.'d thr(^(^ by three and the means of all the results taken, but it is 
L(dter t(i use ;i semi -graphic; mc^thod first tlescribed in Ball’s Handbook of 
the. Prisimitic Astrolabe and now included in Close and Winter botham’s 
Text-book of Topographical Surveying. Alternati\'ely, another method, 
wliich is regally a eombination of Ihe semi-grai)hic motliod and least 
squares, is descril)(*d in Admiralty ])ublu*ation No. H.D. 285, “ Notes on 
the Determination of tlie Value; to b(‘ Accepted from Observations for 
Latitude and Longitude with the Prismatic Astrolabe.” TIic description 
of the method is sufTieiently detailed to enable it to be followed and 
used by a readc'r who is not familiar with least squares. 

An (‘xample of an ordinary solution by least squares from four observa- 
tions is given in a ])aper “ Instructions for the Use of the Prismatic 
Astrolabe and Programme Finder,” by W. Horsiield and W. A. Erritt, 
which is publish(*d in the Emprire Survey Review, V'ol. Ill, No. 21, July, 
1930. Tile solution there w'orked out gives a probable error of i 0*\58 
for an unadjusted observation, and rlr 0"*50 for an observation after 
adjustment b}^ least squares. 

it may be noted tliat if the error of the prism is not known and has not 
been allowed for, tlie quantity dh will contain this error as well as any 
small errors that there may lie in the assumed altitude of the star. Hence, 
Ihe error of the prism sliould be fairly w'ell determined after tlie instru- 
ment has bemi in us(; for a short time. d(f> gives the correction to the 
assumed latitude, and, when applied to the latter, givt^s the corrected 
latitude ; dt^ gives the clock error on local sidereal time. 

Tlio (liriV*nMitial iMiimtioii ummI for clotorinining ’tih nml Uh nvvy bo ctorived as 
ft) Hows: 

From the; astronoink'nl triangU' wo liavo - 

cos z =5 sin <f> sin 8 '}* cos <f> cos 8 cos t, 

* S(*o MoiU/iYi/ Noticeit of the Agronomical Society, ^ ol. pages 107 to 

112, and Captain U. T. McCaw's “ Report on the 'riigonometrieal Survey of Fiji/’ 
Vol. II. 
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Differontiating with respect to 2 , ^ and ^ we get : — 

— sin z dz -- (cos ^ . sin 8 — sin ^ cos 8 cos t)d<l» — cos ^ cos 8 sin t dt. 

Then, by forinulu xxi, page G, the term in brackets is equal to sin z cos A. lf»Mic(\ 
inserting this value and substituting sin yl .sine for cos 8 . sin / in the co-cilicient 
of t//, wo have 

— sin z dz ~ 
or dt cos ^ sin A 

or, since dz == — dh, 

dt — cot A sec ^ |- coscc -4 sec ^ dh — 0, 

where .4 is the a/iinuth angle, reckoned the shortest way Cast nr west from the 
elovateil pole, and dt is the correction to the hour angle reckoned the shortest way 
from the zenith. Also, since dt^ and dt^ correspond to times measured westward 
from upper transit, dt^ —dto -- —dt or according as the star is east or west of 
the meridian, and henco tlie equation follows. 

The metliod of observing at least three stars at equal altitudes can, 
of course, be used with a good theodolite provided proper readings are 
taken on the striding level and the appropriate correct ion made. When 
transport is difficult, the question may arise whether it is worth while 
carrying both a theodolit(i and an astrolabe or whetlier to carry one 
instrument or the other. The theodolite is an “ all-purpose ” instrument 
and a good one is capable of doing all that an astrolabe can do, and much 
else besides. The astrolabe, however, has beiui s])ecially designed for the 
special work that it is intcuuled to do, and it is light in weight. Its 
principal use would therefore appear to be on geographical and other 
similar surveys where determinations of latitude and longitude only are 
required and observations for azimuth and of horizontal and vertical 
angles are not needed. The 45° astrolabe has now been adopted as a 
standard instrument for use by the Royal Navy in ordinary hydro- 
graphical work. 

Solai Attachment. The solar attachment is a device whereby the 
astronomical triangle may be solved mechanically. It was invented ir». 
America by Burt, in 183G, in the form of the solar compass, as an improve- 
ment on the ordinary 
com])ass for setting out 
boundari(‘s along meri- 
dians in land surv(*ys. 
Several patterns are 
now mad(‘ in a form 
suitable for attaching 
to an ordinary theo- 
dolite. Th(*v are used 
principally for the rough 
([(‘termination of azi- 
muth, but, unl(‘ss a 
large number of solar 
azimuths is likely to 
be required, it is doubt- 
ful whether the saving 
Fig. 36. Solati Attachment. of labour in reducing 



= sill z cos Ad<l» — cos ^ sin A sin z dt, 
— cos .4r/^ — dz — 0, 
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('X-iiu;ridian observations outweighs the disadvantages of extra weigiit 
and additional adjustments. 

Fig. 30 illustrate j a simple telescope form of solar attachment designed 
by Sacgmullcr. It is fitted on the top of the theodolite telescope, and 
differs from otlicr forms in not having an arc on which to set off the sun’s 
declination. The solar telescope, besides having a motion about iti 
horizontal axis, can be rotated about tlic upright axis of the attachment, 
called the polar axis, which must be accurately perpendicular to the 
horizontal axis of the theodolite and to tlie line of sight of the main 
teh‘seope. A graduated hour-circle, divided in hours with 5"' subdivisions, 
is fitted round the’polai' axis in some forms, and serves to give time 
roughly. 

Evidently, if the theodolite is oriented in the meridian, and the co- 
lat*tudc is set off on tlic vertical circle, tlie line of sight of the main 
telescope will lie in the plane of the celestial equator, and the polar axis 
in the earth’s axis (Fig. 37), parallax being considered negligible. If the 
solar telescope were parallel to the main telescope, rotation of the former 
about tlie polar axis would cause its line of 


sight to sweep out the plane of the celestial 
equator. But if the solar tclescox^c is turned 
about its burizoiital axis tlirough an angle 
equal to the suii s declination for the time of 
observation, with an allowance for refraction, 
the solar line of sight may be brought on to 
the sun by turning the solar telescope about 
the polar axis. This can be done only when 
the polar axis is pointing to the pole, so that, 
when the declination and co-latitudc arc set 



off, an observation for meridian consists in 


N 


turning the solar telescope about the j^olar Fig. 37 . 

axis and tlie main telescojie about the vertical 

axis until tlie sun axipears in the field of tlie former. Wnen, on manipu- 
lating the respective tangimt screws, the sun is placed in the square of the 
reticule of the solar tclescoxie, the line of sight of the main telescope has 
been jilaced in the meridian, and the hour-circle reads the time. In the 
absence of a declination arc, the declination is set off by first bringing 
both telescopes into the same vertical plane by sighting any convenient 
point with each, sitting the corrected declination on the vertical circle 
by depressing tlui main telescope for a north declination and elevating it 
for a south declination in tlie northern hemisphere, and then bringing 
the solar telescojie horizontal by reference to its attached level. 

Timekeepers, ’riu^ most precise jjortablc timekeeper is the box clirono- 
inetiT as employi'd in observatories and on board ship. In field astro- 
nomy it is used for primary longitude determinations and in other circum- 
stances where it can be kept either stationary or on board a vessel. The 
instrument is too delicate to maintain a uniform rate during transxiort by 
land. The iioeket chronometer is better adajited for land journeys, but 
is liabh' to stiqqiage if subjected to shocks in travelling over rough count^^^ 
The most serviceable timekeeper for field use is that known as the half- 
elnononu'tcT watch, which with due care gives results of a suitable 
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accuracy for luappiiig. A stop-watch is frequently a convenient accessory 
in observing. 

Watch E^ror and Bate. The result of an observation for time gives, 
by comparison of the computed time with that indicated by the watch, 
the watch error at the mean instant of observation. The magnitude of 
the error is immaterial for purposes of time-keeping. If the watch were 
regulated to keep mean or sidereal time, the L.M.T., Standard M.T. or 
L.S.T. for the place of observation could be obtained at any instant by 
application of the error to the watch reading. It is, however, unnecessary 
that the error should maintain a constant value. What is expected of a 
good timekeeper is that, while subject to a particular set of conditions, 
it should go at uniform sj)eed, so that its error changes uniformly. The 
daily change of error is known as the rate, which may be either a gaining 
or a losing one. 

The length of time a good timekeeper will maintain a sensibly constant 
rate depends largely upon the degree of uniformity in the conditions to 
which it is exposed. It should be wound carefully and at the same 
hour eacli day. The rate is liable to variation by change of temi)erature, 
no matter how carefully compensated the watch or chronometer may 
have been, and is also affected by change of atmospheric humidity unless 
the instrument is enclosed in an air-tight case. It should be kept in 
either the horizontal or the vertical position, as the rate differs for the 
two. The standing rate, or rate when the instrument is stationary, 
differs from the travelling rate developed during transport by land or 
sea. 

Determination of Standing Rate. The value of the standing rate is 
obtained by taking at the same place at least two sets of time observations 
separated by an interval of a few days. A test of the constancy of the 
rate may be made by means of time observations every niglit or every 
second night for a period of seven to ten days. Each time (l(*termination 
should, as far as pbssible, be made in the same manner. The rate is 
computed from the observed change of error as follows. 

Example, A time observation on Oct. 20 at about 22'‘ 21"* L.M.T. showud the 
watch error to be 46"* 2b-2 slow, and at the samo place on Oct. 2t> at a]>out 20'' 13'" 
the error was 45'" 499-4 slow. Compute the rate, and find the L.M.l’. at wliicli the 
watch reads O'* 42"* 54‘’-2 on the morning of Oct. 23. 

d h lu 
Oct. 20 20 13 

Oct. 20 22 21 

Interval between observations = 5 21 52 = 5'<*911 

Change of error = 46'" 21s*2 — 45"* 49'»-4 = 31'‘*8 gained 

TJ i. 31*8 e oo • • 

Rate = = 5‘’-38 gaming. 

To find the error on Oct. 23 at 0*' 42'" 54-'-2 watch time. 

Watch time of determination on Oct. 20 was about 22i‘ 21'" loss 40'" 21 •'•2, say 
21h ,36®. 

Watch interval = 23'‘ 06*' 43® - 20'i 21»» 35'" = 2'» 09»' 08'" = 2 >-38 = moon time 
interval with sufficient accuracy. 

Cain = 2-38 X = 12**8. 

Required error = 46"' 21«-2 — 12"-8 = 46'“ 089-4 slow 
and required L.M.T. « 42® 549-2 46® 089*4 = 7*' 29"' 02'* *6. 
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Determination of Travelling Rate. Three cases occur, according as the 
journey — 

(1) Lies between two points of which the longitude difference is known. 

(2) Returns to the starting point. 

(3) Does not return to the starting point. 

Case (1) occurs in land journeys when travelling between two points 
at which longitude difference can be obtained by telegraph or is otherwise 
known, the travelling rate being required for longitude determinations 
at inttTinedicate points on tlie route. The watch error is determined 
before starting and again on arrival, but the change of error is due in 
part to the difference between the local times of the two places. The 
latter, being known, is eliminated, and the residual change falls to be 
divided by the time interval between the observations, which is given 
with sufficient accuracy by the watch. In the case of land journeys, 
the travelling rate conditions include the normal rest at night. If, 
hovvevcT, the surveyor is compelled to remain for a few days at a point 
on the route, and the watch is kept stationary, the circumstance must be 
allowed for in computing the travelling rate (see Example 2 below). 

In case (2), since tlie observations for watch error at start and finish 
are taken at the same place, tlie calculation is performed as for standing 
rate. Case (3) necessitates the determination of the travelling rate 
before ^ omiueiicement of the journey. The method is the same as for 
standing rate, except that during the period between the two time 
observations tlie watches are carried on a daily march of the same duration 
as the average daily march is likely to be during the journey, and under 
as nearly as possible the same conditions. The opportunity should be 
taken, by means of a series of time observations between those from 
which the rate is computed, of testing the constancy of the travelling 
rate, which is Jiiore liable to irregularity than the standing rate. 

ExtinipU 1. A .survey party travels eastwards from A to B, tho difference of 
loiigitUiU* between whieh is 2*^ 12' 2U^ S. Ileforo starting, a tim»* 'observation showed 
tlio standard \\at<'h to be ()"• ^ fust, and after arrival at B the error was 1"‘ oO'* ! 

slow, 'fhe interval between the tirno observations, as shown by the watch, was 
1) 07 days. Coiiipiite the travelling rate. 

oo JO' 20' S 

Diffeivnee of huigitmlo in time -= == 8»'> 49“-4. 

and, .sineo B is cuat of A, the ehange of longitude make.s tho watcli less fast by this 
amount. 

lint observed change t)f error — 6"' 14*’2 -f- 1"* SO**-! ~ S'" 10" 3 lost 
change of error duo to rate S'" 49"-4 - S'" lO-'-S = 39-1 gained 

39-1 

whence travelling rate ~ = 4-31 gaining. 

Example 2. A time observation at A on Nov. 7 at about 20»' o2"‘ watch time 
showed tho error of n w’atch on L.M.T. to be 18«" 20-5 fast. On the following morning 
a journey started towyirds B, and on tlie evening of arrival on Nov. 15 at about 
2B' 43'" the error on L.M.T. was found to bo 6'» 49**6 fast. The watch was kept 
stationary while the party remained at B, and on Nov. 17 at about 20»‘ 16'» the error 
w as f)"‘ 37-0 fast. A return journey to A commenced on the morning of Nov. 18, 
and A was reached on the evening of Nov. 28, tho watch error then being foiuul to 
bo 1«'» 57-8 fast at about 22»‘ 12«». Compute the travelling rate. 
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Interval between observations at A 

= Nov. 28^* 22*‘ 12'>» — Nov. 20*‘ 52“*= 21‘* 01** 20'**, of which the rest between the 

observations at 11 amounted to 
Nov. 17‘* 20** 16'“ - Nov. 15‘* 21** 43"*— !•» 22** 33"* 

Period during which travelling rate developed 
= 21‘* 01** 20"*— !•* 22** 33»*= 10** 2** 47"*= 10‘*11(> 

Change of error between observations at A 
= 18'** 20'**5 — 16***57s*8= 1"» 22«-7 lost 
but of this there was lost during the wait at B 
6***49s*6 — 6*** 378-9= 118-7 

/, change of error duo to travelling rate = 1*“ 1 P-O lost, 

]m ip-o 

Travelling rate = = 3'‘-71 losing. 

Note, Instead of having the watches on stalling rate while at II, th(!y might 
have been subjected to travelling conditions by being tal^m on a marcii during 
each of the two days the party remained at 13. In calculating the travelling rate, 
no account would then have to bo taken of the wait at B. 

Coxnpaxison of Watches. When the error of one watch is Iviiown, that 
of another can be obtained by comparing their simultaneous readings. 
The comparison is best made by two observers, eacli having one of the 
watches. At a whole second on his watch, observer A makers a sharj) 
tap, at which B estimates the reading of the other to O'*! or 0’'*2. Each 
notes his reading. This is repeated two or three times, and tlien the 
same number of signals is made by B .after an exchange of watclies. 
The precision of such a comparison will probably be not less than that 
of the known error. 

If the comparison is made by a single observer, he must measure the 
short interval between the reading of one watch and that of the other, 
either by counting the ticks of the first watch or by means of a stop- 
watch. The number of tides per second, usually 2J, 4J or 5, being known, 
the watches, A and B, to be compared are laid side by side, and thc^ 
observer, reckoning, from a whole number of seconds on A, starts his 
count of A with the first tick thereafter. He immediately turns to B, 
and reads the position of the seconds hand at the instant corresponding to 
one of the numbers of the count. The time (equivalent of the ticks counted 
is added to the reading of the A watch at the start of the count, and gives 
the time to be compared witli the reading of the B watch. When a stop- 
watch is used, it is started from O'" 0" when the seconds hand of tlie first 
watch reaches a graduation, and is stopped at the instant of reading the 
second watch. With either method, several repetitions are required. 

Comparison of Chronometers. A highly accurate comparison of box 
chronometers can be made if one keeps mean time and the other sidereal 
time. Box chronometers beat every half-second, and since sidereal time 
gains on mean time by nearly 10** an hour, there is a steadily varying 
interval between the beats of a mean time chronometer and tlioso of a 
sidereal time chronometer. The beats synchronise about every 3'", and 
each coincidence marks an instant at which the times, on the two chrono- 
meters differ exactly by their readings taken to half-seconds. 

To compare a mean*time with a sidereal time chronometer, each is read 
by a separate observer at the instant the beats are in unison. Since 
the readings are required only to half -seconds, the precision of the 
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comparison is dcpondont upon the selection by one of the observers of 
the coincident beat at which both readings are taken. The exact coinci- 
dence is difficult to distinguish, since several beats almost synchronise, 
but with practice it is possible to detect a lack of coincidence as small 
as 0"’03, and the probable error is likely to be much less, particularly if 
two or tlirce coincidences are noted. An observer working alone can 
make the .comparison by watching one chronometer and counting the 
beats of tlie other from a whole second near the coincidence. In applying 
the method to the comparison of two mean time chronometers, each is 
compared with a sjdercal time chronometer, while a mean time chrono- 
meter is similarly used as the medium for the comparison of sidereal 
time chronometers. 

GENERAL PROCEDURE IN OBSERVATIONS 

The routine in observing depends upon the precision required and the 
instrument us(‘d. The tlu'odolite is generally employed for field deter- 
minations, and certain items of routine, common to sev^eral observations, 
are described here. 

Observing by Theodolite. In preparing to observe, attention should 
be givei? to the stability of thci theodolite support. If the instrument 
must l)e supported on an ordinary tripod instead of an observing pillar, 
the tripod should rest on well driven pegs if the ground is at all yielding. 
Needless to say, tlu^ theodolite should be in adjustment (Vol. I, page 92, 
and Vol. If, ])age Ptl), but nevertheless the routine should be designed 
to eliminate instrumental errors as far as possible. In general, observa- 
tions must consist of an equal number of face right and face left sights, 
and each circle reading must be obtained from both micrometers or 
verniers. In the case, however, of certain observations, such as equal 
altitudes, the aim is to preserve constant instrumental conditions, and a 
cliange of face is not required. 

In all astronomical observations where altitude.^ are observed, the 
barometer and thermometer should be read at the time of observation 
in order to provide data for the calculation of the atmospheric refraction 
correction, and this correction must be aj)j)lied to the observed altitude 
(|). IS). 'Fhe barometric readings may be taken on a good aneroid 
which has bc'cn comjKirtMl against a standard mercury barometer. In 
addition, the correction for ])arallax (p. 19) must, of course, also be 
applied in the i*ase of obsmvcHl altitudes of the sun. 

Level. Before observing, the vertical axis must be made tndy vertical 
by maTiit)ulating the levelling scrcAvs and, if necessary, the clip screws 
until the bubble of the altitude level remains central during a rotation. 
It is usual to find that this bubble does not preserve a central position 
throughout a st*ries of observations. The readings of both ends of the 
bubble should therefore be taken immediately after each observation 
and before reading.the circles. If the bubble is considerably off centre, 
it should be returne<l approximately to the central position by the clip 
screws before taking the next sight. The correction to altitude for 
dislevelment is as follows. 

For a lube graduated in both directions from the centre. 
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Let 2E = sum of the successive readings of the eye end of the bubble for 
the n individual observations, both F.R. and F.L, 

EO = sum of the corresponding readings of the object glass end 
d = value of one division of the level 
c = level correction to average altitude. 


Then c = 


EO-^EE 

2n 


.d 


For a tube graduated continuously from the eye end. 
Let 0 = reading of centre graduation. 

E{0 +E) -- 2n0 ^ 


Then c = 


In azimuth observations the striding level must be used, and tins 
azimuth correction for horizontal axis dislcvelment is coiui)iitcd from 
the readings of the bubble (page 101). 


Note, A field method of determining a mean value of d which in nuitahle for use 
with the altitude bubble of a theodolite is described in Vol J, page 37. Professor 
G. C. Comstock, in his Text-hook of Field Astronomy for Fnyineers, l»as iles(;ribod a 
very neat method, known as the “ Wisconsin method,*’ which can be emf>loyed to 
determine the value of d of a striding level at different parts of tlie vial. Tlio instru- 
ment is set up and levelled with the telescope aligiKnl over one footserew. Thi.s 
screw is then depressed so that the vertical axis of the instrument is thrown 1® or 2“ 
off the vortical, the angle of inclination i being measun'd on t)i(» vertical circle by 
bringing the bubble on the micrometer arm back to Ukj centre of its run and then 
reading the circle micromotors. If the lower })art of the theodolite' is clumped, and 
the upper part is swung slowly in azimuth, the bubble on the striding levtd will inov(» 
from its central position and it can easily be shown that the angle of depression 8 of 
the bubble will be given* by tan 8 — sin a . tan i, or for small values of 8 and a, by 
S s= a . tun i, where a is the azimuth angle through which tho instrument has been 
swung from tho vertical plane in which the vc?rticnl axis has been (h*press('d, that is 
from tho position in which the bubble of the striding level is in its central position. 
Hence, by taking corresponding readings in tho bubble and the horizontal circle, 
the values of d for different divisions of the level vial can easily be found. 

Tho method may also be used for finding valuo.s of d for the nltitiide bubble. In 
this case, after tho anglo of depression of tho vertical axis of the instrument has bet^n 
found, the tolc.scopo and vertical circle are swung through DO® luifl the altitude bubble 
is brought to the centre of its run, after which readings are taken on the vial for 
different values of tho anglo a. The anglo of depression of the bubble will then bo 
given as before by tho relation 8 = a . tan i. 


Taking Times. Whenever possible, tho observer should have the 
assistance of a recorder, who books the level and circle readings and, 
when necessary, reads tlie times of observations. The oh.si'rver should, 
as far as possible, allow the celestial body to make its own passage or 
contact, and a few seconds in advance warn the recorder to Ikj pre]>ared. 
At the instant of passage or contact he calls out to the record(;r, who reads 
the timekeeper. 

Times arc most easily taken on a chronometer. , Chronometers beat 
half-seconds, so that the rhythm is not difficult to ff)llow. Tlie best 
method is to observe the hand and count with the; beat up to 10, tlius — 
1 and 2 and 3 and , . . After a little practice, the oecurrence of a ])arti- 
cular instant can be estimated to 0’*1 with considerable accuracy. Since 
the half-chronometer watch or an ordinary watch is more generally 
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used in field astronomy, times cannot usually be taken more accurately 
than to about 0 " 2 In reading a watch it is well to keep eount of the 
ticks while observing the seconds hand Half chronometei watches 
usually make 4 J, and ordinaiy watches 5 ticks a second 
If the observer has not the assistance of an efficient recorder, he must 
himself take the times In the “ eye and car method, which is applicable 
when the chionometir is used, the observer places the chronometer so 
that it can be heaid and seen fiom the instrument, reads it before the 
obsdvation^ and staits counting from the reading He keeps up a con- 
tinuous count in unison with the beats, and estimates the instant of the 
observation from his eoiJnt, verifying the minutes on the chronometer 
imnudiattly atttiwards With a half-chronometer or ordinary watch, a 
common nut hod is to hold the watch near the ear while observing and 
t< stait counting llu' ticks at the instant of bisection or contact The 
watch IS then lookt d at, and the count is stopiicd when the seconds hand 
reaches a i?on\( incut division The lequircd time is the watch reading 
it that instant Ic^s tlie time cqiiivahnt of the ticks counted 
A simpler method is tor the observer to use a stopwatch, which he 
starts at tlu inst int of passigc or contact He then carricb the stop- 
watch to the chiononutcr or watch, and stops it when the latter reads 
an exact sec md The chronometer reading less that of the stop watch 
IS tlu Mquiicd tina of the obscivation 
Note-keepmg. I he obsei v( i should maintain a leguhr ordci of leading 
and calling out quantilus to the booker, thus level, e>e end, object 
end, \c I tical circle niicio T, micio II, hon/ontal circle, micro A, 
mu to B Onl\ minutes and seconds are read and booked for the second 
microiTutcr oi \nnici leading of a pair For obser\ations with a small 
microinetci theodolite, it should be decide cl at the outset whether the 
quditv of the di teimin ition and the state of the instrument as regards 
idjustnunt of the miciomitcrs wairants coircction of the nadings for 
lun (pig< P) 7 ) 111 lefiiud obscr\ations both back and forward leadings 

IK t ik( II iiul columns <iie provided in the angle b iv for the entr> of 
lun (oiicdions and the means of the corrected leadings Quantities 
ent( K (I m addition to thosi icad out b> the obsener are object observed, 
fice, time, hiiometei and thermometer readings (for evaluation of the 
lofraclion (oiiictioii) elate and place of observations, as well as any 
fiutlui d\t i leipiiied in i educing the observations 
Relative Merits of Star and Sun Observations. Star obseivations are 
lik(h to vuld much more accuiato results than those deiived from 
obsi 1 V at ions of the '^un A star appeals in the field of the tcle&cope a^ a 
point of light, ind puseiits an ideal maikfoi bisection The gieat choice 
of stars ot known jiositioii makes it possible to multiply, without undue 
delay, obs( iv it ions on st ii^ well situated foi the determination in hand 
Fiiois aii'^ing fiom uiuiil untus in lefiaction are* tffe*ctivedv re'duc'cd bj 
pairing and balaiu ing of obsei vatioiih on e*ast and west stais foi tune and 
171111 util, and on north and south stars for latitude, inoie particular!} as 
the observations foiming a pan can be taken within such a short tune of 
ach otliir that it is leasonable* to assume that the* change of lefraetion 
betwien them is lugligible Balancing of sun obM*rvations for time and 
izimuth, on thp othci hand, necessitates a wait fiom morning till late 
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afternoon, and it is impossible to make any balance in doLermining 
latitude by the snn. 

Nevertheless, solar observations are very useful to the surveyor when 
a refined result is not required, as it is sometimes awkward to have to 
remain away from camp after dark. In malarial ret^ions, esjK^cially, star 
observations arc not generally undertaken if determinations of sufficient 
precision can be obtained from the sun. 

SELECTION AND JDKNT1FJ(^\TI()N OF STARS AND THE’ 
PREPARATION OF A PROtJRAMIVIE ()F ORSER VATIONS 

Selection of Stars. Reforo proceeding with astronomical observations 
in the field, it is always advisable to draw U]) beforehand a ])rogramme 
of observation giving a list of the stars to be observed, tiu'ir magnitudes 
and all the data necessary to enable them to be easily locat(‘d aiu^ obsm vtul 
at chesen times. The prejiaration of such a list demands a Jvnowl(Mlg(‘ 
of tlie most suitable positions in wliieh to ol)serv(* a star in order to reduce* 
to a minimum the effects of errors of observation. In gcuii'ial, this mesins 
choosing tho.se positions in which the ob.served (plant ity is changing 
most rapidly with respc'ct to the quantify to be d(‘tcrmined. a condition 
which may be expT(\s.sed mathematically by the r(*(piii(*mcnt that 
AQJAQ, sliould be a maximum, wheie AQ^, is I In* cliangt* in the quantity 
lequiied (‘orie.sponding to a change AQ„ in the cpiantity obs(*rv(‘d. Thus, 
if altitude's are being olvserve'd to deteuinine time*, the altitude* e)f a star 
is changing lea.st rajiidly with r<*s])e*ct te> time w’lu'ii the* star is on the* 
meridian and most ia])i(lly wlien if is on the* ])rime* ve'itical. He*ncc, we* 
choose stars whie'h will lie* a.s ne‘aily as possible* elue* e‘ast e)r \ve*st at the* 
times wiicn th.e* olx'.ervalions aie* take*n. 3'his also follows from the* 
expre.ssion 

- - e*os0sin.l 

At ^ 

given on page 02, for this ex])U'ssie)n is a maximum wh.cn .1 *)()'. 

Again, meridian tiansits give good detcrminatieins e)f lime* sim*e* a star 
i.s changing in azimutli most rapidly with re*sj)e*ct to time* (and a me*ridian 
observation mc'ans an observation involving the true* azimuth of the line* 
of cedlirnation) when the star i.s e)n the in(*rielian. 

Errors in quantities besides the^ one dire*ctly e)l).se*rve*el may also affe*ct 
the accuracy of com])ute*d i(*.sult.s. Feir iiLstance*, wlicn altitiieles aie* 
ohserved to deteu-mine time, w'e lu'ccl to know' the* latitnele* of the* place* 
of observation, since the formula giving the azimuth incluele*s te*rms in 
latitude. In this case, it is showm on ])ag(* 02 that 

and c(jnse*(pK*ntly the effects of errors in the a.s.sum(*(l latitude* w'ill affe*ct 
the derived time bast whe*n A is near OtF. H(*nce*, by ob.se*rving e*ast and 
west stars w^e not only minimise tlie effects e)f e*rre)rs in the observe*el 
altitude but also theise of errors in the a.ssume*d latitude*. 

The effects of errors in obse*rvation and in the (piantiti(*s involve»d in 
the computations may abo be redir*(*d by careful balancing eif stars. 
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In part icular, there* in always some doubt about the true value of celestial 
refraction wb(‘n altitudes are observed and, unless sj)ecial precautions 
are taken, any difference between tin? real and the comymted value of 
the refraction correction will cause an (*rTor in the altitude and in the 
coinjmtations which may atf(*ct the quantity tliat is being determined. 
For this n^ason, and b(‘cause the real viilm; of the refraction conection 
for v(*ry low allitu(l(\s is always ])articularly uncertain cm accf)unt of 
unknown vaiiations in atmosfiheric (conditions n(‘ar the lujrizon, eeh^stial 
bo(li(‘s should not be ol)s(‘rv(‘d at altitudes l(*ss than about 20”. Now in 


the ex])ressions for 


.J / 

Ah 


and 


A I 

A^i 


mentioned above*, tin* fac-tor cosec A o(.*curs 


in the first (*x|)r(‘ssion and tin* factor cot A oc(;urs in the s(*cond. Both 
tn(*se factoi’s have* dilf(*r(‘nt signs for values cjf A in adjoining quadrants 
on eith(*r sid(* of the meridian. lf(*nce, for the saiiu* values (jf h and ^ 
and of Ah and tlu* sign of At will be dilTer(*nt for an east star to what 
it will b(* for a star o])posit(*ly plac(*d to tlu* west of the meridian. Fronj 
this it follows that, if an observation to an (*ast star is balanced by one 
to a suitably |)lac(*d w(‘st star at the same altitiulc*. tlu* effects of errors 
in observed altitud(* and assunu'd latitude will lx* reduc(*d or eliminat(*d 
wh(‘n the mean of tin* eoni|nit<‘d results of tlu* two observations is tak(*n. 

Again, in piim<iiy observations f(»r time* by mciidian transits, theie 
arc* thM*(* corn*etions to lx* appli(*d to tlu* obst*ivc(l K'sults. viz. azimuth 
(*oii(*etion (I . sin c s<‘e S, Icv4*l eorr(*ction tj . eos s(*c 8 and collima- 
tion corH*(*tion - r s(*c 8, \nIu*ii* u, h and r aie constants, the determina- 
li«)n of which is lia))l(* to small (*rrors of obsci vatitui. ~ is z(*nith distaiue 
and S is d(*elinat ion (pageSti). In applying these formula* to stars observed 
above* tlu* el(*vat(’d poh*. : is to lx* r(*ekoned j)ositiv(‘ \\lu*n it lies on erne 
side of the '/(*nith and iu*gativ(* w h(*n it lies on tlu* otlu*r side* of the Z(*nith. 
(\»ns(*{jU(*ntly, tlu* sign ol’sin :: will depend on whether the star will cross 
tlu* fiieridian north or semth of tlu* Z(*nith. It follows theiefort*. that for 
stars obs(*rv(*d above* the el(*vated pole, tlu* effect ot an error in the 
azimuth correction, dia* to an error in tlu* vahu* assumed or d(*termim^d 
f(»r the constant a, will lx* i(*duc(*d if an oh.<ervation to a north star is 
balan(‘(*(i by oiu* to a south star for which the (plant ity sin : sec S has nui(*h 
tlu* same numerical vaha* as for the north star. Balancing in this way, 
howev(*r, w ill not r(*duci* or eliminate tlu* (‘tfects of errors in the cumstants 
b and c sinct* cos :: and s(*c S do not change sign with change of sign in 
c or 8. If tme star were observed below' the elevated pole and the otlu'r 
above it, the ruk* w'ould iu*(*d nuxlifieation since in that case, in (jrdcr 
to obtain the (*orrect signs of the corrections, .s(*e 8 is to be taken as 
iu*gative for the star observ(^d below' the elevated pole (see footnote (Ui 
page Sb). 

Hints on the s(‘lection and balancing of stars au* given in the bdlowing 
pag(*s for (*ach of tlu* mon* inqiortant kinds of observations that are 
commonly us(*d inlu*!!! astronomy. 

Identification of Stars. Stars of large magnitude may be id(Mitified by 
means of a suitable star chart, su(*h as Norton's Star Atlas or the charts 
])rovi(l(Hl in the War ()ffic(* ])ublieations FivUl Astrommuf and Tixt Book 
of Topographical Sarrtffing, The use of a star chart is simplified if the 
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observer faiinliaiises liiinself beforehand with the appearance of the 
different constellations and the j)ositions of some of the brightest stars, 
and useful Jiints on the use of charts and the identification of the con- 
stellations and brightest stars will be found in Chapter XV of Field 
Astremomy, In star charts, the curves corresponding to curves of latitude 
and longitude on a ina}) aie curves of Right Ascension and declination, 
so that the a])])roxiiuate eeh'stial co-ordinates of each star can easily 
be read off direct on the chart. 

When faint stars are to be used for observation, it will often be impos- 
sible to identify them in tlie telescope from the chart and in this ease* 
the easiest and best procedure will be to work out their approximate 
azimuth and eh^vation at suitable times, and then pick them u]) in the 
field of view of the telescope of the theodolite when the latter is set to 
the calculated azimuth and elevation. The simplest case is that of 
meridian transits, since the sidereal time of transit is equal to ihe R.A. 
of the star, and the altitude can be found from the simple^' relations 

z = <!> — 8 for upper transit and :: S — 180® for lower transit, 

given, with the relevant lules for signs, on j)ages I12--ll.‘b ff a sidcucal 
clock which is keeping sidereal time is used, the clock time of transit will be 
the star's R.A. : if a mean time clock is used, the mean time of transit 
can be worked out as in example 10 on page 41. When stars are to be 
observed away from the nicrulian, the hour angle eoiT(\sponding to the 
time at which it is pro])oscd to obseiwe can be calculated from the star’s 
R.A., and the altitude^ and azimuth from 

sin h — sin <f) sin 8 + cos <f} cos 8 cos i (A) 

sin A — — sin t cos 8 sec h ( li) 

where, for logarithmic computation, the first (»xpressioii may b(» writtrui 

sin h — ^ sin 0), . . . (( ’) 

COS o 

in which 

tan 0 — cot 8 cos f. 

In some cases, it will be found more convenient to observe a star and 
identify it later from th(^ data jrrovided by th(‘ obs(‘rvations. 4’his can 
be done when the ap])r’(,ximate time of the observation is known and the 
data available from the observations or from the setting of the instrurmuit 
enable the altitufle and approximate azimuth to be known. From th(*s(‘ 
data, the a])])roxiniate (holinathm and R.A. can be conqaited, if necessary, 
by slide rule or f(;ur-figui'(‘ lc:garithms and a star found in the catalogue 
for which the tabulated values agre(» roughly with these computr'd valu<‘s. 
The objection to this j)roc(*dure, howevc'r, is that, after tlu‘ work has lM»(*n 
completed, it may be founrl that, after all, the observed star is not one 
of those for whidi places are given in the almanac or catalogue. In the* 
case of meridian obs(?r vat ions, the observed sidereal time of tr*ansit, 
after due allowance; ha* been made for longitude;, will give the star’s R.A., 
and, giv’^en an ajrproximate v^aluc for the latituele, the erbserve^d altitude 
at meridian jrassage, or ne^ar merielian passcage, will give an ap])re»ximate 
declination. lor stars not em the meridian the ledative fe>rmuhe are : — 
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hin 8 -- Hill h sin ^ -f cos h c(w tj) cos A, (D) 

aii<l 

sill t - sin /I cos A see 8, (E) 

where, for logarithinitr ealeiilation, we can write; (‘(jnatiori (D) in the form 
. ^ sin h . , 

. 0 ”'"<*+« w 

ill wliicli 

•tan ijj ----- cot Acos^l. 

A very sini])le i)iclh<){i nf identifying stars not on tin; inen'idian is to 
take thr(*e or more timed observations of altitude; on one* face ejf the 
instrument anel from tliesc te> calculate the rate eif change of altitude 
with respect tei time. Then, fremi 

• I JL 

sin cos 6 

At ^ 

we; have, if Ah is expresseel in secoiuls of arc anel At in s(‘cejnels eif time : — 

• >1 , 

sm A - ■ - - SCO <f>, 


an ex])ress;oie which has the useful property e>f be‘ing the same feir all 
stars anel is iiuiepcnelent of the K.A. anel ele*e*lination of the; ])articular 
star usenl. Hemce, if this value of .4 and the value of h taken at the 
mieldle of the time inte‘rval are siihstituteel in eepiations (D) or (F) and 
(E), 8 anel I can e*asily be calculate*d anel the star fe)und from the; catalogue. 

in all the above ease;s it will neinnally be* suflicient to carry eait the 
comjmtatiems with a slide* rule; eir femr-figure logaritlims since all we want 
are; values ae*curate e*nenigh to get the star in the* lielel of view or to identify 
i1 in the e;atalogue. 

The* nie*the)d of ide*ntifving stars by rate e>f change of altituele with 
re*speM*t te) time* was de*vise'el by Dr. J. De (Jiaaf-Hnnte*r in cemne^edion 
with his nu*the)els feir the rapiel ele*terminatie)ii e)f \ e*. latitude and 
a/iinuth (i)age*s 1110-1112). If the* hewizontal angle* belweM*n a ivfenence 
statiein anel the* star is eibserve'el mielway be*tw’e*e*n the* twe> tinieel eibserva- 
tieins e)f altituele, the* me»the)el also gives a epiick anel simple me*ans of 
ele*termining anel setting emt remghly the dire'e tiem e>f the merielian without 
having to ieie*ntify any particular star. 

Making Out a Programme for Observation. When stars are selected 
be*fe>re*hanel the*y shoulel be* entered em a list ‘giving in orde*r the time feir 
eibservation, name* or number eif star, magnituele, anel tbc ap]jro\imate 
azimuth anel altitude* at the* sele'e*te*el time's. Stars w’hie*h au* inteneled 
te) balane*e* eine anothe*r sheiulel be dilTere*ntiatcel in se)nic way so that ewh 
pair can e^asily be ])icke*el out, a geieiel ])lan being to enter the iiaidieulars 
e)f all e'ast or we*st or neirth eir seiuth stars eai one* sielc of the list or sheet 
anel eif all the stars to balance* them e)]>[)e)site the*m on the e)the*r side, 
rartieulars of meiiv stars than will actually be neeeleel should be entered 
to allow feir breaks in eibserving time due' te> passing clone Is or otlier causes. 


REDUCTION OF OBSERVATIONS 
In practically all cases, the formula for the reductiein of the observations 
is obtained direcfly from the solution of the astronomical triangle (page 14) 
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by means of the appropriate formula of spherical trigonometry already 
given on pages 4 to 6. This simply means the substitution of one or 
more of the quantities 90'’ — 90® — 8 and 90° — h for the sides ; and 

A, the azimuth angle, f, the hour angle (reckoned the shortest way, cast 
or w'est, from upper transit) and q, the parallactic angle, for the angles 
of the spherical triangle. In formulaB involving s, the half of the sum 
of the sides, if two of the sides are 90° — ^ and 90° — S it is eonvenient 
to use 2 , the zenith distance, instead of 90° — A, for the third side. Simi- 
larly, if 90° — ^ and 90° h arc used as two of tlie sides, it is convefiient 
to use p, the polar distance, instead of 90° 8 as the third side. This 

avoids the angle 135° being introduced into the formula. An alternative, 
of course, is to use the co-latitude and polar and zenith distances instead 
of the latitude, declination and altitude respectively. 

Small corrections, or the effect of errors in the observed or computed 
quantities caused by errors of observation or in the assumed data, may 
generally be found by simple differentiation of a suitable furidamental 
formula. In carrying out this differentiation, and in choosing a suitable 
formula for the process, it is important to decide which quantities are to 
be held fixed and which can vary. For example, if an error in a computed 
azimuth arising from an error in observed time is being investigated, and 
if the formula used for differentiation were sin A sec 8 = sin t sec h it 
should not be forgotten that A, as well as Ay varies with time, so that the 

resulting differentiation of .4 with regard to t would include In this 

case a better formula to use would be : — 

tan 8 cos <f} = sin </> cos t + sin t cot ^4 
which only involves the two variables, A and t and the two fixed quan- 
tities, ^ and 8. On the other hand, if A were comimted from tlie formula 
sin A sec 8 = sin ^ sec A and a small error dt were made in the value of f 
used in the computation, and this did not affect the value of A, the error 
in A Could be obtained by differentiating ..4 with regard to /, keeping A 
and 8 fixed in tlie differentiation. 

In certain cases, simple differentiation is not sufTHuent to determine 
a correction as it will only give the first order term and the quantities 
involved may be so great in magnitude that second and even terms of a 
higher order are appreciable. Here the sohition may generally be obtiiined 
by using Taylor’s or Maclaurin’s Theorem (page 7) to ex[>and the 
function in powers of a known or observed quantity. An example of such 
a correction is the one to be; applied to the mean or standard altitude 
when six observations of a single star are nunh*, by means of tluj d(dh‘ction 
prisms, with a 45° prismatic astrolabe (page 70), or to the azimuth 
computed from the mean of the face right and face left ex-meridian 
altitudes of a star (page 104). 

DETERMINATION OF TIME‘ 

In determining local time, the chronometer times of tin; individual 
observations are noted, and the result gives for the average instant of 
the observation the error of the chronometer on sidereal or solar time, 
according as a star or the sun is observed. Determinations are made 
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from meridian or ex-meridian observations. In the former case, the local 
sidereal time of the instant of transit of a star is given by the star’s right 
ascension, and the chronometer error is o])tained by comparison of that 
quantity with the chronometer reading at transit. For the sun, the instant 
involved is tlnat of local apparent noon, which is reduced to local mean 
time for the evaluatio?i of the watch error on mean time. When a celestial 
body is observed out of the meridian, the observations are directed to 
obtaining sufficient data to enable the astronomical triangle to be solved 
for the hour angle, from which the sidereal or solar time is obtained. 

Methods. The principal methods are by : 

(1) Transits* 

(2) Ex-meridian altitiides of stars or the sun 

(3) KqUfil altitudes of stars or the sun. 

Time by Star Transits. Observation of the instants of star transits 
forms the most direct method of obtaining local time, and is that used 
for primary field determinations. The method can be applied to minor 
determinations with small theodolites, but is not commonly employed, 
since the observations necessary to enable the telescope to be placed in the 
plane of the meridian Avould themselves yield the approximate watch error. 

Primary Determinations. Primary determinations are made by means 
of a port^ible transit instrument (page 54) or a first-order tlieodolite fitted 
with eyepiece miertuneter. With a transit instrument the best results are 
obtained by automatic registration on a chronograph by means of the 
transit or im])ersonal micrometer. Otherwise the instants of the passages 
of the stars across (hr successive hairs are transmitted to the chronograph 
record by key. In tlu^ absence of a chronograph, the times are taken by 
the eye and ear method. For a pn^ei.se determination, such as would be 
required in coina'ction with j^rimary telegraphic longitudes, twenty-four 
to thirty-two star transits are observed. These are arranged in groups of 
four to six. the teleseopt' being reversed between each group. The Hunter 
Shutter Eyepiece (page 5S) is well adapted for tra*' it observations, 
])artic*ularly fnr longitiule ol)servations in wln(‘h (ireenwich time as well 
as local tinu* has to be found from the rhythmic time signals (page 120), 
as the i\vcpiec(* lias beiMi designed to minimise the effects of con.stant 
p(M'.sonal <*ridrs and no chronograph is ikhmUmI. 

The approximate direction ot the meridian having been set out in 
advance, the telescope is first placed in that plane preparatory to closer 
adjustment. An error in azimuth has only a small effect upon the 
observed time of transit of a star near the zenith, and the chronometer 
time of transit of such a star is first ob.served and an approximate value 
for the chronometer error obtained. The telescope is then directed to- 
wards a slow moving or circumpolar star which is about to transit. The 
chronometer time of transit is computed, allowing for the approximate 
error, and the middle vertical hair is kept upon the star, the telescope 
being adjusted in azimuth by the slow motion screws until the chrono- 
meter indicates that>the star is on the meridian. A second approximation 
is made by again observing a star transit near the zenith, followed by an 
adjustment on a circumpolar. The lino of sight is now very nearly in 
the plane of the meridian, and the amount of the residual error is 
discovered and ajlowcd for in the reduction of the time observations. 
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The chronometer error on sidereal time cannot be obtained by direct 
comparison of the right ascensions of the stars with their observed times 
of transit, because it is impracticable to secure that the instrumental 
line of sight lies exactly in the plane of the meridian. The observed 
times are subject to three principal corrections : (1) the azimuth correc- 
tion, due to the line of sight not being oriented precisely in the plane of 
the meridian ; (2) the level correction, due to dislevelment of the hori- 
zontal axis : (3) the collimation correction, duo to the line of sight not 
being perpendicular to the horizontal axis. 

The amounts of these corrections to the observed time of transit of a 
star of zenith distance z and declination 8 are as follov/s : 

AzimvJth correction = a sin z sec i a A 

where a is the error of azimuth in seconds of time, a is considered positive 
(negative) if the line of sight is too far east (west) when the telescope is 
pointed south. When the telescope is pointed north, the lino ot sight is 
changed to the other side of the meridian. 

Level correction = b cos z sec 8 = bB 

in which b is the inclination of the horizontal axis in seconds of time. 
The value of b is given not only by the readings of the striding level in 
the direct and reversed positions, but also includes the inclination caused 
by inequality of the t runnion pivots, if appreciable, b is positive (negative) 
when the west (east) end of the axis is the higher. 

Collhnation correction = c sec S = cO 

where c is the error of collimation in seconds of time, regarded as positive 
(negative) when the line of sight is to the east (west) of the meridian. 

In these corrections the quantities a, 6 and c represent instrumental 
errors, while the factors A, B and C depend upon the position of the star, 
and their values are, given in tables of star factors. The signs of A, B 
and 0 for the t\\'() hemispheres are * 

Xortliorii ll(Mnisjjh( re Soiitht*ni Hoinisj)lwTo 

Position (if .slnr J // (' Position of star .1 

South of zf'iiilli ; ; H Xortli of zonitli 

JietwfM'ii '/(‘iiith and j>o]c - * 1 J-Jotwoou zonitli and polo • 

Jiolow jM)lo r — — Jhdow polo 

The correction bB can be computed for each observation from the readings 
of the striding level and the pivot inequality constant, and is applied 
at the outset to the observed time of transit. In the most precise work 
small corrections arc also made for diurnal aberration and chronometer 
rate. The former arises from the effect of the diurnal rotation of the 
earth on the relative velocity of light, and the correction to the observed 
time of transit is given by 0^*02 cos ^ sec 8, where ^ is the latitude of the 
observer, and 8 the declination of the star. This correction is negative 
for all stars observed at upper transit and positive fqr stars observed at 
lower transit and is tabulated for different values of ^ and 8 in Table VJl 

* Those signs may be obtained direct from the formube })y considering - to bo 
positive for stars observed south ot the zenith and negative for stars observed north 
of it, and by writing 1 80 - 8 instead of 8 for stars observed below the pole. 


/i r 

1 
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of Aj^parcnt Places of Fundamental Stars, The* rate eorreetion is required 
when the net of observatitjiis before reversal of the teleseoj»e extends over 
a considerably longer or shorter period than that aft(‘r leversal. The 
chrononi(‘ter time of transit so corrected is now in erior only by the 
clTects of azimuth and eollimation error, and these arc d(*termined fnmi 
the time observations themselves. 

I^t T == the chronometer reading, corrected for level, aberration and 
rate 

e =* the required chronometer error, positive if slow, negative if fast. 
The finally corrected chronometer time of transit = T + a A + cC, 
= the chronometer reading which would have been obtained if the line 
of sight were actually in the meridian — R.A. - e. 

/. e = R.A. —T—aA — cC 

For each transit we have an obseivation equation with tlirec unknowns, 
6, a and c. The number of observations involved in a (hdennination 
exceeds tlie number of unknowns, the most probable value of which are 
therefore most accurately derived by the method of least squares. An 
approximate solution is obtained with less labour by solving simultaneous 
equations equal in number to the unknowns, the equations being formed 
by addition of groups of the observation equations. Examples of this 
compulation will bo found in Hosmer’s Geodesy ^ page* 131, 1930 edition. 

The stars forming a set are selected with a view to a good solutioii of 
the equations. There may be included in each set one or two slow moving 
or azimuth stars, from the observation of which a is principally deri\ed. 
Otherwise all stars are time stars, and contribute equally to the result. 
The time stars of a set should be situated north and south of the zenith, 
and their declinations should have such values that the algebraic sum 
of their A factors is as nearly zero as possible, while their right ascensions 
should be such that the transits occur at convenient intervals. 

The ])roofs of tin* expre.ssions for the coirections for azimuth. le\el 
and eollimation given above are as follow.s : 

(I) Aiunuth (\uniUon. In \'i^, liH (a) lot ZPX ho the Inio .iu-n.ii.iii. Z tlio zrnitli 



Fio. 38. 
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anti P the celestial j)ole. Owing to the lino of sight not being oriented in tlie j)lano 
of the meridian it will trace out a false meridian, ZSN', making angle a ■ - SZP 
with the true meridian ZPN”, S being the jiosition of the star when on tho cross 
hair. The required error in time, J^ will be the angle ZPS. 

In the spherical triangle ZSP (Fig. US (h) ), 

ZS - c, SP ~ 00 ’ - S, Zl» 00 * SZP a, ZFS At. 

Hence, by the ortlinnry sine rule, 

sin At sin a, 
sill c cos S 

or, 08 At and a are small, we can write sin At At and sin a a, ami so 

J/ -a sine sec S '• 

Note that, as Fig. ,‘IS is ilrawn, a is negative bccaiist*, when tin* tt'Ie.'^cnpi' is ])oiiitcrl 
south, the false meridian and line* of sight would lie to the* we'st of the* line meridian. 
In the case shown, the correction is positive since the star would cross the fal.se 
meridian before it crosse<i tlu' trui' meridian. This agrees with the rule of signs 
given on page SO, the A factor here being negative. 


(n) Level Correvtton. The eOect ot the level error will be to disfilace tlii* apjiarcnt 
position Z of the true zenith along the great l ircle FZ'ZW perpendicular to the 
true meridian ZPN to the jiositioii shown at Z' in Fig. ^fhe appari'iit im*ridian 
will therefore be the great circle Z^X, and, when the star is jit S on this false 



N 
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meridian, the (‘orreid ion to time will bn 
the angle Sl*Z At and the obscr\’(*d 
zi'iiith ilistance w ill bi* Z'S :. 'I’he an* 
ZZ' angle Z'XZ e\pr(*ssed in 

angular mcasuri*. is the h‘vi‘l corn'ctioii />. 

In tho splu'rical triangle SIW, FS 
Otr 5, S\ IM)' r, SFX 1st) - 
ZI\S - ISU^ J/, and SNP 0. 

Then 

sin Jt sill ft 

cos ^ cos 6 

sin At sill ft cos : sec 5, 
or, as Jl and ft are small angles. 

At ft cos : sec 6. 


Here tho star reai-hes tlie falsi* im*ridiaii before it reachi's the I rue meridian ami 
hence tho correction is positive, h also bi*ing positive since the hori/ontal axis of the 
instrument is high at its western <*nd. 


(iii) ('oUhnatioH’ Correction: In Fig. 4t) tlw* great circli* ZFX is the true na'i'idiaii 
as before, Z being tho z(*nith and P the 

celestial pole. As tho telescope of the ^ Z 

instrument is rotated about the trunnion 
axis, the line of collirnation, instead of 
tracing out a vertical jiinno which inter- 
sects the celestial .sphere in the meriflian 
ZPX, will trace out tlie surface of a cone 
with apex O, and this cone will trace out 
the small circle ASU on the i-i'Iestial 
sphere, w here the plane of ASM is parallel 
to the ineriilian plane. 4’h(* collirnation 
error will be represented by the angle 
BOX ^ c op th(‘ horizon ])lane. 

"U’hen tlie star is observed, it wall bo at 
tho ]ioint S on tho small f*ircIo ASH, and, 
as it movf*s from S to the point S' on tlio Fiu. 40. 

true meridian, it w41l describe a small 

circle SS' such that PS' - PS. As the plane ASH is very close to tho piano ZPX and 
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unf;lo SiS P in ii rifflif lint'll*, lli<‘ li'nj'lh of tho nri* SS' will bo iijijiroxiinnloly eqiiul lo 
that of Iho an* HN, wbii li is i><|iiiil (o H JJONT It ■' r, whore U is tho rmliiis of 
Ihp Hplion*. 

l^ft tlio plane containintr Kk* small eirHo SS' inlerseet ()l* at Q. Ttien SQI' 

S Ql* is II rjjrlit an^le and »lu* an^N^ SQS' Si*S' is tlic» n‘fpiir(‘d <'(irn‘<‘t ifjii J/ to 
tho hour an«Ie. Miit SQS' SS'/SQ and Sg AVsinSOI* /^sin(hO' h) - 
// eos 8. Ili'lirc, 

at SQS' rsoi-S. 

Minor Determinations by Star Transits. Refinement in tlie reduotions 
is not warranted wl)en the ol)s(*rvations arc made witli a small theodolite. 
The setting of the instrument in the plane of the meridian may ))e ])er- 
formed hy zenith and azimuth stars as described above, unless tlie 
direction of flic nieridian is known with sufficient precision. Residual 
eijors of adjustment arc approximately eliminated by making the time 
obscTvations c/U a ])air of stars of about the same altitude, one north and 
the other south of tlie zenith. 

Time by Ex-meridian Altitudes of Stars. The method of determining 
time by ex-meiidian altitudes of a star or stars or of the sun is that most 
commonly used by surveyors. Jn its simplest form, the star observation 
consists in measuring tlu* altitiuh^ of a knoAvn star at some distaiUH' from 
the meridian and noting th(‘ chronometer time of the measurement. If the 
observir’s latitude is known, the astronomical triangle PZS (Fig. 9) can 
be solv(‘d for th(‘ hour angle, from which is derived tlie local sidereal time 
corresponding to tiu' clironom(*t<M’ reading. A close a[)proximation to the 
value of the latitude is re([uiied. 

Inst (‘ad of relying upon a single ; Ititude (jf a star, s(*veral altitudes are 
observed on allernati\(‘ faet‘s in quick succession, the ehronoinetor time 
of each being noted. If the ob.scTvations are completed within a very 
few minut(‘s it will suffice for most ordinary work if the mean of the 
chronoiiKqer times is takmi as tho time for the mean altitude. Tlie 
motion of a star in altitude is not, however, exactly proportional to time. 
Accordingly, for precise work, if tin* star is not observi'd very close to the 
jirime vertical, tin* mean of the observed altitudes may involve a (Correc- 
tion to give the altitude corresponding to tlm mean of the observed times. 
The c()rrect(Ml altitude. A, to be u.sed in computing the hour angle at the 
in.stant (‘orn^sponding to the mean of the observed times, is th(»n given by : 

A = ~ A,„ cot A — tan 4> co.soc A\ sin I" 


where h,„ is the m(»an of the observed altitiuk's, A is the azimuth angl(‘ of 
the star nmasun'd the shortest way from tho elevated jiolc, the latitude 
of the plac(‘, N the numln'r of observations and Z'(AA)- is the sum of the 
s([uar(\s of the difTerences in seconds of arc between the ob.served altitudes 
and the nu'an altitude. For comj)uting purpos('s, the formula may be put 
into the form 


h - A., 


rfAA)- cot A cos a) . , „ 

-o-A-r - ^ T- T ^ 

2N sin a sin A cos <p 


where tan a = s(H', A cot A„,. 

The azimuth angh* A, if not already worked out in conni^ction with the 
pr(q)arati(^n of a^tar programiiK', may be obtaiiu'd from : — 
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^ 

tan = V sec « . sin (« — A) . sin (« — ^) . sec (a — p) 

where p is the polar distance 90® — S, measured from the elevated pole, 
8 = \(h + 0 ^ is always treated as positive. As the term 

27(AA)* is small, only an approximate value for A is required, and Uie 
computation of it, and of the trigonometrical co-efficient of 27(AA)*, may lx* 
carried out by five, or, if itself is small, by four-figure logarithm 

tables. 

When Zt = 45®, the formula for the eoneclion to the mean altitude 
reduces to the one given on page 70 in connection with the 45® prismatic 
astrolabe, and, when GO® is substituted for A, it becomes applicable to the 
GO® prismatic astrolabe when the latter is fitted with deflection prisms or 
other means of taking observations at altitudes differing by small amounts 
from the standard altitude. As might be expected from other consid(*ra- 
lions, it will be seen that the correction vanishes when the star is on the 
prime vertical. 

The following proof of this exprassion may be taken as an example of 
the lines followed by proofs of other similar formuloB for which no proof 
will be given, the results only being stated : — 

Lot i — hour angle at the in^’itant corresponding to tho inonn of the ol)sei ved tiiriOM, 
and let the hour angles at each of tho obstn vod times he / -f f//,, t 1 f//^, t \- dt , 
t +- dt^. Lot h bo tho altitude corresponding to t and let tho obscivnl altitudes bo 
/»!» Af, /<a, . . . h,^, so that /ij = /i + d/<|, /13 ^ A -f- d/ij, — A -f c//i Tlicn 

h IS a function of t defined by : — 

A = f(t) =s sin-'^ sin ^ sin 8 1- cos ^ cos 8 cos t } 

By Taylor’s theorem (page 7), 

h 4 dK fit + di,) = fit) 4 rf/, ^ 4- 4- . . 

dh,^ h 4 - 4- ''-p I . . 

h, - 4- dl,^ - /If dl^''£ ... 


" dt ^ li (//’ ^ 


j _ df _ Zdt^ d^f 

'' "■ A A dt 2A dl^ 

^ _ Udtdji^ _ Udl^d^h 

X A dt 2\ dt^ 

Since sin A — -^i 11 ^ sin 8 I eos ^ cos 8 cos t 

cos A d!i — - < (J-. ^ cos 8 sin t dt. 

df dh cos 6 cos 8 sin t , , 

— . = — cos 0 sin 1 . 


df _ 

dh 

COS ( 

cos 8 sin t 

dt 

~~ dt 

< 

•os A 

dV 

dVi 

(‘OS 

jr 

00 

7 

dt’ 

dJ^ ” 


cos A 


cos 4 ^os 8 r 
cos A L 


Hin h cos yi <'os 8 sin®/ ' 
I OS-* h 


coH 4> cos 8 rsin A Hin </> sin 8 sin A cos® </j sm- .1“ 


coH 0 cos 6 psin A Hin 
cos A L 4* f*' 


cos 0 C(/>i tj 
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" ~ ***** ^ ^**'** ^ **“* ^ ) 

— sill h cos* <l> sin* A] 


H»*iif<*, 


coiT/i ^ ^ ^ ^ 1 

=-'- — cos ^ cos /I [tnii h cos tft cos A — sin <ft] 


2Vi Sdl , . . 

"iTr + -rr 9 Hin A 

N N T 


£dt^ 

2N 


cos tj} cos A [tiiri h cos ^ ciis .>1 


— sin ^] 


tSincc tlio dt's are measured from the moan, =^ 0, so that the second term on 

N 

tho ri^lit vanislios. 
f I dice, 

, £h , Zdi^ 

~ -y r \y^ C03 (ft COS A [tan h cos ^ cos A — sin (ft] 


13ut 


, dh, Zh 

dtf. ~- — — : and mean of tho h*s — h,.,= -ti-. 

cos (ft Hill A '" N 

^ = ^in + ^ ^ ^ ^ cosec -4] 


Hero tho dh\s are measured from h, and not from h,„. However,/! — /<„, is a term 
of tho second order in dh so that dh -- dh,„ will be a term of tho second order and 
d/iV, will iliffor from <//i* by a term of tho fourth order. Hence, wo can take as 
the sum of the squares of tho differences between tho observed altitudes and their 
mean. 

An alternative to working out a correction to tlie mean height would 
bo to apply one to the liour angle, computed from the mean height, to 
give the corresponding mean hour angle for the different timers and alti- 
tudes of obsiu’vation. ff < — hour angle computed for mean h, and 

= arithmetic.al mean of the different hour angles corresponding to the 
different times, then : — 

= t 7 —: — 1 [tan h cot A — tan S cosec *41 sin 1 . 

2*V cos (f) sin ^ T' j 

Thus, in this case, the correction contains tlio additional factor 
sec <f > . cosec *4 and hence is slightly more laborious to compute than the 
])revious correction. 

The star selecteil for a time observation by ex-meridian altitude-^ 
should be one which is changing rapidly in altitude, i.e, it should be near 
tlie jnime vertical. Tlie influence of errors in observed altitude, as well 
as in the value of the latitude, is a minimum when the star is actually on 
the prime vertical (page SO). For the avoidance of excessive refraction, 
the altitude of the star should be at least 20^", and [iractically it is generally 
necessary to observ'o stars at some distance from the prime vertical. 
For the more effectual reduction of error in the assumed value of the 
refraction coefficient?, as well as of instrumental errors, the observation 
of an east star sJiould be balanced by an observation of a west star of 
similar altitude. 

If an error of Ah" is made in tho observation of h, the resulting error in 
the computed liQur angle, reckoned the shortest w'ay, east or west, from 
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upper transit, and expressed in seconds of time, is given approximately 
by 

Ah*' 

At* = ^ sec ^ cosec A 

lo 

where A is tlie azimuth angle measured the sliortest way from the elevated 
pole. Again, simple differentiation of I with respect to in the funda- 
mental formula, keeping h fixed, will give the error in the computed hour 
angle resulting from an error in the assumed latitude of the ])lace. 
The result, after a tittle simplification, is : — 

A/* = sec cot A. 

Observation of Ex-meridian Altitudes of Stars. Stars suitahle for 
observation are selected in advance. When a star is on tin* prime vertical 
its altitude is given by 

. j sin 8 
sin h = — i. 
sin (p 

This relationship shows that the declination of the star must be of the 
same sign as the latitude, and must be less than the latitude. In order, 
however, that h may not be less than 20'^, 8 should be greater than 
sin~^ sin ^ sin 20®. As the star may be observed out of the prime v(‘rtical, 
the foregoing serves to define only roughly the requirements as to declina- 
tion. The selection must be further based upon the availability of stars 
for observation at convenient times. 

The observation of each star of a pair consists of a se/ie-; of rapid 
altitude measurements, each consisting of a face right and a face left 
observation. The details of each measurement are performerl according 
to the routine described on page 77. The chronometer times are taken to 
the nearest 0‘‘-2, or to O"*! if possible. 

Computation. The astronomical triangle is conveniently solved for 
the hour angle t by means of 

I ^ 

tan - = V cos 5 sin (5 — h) cosec </>) sec (.9 — 2 O 

In applying the formula, ^ is always treatid as positive, and p is 
measured from the elevated pole. The computed value of t is measured 
the shorter way from the meridian. It is added to or subtracted from 
the star’s right ascension, according as the star is west or «»ast of the 
meridian, to give the sidereal time corresponding to the mean of the 
chronometer readings. If the chronometer is a mean time one, tlie 
computed sidereal time must be converted to mean time (page 44). The 
same calculation is performed for the other star of the pair, and the mean 
of the computed chronometer errors is accepted as the error at th(», average 
time of the observations. The ob-servation of two or three ])airs of stars 
with a 5-in. micrometer theodolite sliould ensure a nisult well within one 
second of the truth. The precision of the method is greater in low than 
in high latitudes. 
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^ P*“0® in latitude IS® 12' 36* N. and lomritndo 
2o 03 20 Jii., au observation of y Orionis (H.A.= 6** 21»' 40''-3, 8 = -f 6® 17' SS'-S) 
west of the inoridiaii gave a moan corrected altitude of 35“ 22' 10*-5 Find the 
L.S. I . of tho obsfM'valion 


o 

h -= 35 

# 

22 

10-.5 


^ - 1.5 

12 

36 


ji ^ H3 

42 

26-5 


Sum — 2s ~ 134 

17 

13-0 


C7 

08 

.36*5 

log COS ~ 0-5893071 

8-h= 31 

4(j 

260 

log sin = 9-7214548 

« — ^ ^ 51 

.56 

005 

log cosec = 0-1038623 

a — p -1(1 

33 

500 

log sec = 0 0184068 




Sum= 9-4330310 




log tan ~ = 9-7105155 



/ 

2 

27“ 30' 07*-6 




h in B 


t 

55® 

00'15-'-2= 3 40 01-0 



R.A. ofstar= 5 21 40-3 




L.S.T. -9 01 41-3 


Time by Ex-meridian Altitudes of the Sun. Tn appl^n'ng tJie method 
of ex-merid::i'i altitudes to solar observations, the required balancing is 
effected b^ measurmg a succession of altitudes both in the morning and 
afternoon. l1io requirements as to the position of the sun during observa- 
tion are the same as for a star, and the most suitable times are between 
8 and 9 a.m. and again between 3 and 4 p.m. 

The minimum number of observations in each set is four, consisting 
of a face right and a face left measurement to both the upper and lower 
limbs, but it is preferable* to double this number of observations. The hour 
angle is computed, as in the case of star altitudes, from 

tan \J e»)s s sin (s — h) cosec {s — <f) .sec (« — p) 

but it will be necessary to obtain p by interpolating the value of the sun’s 
declination for the m(*an instants of the morning and afternoon observa- 
tions n'spectively. IMie interpolation requires a knowledge not onh- of 
the longitiuh* of the ])laec of ob.servation, but also of the local time, and, 
since the latt(*r is b(»ing determined, the ev'aluation of t should really be 
performed by successive approximations. If, however, local time is 
known within about two minutes, the value of the sun’s declination can be 
inter})ohited with sufficient precision for the purpose. On reducing the 
ol)servations, if a great(*r discrepancy is discovered between the computed 
and assumed local times, the former is used for a better interpolation of 8, 
and the computation of t is repeated with the new value. 

The local apparent time corresponding to the mean of the watch times 
of the forenoon observations is obtained by subtracting the hour angle 
from 12’*. For the afternoon set, 12’* is added to the hour angle. The 
conversion to mean ■time is made by the methods of Chapter I. The 
mean of the two watch errors thus determined is the error at the average 
instant of the two sets. 

If the utmost possible accuracy is desired, a correction to the mean 
altitude, similar .to that already given on page 89, may be applied if 
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necessary to each set of F.R. and F.L. observations, but here the AA’s 
must be corrected for the semi-diameter of the sun. 

Example. On 1035 May 10, at a place in latitude 30*’ 55' OH" N. and longitude 
57° 53' 30^^ E., the mean observed altitude of the sun, oorivcte<J for refraction, 
parallax and level, was 30° 54' 13*'*8. The mean watch time of the observations 
was 15>> 31'“ 04»'2, the watch being known to be about 4i>> fast on L.M/r. Find the 
watch error on L.M.T. 

Value of sun's 8 at mean instant of observation. 

il h III 8 

Approx. L.M.T. = May 10 15 27 04 

Longitude = — 3 5 1 34 

Approx. O.M.T. — May JO 11 35 30 

o / m 

From iV.A., p. 10, sun's 8 at May lO** 0i‘ = 17 10 00*2 

Change in ll*‘ 35"* 30“ = + 7 42*8 

Required 8- + i7 20 43-0 
72 33 17 0 

O / 

30 54 13-8 

^ = 30 55 080 

p= 12 33 17 0 

Sum-= 2s = 140 22 38 8 

8= 74 41 10-4 log cos ^ 0-4217074 

s - 34 47 05 0 log sin = 0-75()2534 

^ 37 40 1 1 -4 log cosoc -= 0-21 20003 

8-p-^ 2 08 02*4 log see -- 00003013 

Sum = 0*301 1024 

log tan i= 9 (5935812 

i = 2(50 23' <= 52» 46' 23'-8 ^ S'' .'ll'" 05- 0. 

Conver8io7i to L.M.T. 


h in 8 


L.A.T. = 

15 

31 

05*8 

Loiigiiudo — 

-3 

51 

34 

• CLA.T. 

11 

3!) 

31*8 

From N.A.. p. 24, (I.M.T. of (J.A.T. I2i* ... 
Correction — ’ — 0'**UJ4 X 2“-S-- 

11 

5(i 

2U-4 
+ ()■() 

L.A.T. -= 

15 

31 

U5-r. 

Sum-12»'- L.M.T. - 

15 

27 

28-0 

Watch time - 

15 

31 

04*2 

Watch error on Ij.M.T. 


3 

38*2 fast. 


Time by Equal Altitudes of a Star. The mean of Die two chrononioter 
times at wliich a star attains equal altitudes east and west of tlio meridian 
represents the chronometer time of its transit. A simple mctliod is tlius 
afforded of obtaining the chronometer reading corresponding to the 
sidereal time of transit, or right ascension of the star. The determination 
is independent of the actual value of the altitude, and no correction is 
required for refraction, but the precision of the result depends upon the 
refraction having the same value for both observations. The observations 
should be made when the altitude is changing rapidly, i.e. when the star 
is near the prime vertical, and the method is open to the objection that 
several hours may elapse between the first and last observations unless 
the declination of the selected star is nearly equal to the latitude. 

The observations are made by means of a theodolite or a sextant and 
artificial horizon. In place of observing the star only once on either 
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side of the meridian, a set of four or five altitudes should be taken to 
reduce eiTors of observation. Since the essential features of the observa- 
tion is the equality of the altitudes on either side of the meridian, the 
theodolite telescoi)e is not reversed, and the bubble of the altitude level 
on the micrometer arm must be exactly centered either by the level or 
clip screws at each observation, the angle between the telescope and the 
level remaining unaltered. For many purposes, where high accuracy is 
not required, sextant observations will give satisfactory results since the 
use of the artificial horizon avoids possible errors of level, while the 
settings are in round figures and no correction for index error is required. 

Instead of taking the ^observations on the same night, they may be 
made in the morning and evening. If the western altitudes are observed 
first, the average of the chronometer times represents the chronometer 
reading at lower transit, the sidereal time of which is 12*' greater than 
the star’s right ascension. 

Time by .Equal Altitudes of Two Stars. The effect of a possible change 
in refraction between the two sets of observations at equal altitudes of 
the same star is greatly reduced, and the inconvenience of waiting is 
avoided, by making the equal altitude observations on two stars, one 
east and the other west of the meridian. If it were po.ssible to select 
two stars liaving the same declination, the mean of their right ascensions 
would repnvsent an instant of sidereal time with wliich the mean of the 
chronometer readings could bo compared for the determination of the 
chronometer error. Actually the two bodies have different declinations, 
and, in consequence, a correction must be applied to the mean of their 
right ascensions. 

The observation of a pair of stars may be completed in a few minutes, 
and several pairs should be used for a good determination. Stars selected 
to form a pair should have a difference in right ascension of at least 6*', 
and, on account of the approximations made in computing the correction 
for difference of declination, the latter should be kept within from 2° to 5® 
according to the required refinement of the determination. The stars 
should also preferably be such as arc near the prime vertical at the time 
they reach the same altitude. Since the sidereal time at which the two 
stars are simultaneously at the same altitude is approximately the mean 
of the two right ascensions, the observer can select pairs of stars which 
will afford convenient intervals between the observation of one pair and 
that of the next. 

If the east star is first observed, the line of sight is set just above it at 
a few minutes before the time at which the stars are at the same altitude. 
The chronometer reading when the star crosses the horizontal hair is 
noted, and the telescope is then turned to the west star. The latter 
should appear a little above the horizontal hair, and tlie chronometer 
time of its passage is likewise observed. If the stars are not selected in 
advance, a pair may bi^ found by trial of their altitudes. 

The correction for difference in declination of the two stars is computeil 
as follows, the latitude being known : — 

Let c = correction in time to be applied to the average of the two 
right ascensions to give the sidereal time corresponding 
to the average of the chronometer readings Tj^ and T,,, 



96 


PLANE AND GEODETIC SURVEYING 


t = l(R.A.fc. R.A.„) — h{Tj,- — T,|) 

<f> = observer’s latitiidc, positive or negative according as it is 
north or soiitli 

S;;; aiul 8 decliiiat ioiis of tlie east and west stars 

^ + 8h-) 

g g 

Then c = (tan 8 cot t — tan (/> cosec t) 

-ij X lo 

The proof of this formula is as follows : — 

•Since h ninl <f> aro tlio same for both observations, keep tliem both tix(*<I when 
ttiffercntiatinj: M\ith respect to 8 in 

sin h = sin 8 sin ^ 8 cos 0 cos t. 

Whence : — 

(cos 8 sin ^ — sin 8 cos ^ cos t) /8 — cos 8 cos 6 •‘'•in ftit. 

ill — (tan ^ cosee t -- tan 8 cot /)^/S. 

Then, if is the hour anj^Io for ileelination 8- J(8/.; -| Sn), 4 f//, will bo the 

hour angle for cloclination 8/.; where 

(III — (tan (ft eosec t — tan 8 cot t) (8/. -- 8). 

Similarly, •}- <U^ will bo tho liour angle for (Itvlination 5|| where 
tit 2 — (tan tft cosec / — tan 8 cot /) (S - 8|| ). 

Hence, mean observf’il hour nngU» =- 

^ ^1 + 4 (tan <l» cosoc t — tnn 8 cot <) (8/.. - 8i| ). 

/. ^ t ■\- ^ ^ ^ COSe(! /) (8/. — S|| ). 

the 15 in tho denominator being introduced to convert tho result from arc to time. 

It can be shown tliat tho second order term in tlie (expansion for /j is 
negligible for all cases where this particular method would In* lik(*ly to be 
used. 

Time by Equal Altitudes of the Sun. In applying tin* method of ec[iial 
altitudes to solar observations, a series of altitudes is taken about 1) a.m., 
and the same series is repeated in rcv'crso order about 3 p.m. Kach 
altitude setting on*the instrument yields two observations if the instants 
are noted at which both the upper and lower limbs toueli tin* horizontal 
hair. 

The mean of the times of the forenoon and afternoon ecpial altitudes 
does not in this case exactly represent tlie instant of transit owing t(; the 
change in the sun’s declination between tlie observations. Th(‘ av(‘rago 
of the watch times of the obscrvc<l equal altituch's must therefore lie 
corrected to give the W'atcli time of apparent noon, as follows. 

liCt c = correction in time to bo applie<l to the av(*rage of the \\ai(;li 
times of equal altitude to give the watch t ime of apparent 
noon 

t = half the interval between the times of equal altitude 
(fi = observer’s latitude, positive or negative according as it is 
north or south 

= sun’s declination at the averages of the rnorning observations 
8,^. = sun’s declination at the average of tho afUTuoon observa- 
tions 

S = i(8fi + 8,|r) 
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Then c 


2 X 15 


(Ian 8 cot t — tan (f> coscc 1) 


TJie \aluo of ^ used in f ompuling tlie collection necMl be only ap]>ro\i- 
inite l’h(‘ method is tnailable for afternoon obsci vat ions followed b\ a 
senes at the same altitudes on the following morning Ihe result then 
gives the' chronometer eiior at appaicnt midnight Tlic value of c is tlieii 
given by 


c 


2 X 15 


(tan 8 cot t + tan <{> co'-ec t) 


Lininplt (Jii l‘iJ'5 fiino > in latitiido Ki® Ob 11 \ iiid luii^itiidr 1® 3*1 0i VV , 
oijii il filhiiidt) <)hsf 1 vatioiis of 1 111 sun s i liinl) foi t j'tiv o tli* rt suit t ilnil it< cl 
b'ind tlio oi loi of the? watc h cjn st iruiatd tun (Hiitisli suinrnc i time ), tin Hppi J\irn itcj 
enoi hi in^ 1 slow 

Mtit udo 

Mif ro I F \j \V itf 11 tiifif3 VV” it h timo 


• 


Il 1 1 


1 1 


(U Jf» 


11 11 07 0 

13 

21 

31 0 

1‘) 21 10 


11 11 10 1 
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IS 

2ii ) 

1*1 '13 12 


IL Ib 11 > 

13 

lb 

20 «) 

PI 4() 01 


11 IS UOO 

13 

14 

33 0 

\\ < inj»c wnt( Il tiiiii s 

11 It 32 S 

13 

17 

43 1 

h I tin \ 1 

t 1> 

12 »1 lU 17 - 8^ 

22 

2S 

07 



d It 1 P 20 du - 

t 22 

20 

lb 



§11 — 8/ — 



1 b*) 



8 - 

+ 22 

2*1 




t — 

ji 

Oh 

23 



Ah m of watc h tiinc's 

13 

lb 

Is 0 



c 



) 1 


VV ut» li tun ut L \ \ 

1 3 

lb 

12 ‘1 




h 

III 


1 n in \ 

1 V 

2 > (r AI 1 oM, \ \ 

1 1 

)S 

10 7 

( «ti I ( ( tmn (m 1 m. 
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onus 10 1 



0 l 


Sum LAI 1 ol L \ \ 

11 


10 s 



1 in^itinlo w« •>! 


1 1 

3b 3 

( 

II K ( 

t Mill t ir summi r tiim 

1 1 




Sum H Si ol L \ \ 

1 3 

Is 

07 1 



U ate h turn 

13 

lb 

12 1 



Wall h 1 iioi 


1 

>4 2 '-I n\ 


Time by Transit of the Sun. It the dm ^.tum of the mei idi m is known, 
I loiiirh (1( ti imination of time mav bt midc bv noting tho watch times 
of ti insit ot tiu wist .ind i is( limbs of the sun, tlu' nit an of the ohstned 
limts bt ing tIu* Wiittli tune of lot d .ippuent noon It t)nlv one limb is 
obsi i\(d, the tiiiK ot ti in it ot the suiTs C( ntiiMs ohtaiiii d hv iiiplicition 
of the s( mi dianuttr in suhnal time, vvhuh is given fiu evtiv div of 
tilt* V(Mi in the ilnutiKK 


DErKRMlNATlON OF VZHIUIH 

'riie d( teimination of a/imuth, oi the diieition of tiu nuiidian at a 
sui\ev station, eoiisists in tibtainuig the azimuth oi (me luaiing ot an\ 
lini‘ fiom tlie station, m) th it the azimuths of all the suivev lines inei ting 
theie may he deiived Vn essential featine of the ohseivation is the 


I c 
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measurement of the liorizontal angle between a celestial body and a 
terrestrial signal. In primary determinations the observed azimuth 
should always be that of a side of the triangulation. Otherwise it is 
frequently convenient to establish a reference mark, from the observed 
azimuth of which those of the survey lines arc measured. 

The quality of the angular work of the survey indicates the necessary 
precision of the observations. The requirements as to probable error 
range from about in the case of primary triangulation, to over r*0 
for determinations made for the frequent control of compass traversing. . 

Reference Mark. On main triangulation, and on very long lines in 
primary traverse work, the signal for use as a night signal will usually 
consist of a si)ecial lamp, such as one of those described on pages 15S to IGO, 
centered caiefully over one of tlie main stations. For other classes of 
work a special signal, called the reference or azimuth mark or referring 
object (R.O.), is erected. If practicable, it should be placed at a (listaiic(i 
of not less than a mile, not only to render negligibhj small errors of 
centering of the instrument, but principally to avoid the neci^ssitv for 
changing the focus of the telescope between the sights to the celestial 
body and to the mark. For the best results the mark should be nearly 
in the horizontal jjlane through the instrument, and should be raised at 
least four feet above the ground. The lino of sight to it should be nowhere 
less than this distance from the ground, to minimise the possibility of 
lateral refraction. 

For solar observations any form of opaque signal is used. In the case 
of stellar observations, the mark must consist of a lamp placed beliind 
a screen or in a box with an open top and provided with air holes in the 
bottom. The light shines through a vertical slit or a circular aperture 
in the face, the effective width of the signal being such as to subtend at 
the instrument an angle of about to I"" according to the grade of tlie 
determination. For the measurement in daylight of the azimuths of the 
survey lines from tliat of the reference mark, an opaque signal must be 
provided in the vertical of the aperture. This may be arranged by 
painting the lamp screen with a narrow vertical line centrally with the 
aperture. 

On primary traverses and on minor triangulation schemes, when 
legs or sides do not exceed two or three miles in length, a target, of a tv|»c 
similar to the one illustrated in Vol. I, page 81, may be used both for the 
observation of angles and for azimuth observations. This target has a 
small aperture which can be illuminated by an electric bulb, fitted into an 
attachment at the back, and worked from a 4-volt battery or accumulator. 

Methods. The principal methods of determining azimuth involve 
observations of : 

(1) Close circumpolar stars. 

(2) Circumpolar stars at elongation. 

(3) Ex-meridian altitudes of stars or the sun. 

(4) Hour angles of stars or the sun. 

(5) Equal altitudes of stars or the sun. 

(6) Circumpolar stars at culmination. 

Azimuth by Observations on Close Circumpolar Stars. The most refined 
determinations are possible by this method, which embraces several 
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systems of observation, each suitable for primary measurements. The 
observation consists essentially of the application of a method of precise 
angle measurement (page 219), by direction or repetition, to the observa- 
tion of the horizontal angle between the star and the terrestrial signal. 
Since the position of the star is continually changing, the chronometer 
times of tlie individual observations are required, and the chronometer 
error and rate must be known. From the corrected chronometer times 
the hour angle of the circumpolar star is obtained, and if the latitude of 
tlie place of .observation is known, tlie astronomical triangle PZS can be 
solved for the azimuth angle A. 

When the circumpolar ^itar is at elongation, its motion in azimuth is 
zero. A refined determination cannot, however, be obtained by observing 
at the instant of elongation, since repeated measurements are required 
foi the reduction of instrumental and observational errors. But a 
number of observations may be taken near elongation, ])referably before 
and cafter. .The nearer the star is to elongation, tlie less is the observation 
affected by smcall errors of time, but the influence of an error in the latitude 
is tlieii a maximum. The latter effect is eliminated by observing the same 
^,ta^ near both eastern and western elongation ; or, for greater con- 
venience, two stars differing in right ascension by about 12*' are selected, 
and one^ is obi erved near its eastern and the other near its western elonga- 
tion. 

, In the measurement of the horizontal angle between the star and the 
signal, the routine as to clianging face, swinging right and left, and 
number of zeros must be that followed throughout the survey (page 221). 
Oiui complete measurement involves so many observations that a star 
may be at some distance from elongation during part of them. The 
routine of angle measurement should not be curtailed, and, when the 
tinui is accurately known, entirely satisfactory results may be obtained 
by observing a clos(i circumpolar star at any hour angle. 

Observation. Suitable stars may be selected from the list of close 
eireurnpolars «)1‘ which the apparent positions arc tioen in 
r/arrs of Fu mhimuttal Stars for every day of the yc'ar. Of the northern 
stars, a Trso' .l////or/.s (i^i)l<(ris) is used whenever possible, and can be 
oliserved by dayli.irht uith the theodolites u.sed in tirimary triangiilation. 
if the sun is not too high. The other stars are much faintiu* ; of these 
ill II tVy)//r/, 6, A and ()K ( rstv Minoris are most frec|uently used. The 
s»)uthern close circumpohirs are all of smaller magnitude than the fifth. 
Th(‘ stars <t, i\ ^ jind p Ocianiis are useful, but for determinations by small 
theodolite's it may be necessary to observe llffdn (mag. 2*9) or ('hama- 
Irontis (imig. 4*4)*, which are? much farther frenn the pe)le. 

ApiKw nt Plavrs of Fundanu iital Stars give's the pe)sit ie)ns of 20 neirthern 
and 2() semthei n eire*uinpe)lar stars at upper transits feu* e'jich elay of the 
ye'ar te) a hunelivelth e)f a see’euiel of time in R.A. anel a hundreelth e)t a 
si'conel of arc in dc'clinat iem. The new* Star Ahnanac for Land Snrnt/ors 
gives the j)e)sitie)ns .e)f neuthern eircumpeilar stars- a Frstv Minoris 
(I^olaris). 51 H anel 8 l-rsa> Minoris—i\m\ 2 semtlu'rn edreumpeflar 

stars- f ////’, y and 8 Ortantis -ixt 10-day intervals threuighout the year 

te) a se'e*e)nel e)f time in R.A. anel a second e)f are in eleelinatiein. anel it alse> 
contains a spendpl table for Polaris which may be ustnl for latitude and 
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azimuth observaiions when Polaris is observed at any given date and time 
of day and results are only needed to a tenth of a minute of ar(\ The 
Nautical Almanac also contains tables for a Urs(r Minoris and 8 Octantis 
for every day of the year and for other stars at the usual lO-day intervals, 
but these tables are being diseontiniied in the \{)r>2 and siibsecjiient 
volumes. 

For observations in the northern hemisphere the times of elongation 
of Polaris are first computed (page 41). If daylight observations are 
impracticable, it will be ascertained whether it is possible to use Polaris 
during the hours of darkness. If not, it will be necessary to select stars 
which elongate at a convenient time and such' that the right ascensions 
of paired stars differ by about 12". For daylight obs(*rvations it is 
necessary to work out rough values of an azimuth and elevation nf the* 
star, or obtain these from special tables, and set tlu^ instrunuMit 
accordingly. 

When the direction method of angle measurement is used, the azimuth 
observations may be made in conjunction with the measurement of the 
horizontal angles of the survey. In each round of angles is included a 
pointing upon the star. The chronometer time of cacli bisection of the 
star is noted to O"*!, and the striding level is carefully read. If the instru- 
ment is fitted with an eyepiece micrometer, the bisections are made by 
means of the movable hair and not by the tangent scrcjw. The small angle 
measured by the eyepiece micrometer lies in the plane containing th(5# 
line of sight and the horizontal axis of the telescope. It must be reduced 
to the horizontal by multiplying it by the secant of the altitude, the 
approximate value of whicli should therefore be obtained. 

If the repetition system is employed, the angle between the star and 
one of the survey signals is multiplied in the usual manner, notwith- 
standing that the angle is changing. Division by the number of repetit ions 
gives the mean angle corresponding to the mean of the chrononi(‘t(*r tinu\s 
of the observations. 

A third method, capable of the highest degree of accuracy, consists in 
measuring by means of the eyepiece micrometer the small angle between 
the star and a signal placed nearly in the vertical of the star at elongat ion. 
The measurement is independcuit of readings of the horizontal circl(\ 
and a largo number of face right and face left pointings may lui secured 
in a short time. The altitude of the star should be observed at intervals for 
reduction to the horizontal of the angle given by the micrometer readings. 

Reduction. The azimuth angle A between the elevated pole and the 
star at any hour angle <, measured the shortest way from upper transit, 
is given by 

tan A = y- 5 7 : 

cos <p tan d — sin ^ cos t 

or tan A == sec ^ cot 8 sin t 
where a = tan ^ cot S cos t. 

The latter form is due to Albrecht, and in conjunction with his tables 
of log ^ commonly used. 
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Tlie valii(3 to bo taken for the hour angle is that oorrosjKmding to the 
mean of the eorrectcd chronometer times of the n observations forming 
a set. Tlie resulting value of A is then corrected for the curvature of the 
apparent ])ath of the star by the amount : 


Curvature correction for set 


tan A sin^ 8 2 sin^ 

n ^ sin r ’ 


where A^ represents the angular equivalent of the rlifference in sidereal 
seconds between th(‘ tirncj of an individual observation and the mean of 
the set. The correction, which is only applicable when the star is at or 
near elongation, always* re<luces the numerical value of A whether 
reckoned eastwards or westwards from the meridian. 


The factor 


2 sin^ JA^ 


in this formula will be found tabulated as 


Table XXV in Close and \Vint(.*rbotliam’s Text-book of Topographical 
Surveymgf or in th<^ companion volume. Field Astronomy, })oth of which 
are piiblislied by II.M. Stationery Office. 

If the horizontal axis is inclined during a pointing on the star or the 
signal, the liorizontal circle reading falls to be corrected by 

Level correction = -^(EW — EE) tan h 
In 

wliere d - value of one division of striding level * 

EW and EE — sum of west and east end readings, reckoned from 
centre, of bubble in direct and reversed po.sitions 
h = altitude. 


For the northern hemisphere, if the east (west) end of the axis is the 
higher, the iiloekwise reading of the circle is too great (small). 

In retined determinations, correction is required for the influence of 
the ab(*rration of light causc'd by the rotation of the earth. The effect is 
to place the apparent position of the star east of it^ rue position by 

the amount 0''-32 ^ ^ the value of which for close circumpolars is 

cos h 


always practically 0'''32. 

If the observed hour angle is in error by an amount A/, expres.sed in 
s(»eonds of arc, tlie error in the azimuth angle (or, if necessary, the correc- 
tion to the azimuth angle due to a corrt'ction in the hour angle), also 
ex])resse<l in seconds of arc, will be obtained by differentiating A with 
respect to /, holding (f) fixed, in the formula for tan A given on jiage ItM). 
d’lie result, after a little simplilication, reduces to 

>\A = — (sin <f> — cos (ff cos A tan h)Et 
— — cos 8 s(‘C h cos q At 
= — sin A cos q cosec t At 

wh(M*(^ q is the paraljatitic angle. From the second of these expressions it 
follows that, for a given error in time, the error in azimuth is least 
(1) wImui 8 is nearly 00'" in value, that is when the star is near the pole, 

♦ For a cloR(?ription of u method of dotorminiiig tho value of <i for a striding level 
see page 7S. , 
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and (2) when q is nearly 90° in value, or when the star is near elongation. 
From the first expression it will be seen that observations of cast and 
west stars will not eliminate the error in azimuth due to the error in time 
unless the stars are so chosen that the relation 

2 tan ^ = cos tan + cos Ag tan /tg 
is very nearly satisfied. 

If there is an error in the assumed latitude, the resulting error in 
azimuth is obtained by differentiating A with resi)ect to ^ in the formula 
given on page 100, keeping t fixed. This gives : — ■ 

^A = tan h . sin A . A^. 

Hence, pairing of east and west stars will tend to eliminate or to reduce 
the error in azimuth due to an error in the assumed latitude of tlie place. 
Reduction of an error in azimuth due to an error in latitude demands 
a small value of h and a small value of h decreases the error duo to an 
error in time. 

Azimuth by Circumpolar Stars at Elongation. The routine followed 
in a primar}’^ determination by observations of circumpolar stars as just 
described may be greatly simplified for determinations of secomlary 
accuracy. If Polaris, or other circumpolar, is observed within a few 
minutes on either side of elongation, the motion in azimuth is scarcely 
perceptible in the telescope of a moderate size theodolite, and the azimuth 
of the star may be computed as its azimuth at elongation. 

The time of elongation is computed in advance (page 41), and the 
instrument is set up and carefully levelled at least fifteen minutes before 
the time of elongation. About five minutes before elongation a pointing 
is made upon the reference mark, and the micrometer readings are taken. 
The star is then bisected, and after the readings are booked the telescope 
is reversed, and a second observation is made on the star. Finally, the 
reference mark is again bisected. A second set may be obtained without 
having to observe the star at more than five minutes from elongation. 
When local time is not known, the star must be followed with the vertical 
hair until it appears stationary in azimuth, and t he set is then completed. 
If the watch error has been carefully determined, several sets may be 
secured by extending the range of the observations to, say, 20"' on either 
side of elongation , and reducing the position of the star to that at elongation. 

When the star is at elongation, 

. cos S 

sin A = 7 

cos ip 

where A is the angle meJisurcd the shorter way between tlie (;l(;vated pole 
and the star. An approximate value for the latitude is sufiieicuit. 

When the star is observed not actually at elongation but at a small 
interval not exceeding 30 minutes of time from it, the correction applicable 
to the value computed from the formula for elongation, 

sin A = cos 8 . sec 
is given approximately in seconds of arc by 

c" = 1*96 tan A sin '**8 {1^ — if * 

* T>»i« expression is ciorived from tho term of Mio scH-ond order in tho expansion 
of Aj^ -|- A A -- f{ti{ -}- At) by Taylor’s theorem. 
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where tg —t is the sidereal interval in minutes between the time of 
observation and that of elongation. 

With a 5-in. or O-in. micrometer instrument the error of the mean 
result from a single star should not exceed 5^. With a large geodetic 
type tlieodolite the corresponding error should not exceed V, 

K'j'dinplc . On 1 94 I «r uly (> ut h placo in latitiidc) 55'^ fiO' 17^ N., im uzJmuth obsorva- 
tion was iiiado on l^oltiria at oastorii olon^atiuri, witli the results tabulated. The 
referring ol>j<!ct was oast of the star. Find its azimuth. 


Object 1 


llorlzoiital Circle JlcadlDgH | 

Mean 

AiikIcs between 
K.(j. uimI Star 


Mlcrd. A 

Micro. H 

K.O. 

L. 

» 0 m 

240 15 20 

15 35 

• 0 m 

240 1.5 28 

0 # » 

* no 41 13 

Star 

L. 

13.') 34 0.5 

34 25 

135 34 15 

) 

Star 

11. 

315 33 3.5 

33 40 

315 33 38 

' no 41 27 

K.O. 

li. 

()() 1 1 5.5 

15 15 

00 1 .5 05 

1 


Mean 110 41 2(1 


cos 

From A'..l.. p. 201. 8 f- ss° oS' 47^-2 log cos 8 - 8-2.’>(i.'>402 

log cos ^ 0*741);n()0 

log sin .4 -- S-5011732 
A = IMO'Or 

Tho star is at eastern elongation, 

K.O. is 1 12° 30' 2F east of north, 
or azimuth clockwise from north — 112° 30' 21^ 

Azimuth by Ex-meridian Altitudes of Stars. This inetliod is very 
generally \ised for determinations of other than primary standard. The 
observation has mucli in common with that for determining time by 
ex-meridian altitudes, and the two determinations m.. be combined if 
the watcli times of tlie altitudes are noted. A good knowledge of tho 
observer’s latitude should be available, and the astronomical triangle is 
solved for tlie azimutli angle. 

The star should be observed wlicn changing rapidly in altitude and 
slowly in azimuth. A favourable situation tlierefore occurs wlien the star 
is on the ])rime vertical, the influence of errors of observed altitude 
tluni l)c‘ing small. As in the corresponding observation for time, an east 
star should l)e paired with a west star of similar altitude, and suitable 
stars should hr selected in advance. 

The routine of ol).servation for either star of a pair consists in first 
bisecting the reference mark, the readings of the horizontal (circle being 
taken on both micrometers. Tlie telescope is then directed towards 
the star. Sin(‘(' the star lias a shnv motion in azimuth and a rapid one in 
altitude, ihr tel(\seope sliould be so pointed that the horizontal hair is in 
advance of tlie star. By means of the upper tangent screw the vertical 
hair is kejit upon the star, and the motion in azimuth is stopped when 
the star r(\aehes thr intersect ion of the hairs. The readings of both micro- 
meters on (‘aeh eireh' an' noted as well ns that of the altitude level. The 
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telescope is transited, the star again bisected, and tlic new horizontal 
angle to the reference mark obtained as before. A second set should be 
observed in the same manner from a new zero. 

The azimuth angle A is conveniently obtained from 

tan - — \/ sec s sin (jf -- li) sin (s — <^) see {s — p) 

1 ^ 4" p 

where s = ^ 

V/ lo tilways treated as positive, and p is measured from the elevated 
jKjle. The resulting value of A is the horizontal angle between the 
elevated pole and the average position of the star during the observation, 
and is measured the shorter way, east or west. This quantity is applied 
to the mean horizontal angle* between the star and tlie refereiice mark 
to give the angle between the latter and the elevated pole*. The possibility 
of confusion as to signs is avoided if the notes include a diagram showing 
the relative ])osition of the pole, the star, and the reference mark. 4'lie 
calculation of the azimuth of the reference mark is repeated from the 
otlier star of the pair, and the mean is accepted. Determinations made 
in connection with deliberate iTmp])ing should lx* bas(*(l upon two or 
three pairs of stars, when the error of the mean is not Iik(*ly to cxccmhI 5". 

Owing to the curvature of the path of the star, the mean of the two 
azimuths, when a star is observed face right and face left, is not e.xactly 
equal to the azimuth corresponding to the mean altitude. If the mean 
altitude is taken to compute the azimuth, the correction to lx* applicxl 
to the computed azimuth angle, measured east or west from the ('l(*vat(‘d 
pole, is given in seconds of arc by : — 

AA =-- cot q sec- h (sin h -2 cot A cosec 2q) (A//)" sin V 

where q is tlie pandlactic angle and AA is the dilferencc* in el(*vation, in 
seconds of arc, between the two observations. Normally, if tin* two 
o})servaf ions are taken quickly, AA will lx* small, and the correction, for 
all ordinary work, may bo, and usually is, neglected. 

This formula may be derived by using 'Faylor’s Tlieonuu to (*xi)and 
A + JA in terms of dh in the expression : — 

. . , . , sin S - - sin <}> sin (A + dh) 

A + dA = cos-1 — -n~-; h V 

cos 0 cos (A -f’ dh) 

The trigonometrical co-cflicicnt in the fornuda is then I’la* term 

in dh in the expansion cancels out in the mean. 

Tlie parallactic angle, used in the above formula, may be obtaincxl 
from : — 

sin (7 — cos ^ sin A s(;c 8. 

In computing the correction it is only necessary to use four- or livci- 
figure logarithms, with values for the various angles to the nean*st 
minute or so. 

Example, On 1935 Juno 8 in latitude 55° 00' 11" N., ex-ineridian altitudes wrn* 
observed on a pair of stars with the results tabulut(Ml. A eoinpass bearing sIiowimI 
the referring object to be about 9'’ wf?st of nerth. Kind its azimuth. 
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W 

Aloari horizonta.1 Corrootod mean 


Star 

an;;le from Ji.O. altitude 

rj (Jrsoi Majitris (west) 

80 52 01 

00 54 33 

8 (east) 

102 00 45 

GO 02 54 

V 

UrsfjB Majoils. ^ -- 

- [ 49^ 38' 10* 


h 

cc; 54 aa 




= raj cm ii 



7» 

== 40 Ul 50 



Sum 

loa 2'2 34 



.y 

=- SI 41 J7 

log .sec — 

OS300444 

8 — h 

-- 14 40 .44 

log sin = 

0-4000020 

fie 

1 

=-- 25 35 Oci 

loi; sin = 

0 -6353320 

a -- 

--- 41 10 27 

log sec 

0-1243083 



Sum = 

0-0003379 



log tan — 

0-0031089 



vl 

90 25 05 wo.st of north 

Augln lH;t\ve<‘n H.(J 

. ami star =-= 

80 52 01 


Jt.O. we.s 

1 ot north 

9 33 04 

8 C'j'jxi- 8 1 4 4’ 

O / ^ 

58' pr 


h 

00 02 54 



0 

50 00 11 



p 

-- 45 01 50 



Sum -- = 'Is 

101 10 55 



s 

SC) 35 2S 

log see 

0-7SC5380 

s -- h 

20 32 34 

log .sin 

9-5151910 

S (/> 

21 20 17 

log sin — 

0-01752S2 

a p 

- 35 33 3S 

log SCO — 

O()8!)0417 



Sum -- 

0 03SS095 



log tan ^ — 

0-0194497 



A = 

92 33 54 oa'»t of north 


Anisic ln-(\o‘vii 11. 0. ami >lnr — 

102 00 45 


11.0. »)f north 

9 32 'i 

Motin ivsiilt 




11.0. u 

est of north — = 

9 32 57-5 


Tlu' errors in a/.inwitli diK' to errors \h and :\(f} in the observed altitude 
or in tiu' assunu'd latitude of the place mav be found by difTercntiatiiig A 
with respect to A, kiM'ping (ft fixed, or with respc'ct to keeping h fixed, 
in lh<‘ expression - 

sin 8 — sin sin h + cos 0 cos h cos .1. 

The rc'sults arc' : - 

A.-l — - (tan tf) — tan h eos .1) cosc'c .‘lA/i 
cot q . sec h . A/i 

Ad ~ (tan h — tan (f> ec»s eosc'c dA<^ 
cot. t . sec (f ) . A(^. 

H<‘nc-e. errors in* altitude ^^ill have tlu‘ li'a-t I'lTcrt wlieii q is hO^. or 
is nearly !M) i.r. whc'ii th(‘ star is at or nc'ar elongation, and errors in 
the' assunu'd latitude will have the least elVeet when the hour angle t is 
ecpjal to or lU'ar to \)i) \ Both conditions cannot he fulfilled at the same 

• K* 
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time but we note that, when the star is on or near the meiidian it will 
be moving rapidly in azimuth and slowly in altitude, and when it is 
on the prime vtTtieal it will be moving slowly in azimuth and rapidly 
in altitude. Aeeordingly, the rule commonly given and used Ls to observe 
stars on or near the prime vertical. In these circumstances, A 00' 
or 270'^. If ^4 - 00°, AA - tan - tan hA<l}, so that th(‘ errors in 
the eoni]nited azimuth due to errois in both the assumed latitude and 
the observed altitude are inde])endent of the star and aie the same for 
all stars for tlu‘ same values of h, and Ah. Moreover, if .4 - 270°, 
AA - - tan - — tan/fj<^, and consecpiently taking the mean of 
the results of observations of east and west stai-s, obs(‘rv(‘d at the same 
altitude on or near the ]>rime vertical, will tend to (*liminate the etfi‘cts 
of errors of asMiined latitude and of errors of like* sign and magnitude* 
(such as errors in the cemiputeel values e»f the refract iem) in the e)bserveel 
altitude. If the stars are not observ(*d e)n ea* very n(*ar the* prim* ve*rtical, 
they should be observeel in adjoining ejuadrants on either siele e)f the 
meiidian, so that cot J iis we*ll as ce)se'c J Inis elilTcienl signs fe)r the* 
two stars. Again, if there should be eemsiderable denibt abeiut the re‘al 
value e)f anel the magnituele of A<l> may be much large*r than tlnit e)f Ah, 
the star's jiositiem shemld be (*hoseu to minimise the ctTcets e)f erre)rs 
in (f), i.c, the henir angle sheiuld be 270’ e)r 00°. in w'hie*h e*ase ce)s A 
tan^ee)t<^. If, on the other hanel, the error in the observe*d altituele* 
is likely to be greater than the error in the assumeel latituele*. it is aelvisable* 
to observe stars at or near elongation, as in that i)osition the (*lfe(‘ts of 
errors in oi)served altitiule au* reduced to a minimum. 

Azimuth by Ex-meridian Altitudes of the Sun. In finding azimuth 
by ex-meridian altitudes of the sun near the ])rime V(*rtical, observations 
in the morning sliould be balanced by a similar set in tiu* afternoon. Tin* 
general features of the measurement are the same as for a star. 



Fig. 41. Fiu. 42. 

Since the required altitudes and horizontal angles are tho.s(* to the 
sun’s centre, the hairs should be set tangent ial to two limbs simultaneously. 
After changing face, the opposite limbs an* obs(*rv(*d. Tin* appearance 
at contact presented by the ordinary Ilamsden diagonal ey(*pieee for tlui 
two observations of a set is as in Fig. 41. The motion in azimuth is slow, 
and the vertical hair is kept in contact by the upp(*r slow motion screw, 
the sun being allowed to make contact with the horizontal hair. If the 
telescope has no vertical hair, the sun must be placed in the opposite 
angles as in Fig. 42. 

A set of observations consists in sighting the reference mark and 
then the sun with telescope direct. The telescope is then reversed, and 
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the opposite limlns of tlie sun and finally t})e reference mark are sighted. 
This Hvi may he followed hy a H(;oond one in which the limbs should be 
taken in the reverse order. TIkj time of each altitude mc^asurement is 
noted, so tliat the approj)riate valiu; of the sun’s declination may be 
interpolated for use in the computation. 

The reduction is perforiried in the same maniK^r as fr)r the corresponding 
star observation. 

As in th(5 (ias(i of a star, if the mean of the face right and face left 
observations is used to compute a single mean azimuth, a correction for 
the curvature of the sun’s path may have to be introduced if the greatest 
])?ecision possible is to be obtained from the results. This correction is 
given on pag(i 104 and is applied as in the case of a star. In the case of 
the sun, however, when ob.sorvations are made in opposite quadrants of 
the reticul(», an additional correction is necessary because the azimuthal 
angle of tlie sun’s diameter varies witli the altitude. Hence, if there is 
an appn^ciable difference in altitude between the face right and face left 
observations, a correction to the mean azimuth, due to this difference in 
altitude, may have to be ap|)licd. This corniction, for the mean of tw'o 
observations on opposite limbs as in Fig. 41, is given by : — 

A.4 = icr sin F * sec h . tan h . AA 

where a is the angular semi-diameter of the sun in minutes of arc and AA 
is the diff(‘r(‘ne(j in altitude of the sun’s centre betwt^en th(‘ two observa- 
tions. If AA is in seconds of arc, Ax4 will also be in seconds of arc. As 
the sun’s altitude increases in the morning and decreases in the Jifter- 
noon, the correction is to bo added to the aziniuth angle, measured the 
shortest way from tin* (4('vated pole, for a morning observation and to be 
subtract e<l from it for an afternoon observation. 

It should be noted that the AA to be us(‘d in computing this correction, 
as W(41 as that to In* u.s(*d in computing tlie correction for curvature, is 
not the actual measured difference in altitude between the two limbs, 
but th<' difference in allitiuh* hcdwceii the tw^o positions of the sun’s 
centre. If tlu^ telesco])e is an ordinary invtuting one, a.* will nearly always 
be the ca.se, and Figs. 41 and 42 re[)resent the actual views in the tele- 
sco})e, then the first observation in the morning (afternoon) will be 
taken to the lower (upper) limb 
and tlui .s(»cond to the upper 
(lower) limb. In this case, 

AA is equal to the ineasunMl 
difference in altitude winus 
the sun’s angular diameter. 

The formula for this cor- 
rection may be proved as 
follows : — 

In Fig. 4a (a) Z is the zoiiitli, 

S tlio eoiitre of tlio sun ami F tho 
point whore a veVtieal plan (a) (b) i 

through Z touches the sun’s liml. 

In tiu' spherical triangle ZSK tlr 
angle ut K is a ri^ht angle, the sid. 

ZS is equal 1<» - h. and the angle »SZK is the dilTereiiee iii aziiiuith between 

S arul K. 'I'heii.^if the iiruriilar .sciiii-diaiiiett'r SF a, wehavo: — 
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sin a _ sin (90® — h) 
sinZ~~ sin 90° 

or, as a and Z are both small, 

Z = a sec h 

As the altitude ohanges by the small amount dh tho change in Z will be given by 
difforeiitiating Z with respect to h. This gi\ es : 

dZ = a soc h . tan h . dh. 

Here a is in radians and, if it is expressed in minutes of arc, wo must multiply it by 
sin 1'. Hence, for tho mean of two observations on opposite limbs, tho correction 
to the azimuth is given by : — 

A^4 = ia sin 1' . sec h . tan ?i . Afi 

where Ah is the difference in altitude of the sun’s centre between the two observa- 
tions. 

In all ordinary work for which sun azimuths arc likely to be observed, 
this correction, as well as the one for curvatiir*' of path, usually 
neglected. The latter correction, however, may be considerable if AA is 
large, and, in such circumstances, it is as well to compute it if accuracy 
is desired. 

Since the method of ex-meridian altitudes is not suitabi*' for bodies 
observed near tlie meridian, and if observations to the sun Iiave to l)e 
taken in the late morning or early afternoon, it is bidtcu* tlien to di'ptuid 
on observations based on time rather than on altitud(\ 

Azimuth by Hour Angles of Stars or the Sun. This method rc>embles 
that of ex-meridian altitudes, except that, in place of measuring altitudes, 
the chronometer times of the observations are recorded. Horizontal 
angles are measured between the reference mark and east and west stars 
near the prime vertical. From the corrected mean of tlie ehronoiiKder 
readings for a series of observations on a star the liour angit* corr(*.s])onding 
to the mean horizontal angle is obtained. 

Various formulae for ^4 arc available, that generally ust‘d being 

tan A — tan t cos M cosec {M — <^) 
in which 31 = taii"^ tan 8 .sec t. 

In applying the formula, t is measured in arc the shorter way from 
upper transit, and is always po.sitive ; ^ is positive for north latitude's 
and negative for south ; .4 is the azimuth angle from tin* north ])art of 
tho meridian measured the shorter way, east or we.st. In redueing fon*- 
noon and afternoon observations on the sun, 8 is interj)olated for the times 
of observation. 

Largely owing to the fact that a knowledge of the chronometer error 
is required, this method is less commonly u.scd tlian those of (‘X-meridian 
altitudes or circumpolar stars at elongation. It is, however, a better 
method than ex-meridian altitudes, as it is not afh'cted by (urors of 
refraction, and near the prime vertical errors of time havcj very little 
effect on the result. 

In precise work a correction for the curvature of the path of the 
heavenly body may b? applied to the mean of the face right and face left 
observations. If the mean hour angle is used to compute tho azimuth 
angle tho correction to tho latter is given by : — 

AA'' = — t sin A cos ^ sec- h (cos h sin 8 — 2 cos A cos <f>) x (AO* X sin V 



FIELD ASTRONOMY^OBSERVATIONS 1 09 

in which At ia tlio difference in time, expressed in seconds of arc, between 
the face right and face left observations. This expression is zero at 
ciiiniination, and at elongation it reduces to the form given on page 101 
with 71 = 2 and written for iAt in the expression there. 

If this correction is to be applied to solar observations taken in opposite 
quadrants of the reticule, the At to be used is the time interval betwecTi 
the two positions of the sun’s centre, not the time interval between the 
actual ob.servations to the limbs. In this case write P instead of Z in 
Fig. 43 (a), *whore P is the* celestial pole, and the sides PS and PE of the 
triangle PSE each become 90® — 8. The angle at P is then given by : — 

P = a sec 8. 

Hence, the correction to be applied to the observed difference in time to 
obtain At is 2a- sec 8, taken witli its proper sign. If a is given in minutes 
of arc the result will also be in minutes of arc. 

The errors in the. computed azimuth angle arising from errors in the 
observed hour angle or in the assumed latitude arc similar to those 
given on ])age 101 for the case of circumpolar star observations by means 
of hour angle's. When the star is on the prime vertical, A = 90°, and the 
formula) reduce to 

— — cos q cosec t At 
AA = tan h A<^. 

Azimuth by Equal Altitudes of a Star. By measuring the angle sub- 
tended l)(‘tw(‘en th(' referenci* mark and a star in two positions of equal 
altitude, the angU* l)»*l\veen the mark and the meridian is given by half 
the algebraic sum of the t wo obs(‘rv(»d angles. The method is independent 
of a knowledge of the star’s co-ordinates, but, unless the observations are 
taken before and soon after the culmination of the star, when errors of 
altitude are serious, it is open to the objection that the determination 
may involve a wait of several hours. 

Several observations are made with the star east of the meridian. 
The reference mark is first sighted, and the star is bib» «/Led by both cross- 
hairs. An ecpial number of observations are made with the telescope 
direct and reversed, and the altitude as well as the horizontal angle is 
noted for each. For the west series the same altitudes are set on the 
circle, and for each individual altitude the same face as before is used. 
At each obs(*rvation the star is kept bisected by the vertical hair, and the 
motion in azimuth is stojqx'd when the star reaches the horizontal hair. 
The algebraic mean of all the horizontal angles represents, without 
correction, tliat betweifii the n'ferencc mark and the north or south part 
of the meridian, according to the ])osition of the star. 

Azimuth by Equal Altitudes of the Sun, In this case a series of hori- 
zontal angles is measured between the reference mark and the sun in 
the forenoon. In the afternoon a similar series is observed with the 
sun at the same altitudes. Since the value of the altitude is not required, 
it is sufficient to ohw'i vc the upper or the lower limb throughout, but an 
equal number of sights should be taken on the right and left limbs and 
with the telescopic direct and reversed. 

On account of the change in declination in the interval between the 
morning and atternoon equal altitudes, the moan of the horizontal angles 
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does not represent that between the reference mark and the meridian. 
The watch time of each observation should be carefully noted, and the 
value of the correction is computed as follows. 

Let c = angular correction to be applied to the algebraic mean of the 
observed angles to give the angle between the reference 
mark and the meridian 

t = half the interval between the times of equal altitudes 
(f, = observer’s latitude 

S^; = sun’s declination at the average of the morning observations 
8,p = sun’s declination at the average of tlv afternoon observations 
Then c = ^(8„ — 8^) sec <f) cosec f. 

When the sun’s declination is changing towards the north (south), the 
mean of the observed azimutli angles lies west (east) of the meridian for 
places in north latitudes, and vice versa for soutli latitudes. 

This formula may be obtained by diflFerentiating A with resivct to 8, 
keeping h fixed, in : — 

sin 8 = sin 0 sin h cos ^ cos h eos A. 

The method of determining azimirth by observations of (‘qiial allitudes 
of star or sun yields inferior results and is seddom used. Its only real 
virtue appears to be that a result, suitable for rough purposes, may be 
obtained without computation or the use of tabl(\s of any kind. 

Azimuth by Circumpolar Stars at Culmination. A rough deternnnation 
may be obtained by observing the horizontal angle betw('(ui the reference 
mark and a circumpolar star on the meridian. The wateh (‘rror must 
be known, and the wateh times of upper or lower transit of two or more 
circumpolar stars are computed in advance. 

The reference mark is observed shortly before transit of the first 
star, and the telescope is then pointed to the star, which is kept bisectcMl 
by the v^ertical hair up to the computed instant of culmination. The 
horizontal circle readings are taken, and the reference mark is again 
bisected as a check on the stability of the instruiuiMil. No cliange of 
face is possible, and the observation of the B(*cond star sliould be made 
with the telescope revers(‘d. 

The smaller the polar distance of the stars the bettcT. The accuracy 
is largely dependent upon that with which the tinu* is known. 

By observing pairs of stars, each ])air consisting of one* star above the 
pole and the other below, witli tlu* instrument s(‘t v^cry close* to the 
meridian, a primary determination of azimuth may be obtann'd. For 
primary work the method is very similar to a ])rimary dett^rmination of 
time as already described on pages So to*S7. For any star observed very 
close to the meridian, we have, after the level correction has been appliecl, 
the equation : — 

R A, = c -f- ^ ”1“ ^A -f“ cG 

where e is the clock error, T the chronometer reading, a the required 
error of setting of the instrument in azimuth, A = sin z sec 8, c the 
collimation error and U = sec 8, the signs of A and U b(*ing in accordance 
with the sigas given in the table on page Hfi. Differentiating the two 
observations of a pair by the suffixes 1 and 2, and putting a = R,A,y the 
right ascension of the star, we have : — 
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“i = e + T, 4- aAi + cOi. 

„ «2 = e + + aAs + cC.. 

Heiico, 

^ _ («2 a,) - (T, ~ Tj) - c(02 - C\) 

{A^ — A{j 

aa and aj aro known, and aro ohsorvod and A^, A^ and Cjj, can 
be calculated. (>V)nsequently, if we know the value of c, the collimation 
error of tin*- instrument, or if it is zero, we (*an at onc(‘ calculate* a. If c 
is not known, e)bservations of two pairs of stars will enable it to be elimi- 
nated from the (*quation.'^, and its value to be determined. 

All tlie quantiti(*s entering into the equations must, of course, be 
expressed in the same units, arc or time, preferably arc, as a is required 
in seconds of arc. 

It may be not(*d that, in observing for time, we choose stars culminating 
north and south of tlu* zenith ; in observing for azimuth, we choose stars 
culminating above and below tlu* (‘levated pole. In the former case w’e 
get a good determination of time and a ])oor azimuth ; in the latter a 
good determination of azimuth and an in(liff(‘rent time. 

To us(* this method, it is n(*ces.sary to be able to set the instrument 
so tliat the line of collimation is very approximately in the meridian, 
and this means cither pn^liminary observations to enable a sighting mark 
to be laid out with the necessary accuracy, or else the existence of some 
point which can be used for sighting to and whose azimuth from the 
point of observation is fairly accurately known. It is not always con- 
venient to take prcliininar\ observations, and a sighting point whose 
azimuth is accurately known may not already exist on the ground. For 
secondary work, howev(*r, good results can be obtained with a w'ell- 
collimated instrument set only approximately in the nuuidian, sa}' by 
compass within a degree or so. 

This apiiroximate method is more fully describ(*d, and examples 
given, in the War Oflice publication Field Astronoyny. 

For j)iiinary work with an instrument provided wiili eyepiece micro- 
nict(*r with ^ertical movable hair, it is convenient to have the sighting 
point set very approxinuitely on tlie meridian, so that the angle between 
this point and the line of collimation may be measured by the movable hair 
of the micromet(*r. 'J'his is often not po.ssible at a t rigonomctrical station. 

Near the ecpiator, of course, it is not po.ssible to use the method at all, 
either for primary or for secondary w’ork. 

Combined Observations for Time and Azimuth by Observations of Two 
Stars in the Same Vertical Plane. In No. 39. Vol. VI of the Em.pire 
Survey Iteview for January, 1941, McCaw' has described a method by 
whicli azimuth and time (lan b(' observed together off the meridian at 
one set up of the instrument. This method, w'hich is a modification of 
the one just described, consists in observing the times of passage of two 
stars — one an equa*torial time star and the other a circumpolar star — 
across the same vertical ])lane when the theodolite is set at any azimuth 
suitable for the observation of a circuinimlar star. It involves a know- 
ledge of the collimation error of the instrument, and it is suitable for 
primary determinations of both time and azimuth. A full description of 
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the method, including a numerical example, will be found in the paper, 
which shows how the errors of level and collimation may bo accurately 
eliminated from a method otherwise well known. 

Corrections to be Applied to Observed Azimuths in First Order Geodetic 
Work. Although too small to be a]>plicd to any work other than that 
intended for a geodetic survey of the first order, there arc two corrections 
to observed azimuths wliich, for the sake of completeness, should be 
mentioned here. Tlie first is the reduction of the com])iited azimuth for 
height above sea level of the azimuth mark wluui this lieight is larg(‘. 
This correction arises from the fact that the,eurth is an ellipsoid of 
revolution, and is not a perfect sphere. The consequence is that the 
plane which contains the normal drawn through the azimuth station and 
passes through the azimuth mark does not contain the normal through 
the latter point. This correction, in seconds of arc, is given by : — 

c-A 

+ ^ — rk cos^ (k sin 2A 
2a sin 1 ^ 


where a is the earth’s equatorial radius, er 



being tlie earth’s 


polar radius, and h is the lieight above sea lev(*l of tlie azimuth mark, 
expressed in the same units as a. Taking e and a as (h^tiiu'd by t lie ("larke 
Spheroid of 18GG, and with a and A in metres, the corr(‘ction heeoiues : — 
+ 0*()00109A.cos2(/>sin2A. 

The second correction is the correction of the observed azimutli to the 
mean position of the earth’s pole. This correction senietimes biK'onies 
necessary on account of the fact that the earth’s pol(‘ dees not nunain 
absolutely steady with reference to the featur(*s on the (*arth’s surface, 
but varies with time. The motion is small and rather irn‘gular and 
aflfects observations for latitude and time as well as for azimutli. For the 
latter it may be as great as half a second of arc in lalitudi' 50'^ -N. The 
co-ordinates of the “ iastantaneous pole ” and data for eorri‘cting observed 
azimuths u.sed to be publislicd by the Jnternational (jlcodetic Association 
but are now published by Professiu* (Vcchini, DiriM-teur di* rotlici* ( 'iMitral 
du Service des Latitudes, 1’he Ob.servatory, Turin. Thc» correction, 
however, is not one which need be applied in anything but the most 
refined geodetic work. 


DETERMINATION OF LATFrUDIO 
Observations for latitude nearly always consist in measuring the 
altitude of a celestial body when it is eitlier on or near the meridian. The 
determination of latitude is equivakuit to measuring 
the altitude of the pole, and this may be obtained 
from the meridian or circum-meridian altitude of a 
body of known declination. 

The latitude of the place of observation is 
related to the meridian zenith disfance z of a celestial 
body of declination S as follows. 

T^t ^ and 8 bo marked + or — according as they 
are north or south, and c + or -- according as the 
zenith is north or south of the body for the northern 


— - 
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hemisphere, and the reverse for the southern. Then ^ = ?. + 8 when 
the body is at upper transit, as at S„ Sg and S 3 in Fig. 44 . 

If tlie star is at lower transit, .as at S4, the declination should be taken 
us th(i angUi from the equator through the pole to the star, i.e, QOS4 or 
180"^ — the tcabiilated deelination. Hence ^ = 2 + 180° — 8 . 

Methods. The principal observations for determining latitude may be 
summarised as : 

( 1 ) Talcolt’s m(‘th()(l of meridian altitudes of stars. 

( 2 ) ('ircum-meridian altitudes of stars or the sun. 

(*^) M(;ridian altitudes «f stars or the sun. 

(4) Altitude's of Polaris. 

(5) Ex-meridian altitudes of stars. 

( 0 ) Equal altitudes of stars. 

Latitude by Talcott^S Method. Precise latitude determinations are 
made by means of the* zenith telescope (page 57 ) by the method devised 
by C^iptain 'Faleott of the U.S. Corps of Engineers about the year 1834.* 
Less rcdiiu'd (h‘terininations may be obtained on the same system by the 
use of a theodolitfj fitted with an eyepiece micrometer and having a 
sensitive' altitude h'vel. 

O’lu' oljsc'i vat ioM consists in measuring tlie small difference in meridian 
zenith disiuue(* oi’ I wo stars culminating on opposite sides of the zenith 
at very lU'urly tlu' sanu' altitude and within a short time of each other. 
In Fig. I t let Si and So repn'senl two stcurs of declination Sj and 83 
res])('ctively, and let llu*ir m(*ridian zenith distances in latitude ^ be 
respc'ctively and - z^. 

'riien 6 Cl + 8i — Zo + 82 
2rji — 81 -f So + 2:1 — c, 
or 0 = i(Si + 80) + i(Ci — Co) 

'riu* d(‘eIinations being known, ^ is therefore derived from the measure- 
ment of tlu' dilT(*r('nec of tlu* meridian zenith distances. 

The method k'lids itself admirably to precise deteiminations. The 
north aiul south stars .selected to form a j)air arc such as have nearly the 
same zenith distance, so that z^ — can be accurately measured by mean.s 
of till' eyepiece micrometer. The refraction correction required is only the 
ditTeri'iice between those applicable to the individual zenith distances, 
and the effect of uncertainty in the value of the refraction coefficient is 
therefori' negligible. In addition, .small errors of pointing, arising from 
eiror of collimation, dislevelment of horizontal axis, or inaccuracies of 
setting in the mi*ridian, exercise very little infiuenee on the measurement 
of the small quantity Cj ~ z.^. 

Observations in Talcott’s Method. A primary determination having a 
])robable error of measurement not exceeding ± O"*! involves the observa- 
tion with the zi'uith telescope of from ten to forty pairs of stars, and 
rei[uires from one to three or four nights* work. An observing list of 
pairs of stars is first ])repared, and for this purpose the latitude should 

'Pile iiu'IIumI \\a> llfsl (h'M rihed l»y IVter Mnnvlmnv in )>iit was then over- 
looked. to lie redisi'overed iiiid dext'k^ped independently l)\ lideott a Inindied >ears 
later. Henet* it is often called tin* I lorrehrow-Taleott method. 
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be known to the nearest V. Suitable stars are selected from a modern 
star catalogue, and must fulfil the following conditions : — 

(1) The zenith distance should not exceed 20® to 25® in order to guard 
against too great uncertainties in refraction. With a modern catalogue 
observations may be confined to within about 15® of zenith distance. 

(2) The difference in zenith distance of stars forming a pair should 
be within range of about one-tliird of the angular fiehl of the micrometer. 

(3) The interval between tlie times of transit of the stars of a pair, 
or their difference in riglit ascension, should for accuracy and con- 
venience of observation be not less tlian 1 J'" or greater than 20"‘. 

(4) The interval between the transits of the second star of one pair 
and tlie first of the next should be not less than 2'". 

(5) The sum of the north zenith distances in a series should balance 
as nearly as possible that of tlie south zenith distances to minimise errors 
arising from inaccurate knowledge of the value of a micrometer division 
and irregularities in the screw. 

The setting of the telescope in zenith distance for the observation of a 
particular pair of stars is the mean of their zenith distances or half their 
difference in declination. Tlie setting angle for caeli pair is tabulated to 
the nearest 1' in the observing list, aiwi the right ascensions are also 
tabulated to the nearest quarter minute to show the sidereal intc'rval 
between transits and to aid in the identification of faint stars. 

The telescope is placed in the plane of the meridian, and the azimuth 
stops are set by first sighting a previously established meridian mark. 
The adjustment is finally effected when the times of transit of two or 
more stars, referred to a sidereal time chronometer* of known error, agree 
with their right ascensions. In observing the first of a pair of stars, the 
movable hair is placed at the ])osition at which the transit is expected. 
When the star reaches the middle third of the field, it is biserded, and the 
micrometer and latitude level readings are taken. Tlu‘ telescope is then 
swung through 180® -in azimuth, the clamp block being brought gently 
up to the second azimuth stop. The hair is approximately set for the 
.second star, which is similarly observed at transit. In tlu? interval 
between the two observations of a pair no change* must be made in tlie 
inclination of the telescope relatively to the latitude level. Occasionally 
a star has to be observed a little out of tlu* meridian although wdthiri the 
field of the telescope asset. The sidereal time of tlu* ob.s(*rvat ion is th(*n 
noted so that tlie observed zenitli distance may be reduced to the required 
meridian zenith distance. In the case of binaries, both stars of tlu^ jiair 
are observed. 

Reduction. — The fundament.d formula 

(f, = + Sg) + i(2i — z^) 

in which the subscripts 1 and 2 refer respectively to the south and north 
stars of a pair, may be rewritten toexiircss Zi — Zg t erms of tlu^ corre- 
sponding micrometer readings. It therefore b(jcom(?s 
<l> = i^(8i + Sg) + J(mj — mg)T 

in which and mg are the micrometer readings for tluj south and north 
stars respectively, and T is the angular value of one turn of the micro- 
meter screw. This exprc'ssion applies jf the micrometcu’ rcuidings increase 
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with increasing zc^iiith distance ; otherwise the signs of and are 
reversed. Tlic values of the declinations must bo computed for the nights 
of tlie observations from the elements given in the star catalogue unless 
the star happens to be in tl»e Nautical Almanac list. In the case of a star 
below the pole 180° — 8 is inserted in the formula in place of 8 . 

In the reduction of each pair of observations it is necessary to apply 
corrcctifms for the inclination of the latitude level during the observations 
and for refraction. 

Level Correction, The correction to altitude for a single observation 
being \d{p — E) (page 7S)^ that to be added to zenith distance is \d(E—0), 
The respective corrections for the south and north stars arc therefore 
\d{Ei — Oj) and \d(E 2 — 0^^ and the correction to i(zi — Z 2 ) or to <ff is 

The level rccadings are commonly booked as nortli and south end readings 
of the bubble, in which case, writing for Si for 0 ^, S 2 for 
and N 2 for Og, the level correction may be expressed as 

Refraction,, Cemrdon. This correction is the difference between the 
refraction corrections applicable to the individual zenith distances, 
and, as its value is small, it is sufficient to assume mean atmospheric 
conditions and to use the formula r = 58" tan z. If rj and rg are the 
respective refraction corrections for the south and north star observations, 
the additive correction to \(Zi — Zg) or to ^ is i(ri — ro) which, since 
Zi — Zg is small, may be evaluated by differentiating r with respect to z 
and then putting dz = ^(z^ — Zg). Tliis gives : — 

dr = 58"..J(Zjl — Zg) sin V sec® z = 0"-017.J(Zi — Zg) sec® z 

where Zj — Zg is expressed in minutes. 

With the level and refraction corrections applied, tl.» latitude formula 
therefun? beconu*s, with T expressed in seconds 

^ J( 8 i + 82 ) + iT(mi - m 2 ) (I + 0-00028 sec® z) 

+ |((xV,+iV%)-(6\+S2)) 

Reduction to the Meridian, When a star is observed out of the meridian, 
the line of sight of the teleseoi)e being maintained in the meridian, the 
correction to In? ap])lied to tlu* zenith distance of the star, as observed, 
to give the meridian zenitli distance is 

sin® sin 28 cosec I" 

in wliich t is the hour angle of tlic star at tlie instant of observation, and 
8 is its declination. Half of this amount rejwsents the correction to 
the latitude, the sigti always being positive in the case of stars of north 
declination and negative for stars of south declination and stars below 
the pole. In the event of both stars of a ])air being observed out of the 
meridian, the value of the correction is computed for each. The proof of 
the formula is as follows 
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In Fig. 45 S is the star observed very close to tho inoridian. Tim lino of roilinmtion 
lies along ZP so that zenith distances are inoasiired in the vortieiil plane through 
ZP. Draw an arc of a groat circle ST perpendicular to the meridian. 
Then ZT is the nioasiired zenith distance when tho star is at S. The 
declination of the star does not change while it moves from the meridian 
to tho position S. Honco its position when on tho meridian will ho at Q 
where PQ = PS = 1)0** — 8. anil ZQ will bi* its zenith distance wh(*n 
on tho meridian. TQ — Ac is thus tho correction ri'f|uired. 

In tho right-angl 'd spherical triangle PS'f. angle at P /, side 
PS = 90® - 8 and side PT - 90® - S - Az ^riien : - 

tan PT =- tan PS cos P 
.*. tan (90® - 8 - Az) -- tan <90® - - 8) ims /. 

.\ tan (8 -b A:) — tan 8 see i 
Expanding tan (8 + Az) by Taylor’s Theorem, wo have ; 

tan 8 Az sec* 8 -p . . . = i 

1 — 2 sin^ i/ 

= tan 8 (I -I- 2 sin* 1- . . .) 

As U and A: are both very small, wo can neglect powers of A: higluT than t!»c fn^t 
and powers of sin U higher than tho second This gives : 

.*. Az sec* 8=2 tan 8 sin* 

Az = sin 28 . sin* \t 

Here Az will bo in radians. To convert it into seconds wo have : 

Ac"' — sin 28 sin* {t coscc I* 

Latitude by Circum-meridian Altitudes of Stars. This is tho most 
accurate of the methods commonly used in fi(*ld determinations for imippiug 
purposes. It consists in observing a series of altitudes at noted lim(‘s of 
each of several stars for a few minutes before and aft('r transit, h'rom 
the hour angle of the star at the instant of each observation tin* ims'isiiri'd 
circum-meridian altitudes are reduced to th(‘ meridian, and tlie mean 
result furnishes a belter measurement of meridian altitudi' tlian ean be* 
obtained directly. . 

The effects of an erroneous value for tlic refraction correction, peisonal 
errors of bisection, and instrumental flexure are reduced to a minimum 
by observing an equal number of north and south stars in pairs of similar 
altitude. The method requires a good knowledge of the clironometer 
error. 

The stars selected are such as have a meridian altitude not l(\ss than 
45® to avoid irregular refraction. The n^ductions an^ simplilied if an 
upper limit is assigned to the altitudes, and this may Ik; ])ut at SO®. From 
an approximate knowledge of tlie latitude; of the* place the limits of 
declination of suitable north and south stars are known, and from an 
approximate value of the longitude the re([uire(l right ascensions an; 
obtained so that the transits will occur at a convenient time and at 
suitable intervals. An observing period of about 20'" sliould be allowed 
for each star. 

The observation of each star is commenced alA)ut 10" brdore the 
computed time of transit. The altitudes* arc observed in rapid succession, 
the chronometer time*of each being recorded to the n(*arest O'-l or (P'2. 
Observations are continued for about 10'" after transit. The m easurements 
for each star may consist of an equal number of face rigid and face loft 
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altiiiidos, i)nt cliarjgo of faco is unnecessary and inadvisable if the observa- 
tions arc adequately paired on north and south stars. There should be 
the sanu; numbfjr of observations on either side of the meridian in order 
to ivduc('> ili(‘ effect of an < rroneous value of the chronometer error, 
llie reduction to the meridian is computed as follows : — 

Lf't Zq - - ob.serv(;d circum-meridian zenith distance, corrected for 
refraction, and positive or negative according as the zenith 
is north or south of the star 
z -- required meridian zenith distance 

2 i “ a])proximate .merirlian zenith distance, deduced from the 
grc'at(‘.st observtid altitudes 

^1 l^ditude derived from 2 ^, positive or negative 

according as it is north or soutli 
t -- hour angle of star when observed 
S = declination of star 

A = cos <f> cos 8 coscc z = cos cos 8 coscc Zj very nearly 
__ 2 sin^ U 


Tlien 2 ■ = — Ain 

Witli gnsi^ i- "’‘'ciifacy, z = Zq — Am + Jhi 

where B ^ A - cot z, and n = ■ - j 

sin r 


The approximate formula z — — Am is usually sufficient provided 

tlie observations arc oonfified within a period of 10*'' on either side of 
transit and tiu* star is not too near the zenith. The value of A used is 
that (l(Miv(‘d from th(‘ approximate values of the zenith distance and 
latitu<l(*, an<l, strictly, a second approximation should be made with the 
closer valu(‘s of z and obtained from the first. Since m is a function of 
sin- i/, and t is small, the correction to Zq varies as the square of the hour 
angle, and, in eonse(|uenee, the mean of a number of ^served altitudes 
or zenith distance's doi's not correspond with the average of their chrono- 
meter times. 'I’he observations cannot therefore be averaged in the 
usual way. 

Till' values of till* variable m sliould be taken out for the individual 
observations, I'ither by calculation or from tables for the reduction of 
eiieum-nu*ridian observations to the meridian. 

If z'o =- the aritlnuetieal mean of tlie observed zenith distances, each 
eorieeted for refraction 

m' ~ the arithmi'tical mean of the individual values of m 
then z = z'o "" 
and — z ‘H 8 

Tlie value of z may be worked out for each observation in order that the 
degree of consistency in the values may be ascertained. 

To prove the formula for the correction proceed as follows 

cos Zq — sin 8 sin ^ + cos 8 cos 0 cos t 

— sin 8 sin ^ -j- cos 8 cos ^(1—2 sin* JO 
cos (8 — — 2 cos 8 cos ^ sin* J/ 
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In Fig. 45, Zq= ZS ; z, the zenith distance on the meridian, is ZQ, and, since 
ZQ + QP = ZP, s + 1)0° - S = 00° - 0, HO that r - 8 - 
Hence, 

cos Cq = cos 5 — 2 cos 8 cos ^ sin® 

2 sin — " sin — — = 2 cos 8 cos </> sin® 


Let 2 q = z Az Then, 


sin (^z I- 


sin cos 8 cos ^ sin® 


By Taylor’s expansion 

sin ^A5[sin z -f \Az cos 5 — {(Ac)® sin z , . cos 8 cos ^ sin® 

Writing sin JAc =• JAi, wo have : 

^z sin z + i(A5)® cos 2 — ... — 2 cos 8 cos ^ sin® 

As a first approximation take 

. 2 cos 8 cos , 

A 2 — ^ sin* \t. 

sin 2 

Inserting this value in the second term, and neglecting all siicccciling terms in 
the expression on the left-hand side of the equation, wo get : - 

* . ^ - 1 2 cos® 8 cos*^ . ^ , 

Az sin 2=2 cos 8 cos 0 sin® It r— 5 cos z sin* 

sin® 2 

or, for Az expressed in seconds of arc : 

. 2 cos 8 cos ^ ^ 2 cos* 8 cos®«^ • a 1 , 

Az = — : : sm* U — — r-r : tTT COt 2 SlU* J/. 

Sin 2 Sin K sin® 2 sin 1 


Tabulated values of the factors m and 7i will be found in I’abli* XXV in 
Close and Winterbotham’s Text-book of Topographiail Surveying. 

It should be noted that the difference between this correction and 
the one relating to Jalcott’s method is that in the one case the zenith 
distance is measured in the vertical plane containing the zenith and the 
star, whereas in the other it is measured in the plane of tlie meridian. 

With a 5-in. or (3-in. micrometer theodolite, the error of latitude 
derived from a single pair of stars should not be more than about 3^. 
Observation of ten pairs of stars should give the latitude correct to 
about I''. If a large geodetic type of theodolite is used the error will be 
reduced accordingly. 

As the star is moving almost at right angles to the nu^ridian, a small 
error in time will produce but a very small error in z. 

Latitude by Circum-meridian Altitudes of the Sun.— In ai)plying the 
method to solar observations, the precision is much decreased since the 
observations cannot be paired. The altitudes are measured to the upper 
and lower limbs alternately. In reducing to the meridian, the value of 
the declination should, strictly, be computed for the instant of each 
observation, but practically it is sufficient to use the dc^clination corre- 
sponding to the mean instant of the set. 

* Note that, as Fig. 45 is drawn, z in the formula ^ = z j 8 is to ho taken with 
a negative sign in order to conform with th'* convention regarding signs given on 
page 112. 
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Example. On 103S J uno 15, in longitude 4“ 6!)' 05' W., circum-meridian observa- 
■ions of tho sun gave the ro.:Rilt9 tabulated. The altitudes given represent the 
neans of the two micromotor readings corrected for level. The error of tho watch 
vaa known to bo 17"> 04'-4 fast on L.M.T. Find tho latitude. 


Object 

Fftco 

Watch Time , 

[ 

ObsrT\cd Altitude 

Pair of Max. Ob> 
.served Altitudes 

llemarka 

f) 

b. 

h 

12 

111 

0!) 

a 

eIJO 

o 

5(i 

53 

m 

06-5 

o 



liar. 30-1 in. 

U 

K. 

12 

12 

51) 0 

i 

57 

25 

43 0 




Ther. 72“ F. 


K. 

12 

15 

30-2 

1 56 

54 

400 

56 

54 

40-0 


(7 

L. 

12 

IS 

31 S 

57 

26 

13 0 

57 

26 

130 


1) 

L. 

12 

21 

32 0 

56 

53 

5S-5 





T) 

U. 

12 

2:5 

55-4 

57 

24 

510 







17 

05-2 

57 

00 

45-S 

57 

10 

27 



(1) True fn'nt * distance, 


Moan observed altitude 

— 

• 

57 

9 

09 

45-8 

Moan refract ion = 37*6 





Haro:n«*tc‘r correction — -f^'l 
'fi mperatnro correction —1*7 





Refraction 

:.-r 

_ 


360 

Parallax x cos 57° 


-1- 


4-7 

True altitude 

=r. 

57 

09 

14-5 

^ 0 

(2) Watch time nf L.A.,\ . 


32 

50 

45-5 


h 

m 

8 

From .V. 1., p. 25, <4.M.T, of -t. X.N. 


12 

00 

06-9 

Correction for longitude 




-f 0-2 

b.M.T. of L.A.N. 


12 

00 

071 

Rut watch is fa.st on L.M.T. by 



17 

04-4 

Watch reading at L.A.X. 

== 

12 

17 

11-5 

(3) San's S at nnan instant of observation. 


h 

in 

8 

^loan of ob.servcd watch times 

srr 

12 

17 

05-2 

Watch time of L.A.X. 

=s 

12 

17 

11-5 

Mt'an instant of ob.servation is before L.A.N. by 




6-3 

1 J.. A. T. of observation -- 12‘‘ iy“« 56^-3 --6'**3 

= 

12 

19 

500 

From N.A., p. 25, 5 at G.A.N. 


f 23 

17 

11 7 

Correction 

= 

-1- 


2 2 

S 


-1-23 

17 

13-9 

(4) A ftproviniatc meridian zenith distance and latitude 0^. 


e 

0 


^lean of two greato.st observed altitudes 

= 

57 

10 

27 

Refraction and parallax 

=.• 

— 


31 

Approximate meridian altitude 


57 

09 

56 


= 

32 

50 

04 

a 

=s 

23 

17 

14 


=■ 

56 

07 

18 
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(5) Am\ 

Sun's hour angle at each observation = clifforonce betwei'u watch time of observa- 
tion and watch time of L.A.N. 



t 

m 

ni 

a 

• 

4 

IS 5 

104-8 

4 

110 

34-0 

1 


4-6 

1 

20-3 

3-5 

4 

20-5 

37-0 

0 

431) 

89 0 

Mean = 

m' — 4o-0 


(0) latitude. 


Li log m' 

l-GoOO 

log cos <j>i - 

9-, 7402 

log cos 5 

9-9031 

log cosec c I — 

0-20r)8 

log Am' = 

1-0341 

Am' - 

43*1 

Am' = +32 

50 02 

S - 123 

17 

14 

^ -- 1 5(i 

07 

10 


Latitude by Meridian Altitudes of Stars. Tiie nuvisnrcnient of a meridiati 
altitude does not enable accidcuital errors of obsiu vatioii to be n'diieed 
so effectively as in the case of the multiple obsiuvatioiis of eireum- 
meridian altitudes. The reduction of meridian observations, hovv(*v(‘r, is 
so simi)lc that the number of stars observed can Ik* suitably increased 
without undue labour. 

The direction of the meridian may not be aecnrat(*ly known, and the 
watch time of transit shoukl be computed in advanct*. Strictly, one 
observation of each star is all that can be obtaiiUKl, but it is usually 
possible to secure two readings, since the altitude of the star is elianging 
slowly near transit. If the watch error is unknown, the star may be 
followed with the hprizontal hair until it appears stationary in altitude. 
After the level and circle readings are takim, a second alt it ude is measured 
as soon as possible, on tlie reverse face in the ease of an unj)air(*d star. 

Errors of observation, refraction and instrument arc effectively reduced 
by observing pairs of north and south stars of similar altitude culminating 
within a rhort time of one another. The observation is then similar in 
principle to Talcott’s method, and the, pairs of stars are s(‘lt‘ct(Kl on similar 
lines. The altitudes of the north and south stars of a j)air being nearly 
equal, it is unnecessary to change face, sirico only the dilT(*renec (ff the 
corrected zenith distances is required in computing the latitude. With a 
5-in. or 6-in. micrometer theodolite, the latitude deduced from meridian 
observations of a pair of stars should be within V or 5" of the truth. 

Latitude by the Meridian Altitude of the Sun. Measurement of the 
sun’s altitude at apparent noon affords only a rough value of the latitude 
owing to tlie impossibility of balancing the observation. The method is, 
however, very useful for rough determinations, and ia that employed in 
navigation. 

Both faces must be used in a theodolite measurement. The watch 
time of apparent noon should be computed in advance, so that the 
altitude may be taken as nearly as possible on the meridian. Otherwise, 
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the liorizontal liair is kept upon the upper or the lower limb until the 
greatest altitudci is attained, or a series of altitudes is measured in quick 
succession on alternate faces at about the time of transit, the greatest 
altitude derived from a E K. and E.L. pair being accepted as the meridian 
altitude. Tlie dilference between the greiitest altitude and the meridian 
ahitud(j, due to changing declination, is neglected. 

b'lml tlio approximalo iatitiiilo given by tho following ineridiuii observa- 
tions ot tho sail inarlo on I!):!.') .funo IS in longitu(l (3 4^ 51)' 05'' W. The observations 
giv(‘n ;iro tho pair showing tho groiito.st altitinJo. 


Object 

Faco 

Altitiiile 1 

I,c\cl 1 

llcririrl*' 

Mieri). 1 

Micro. 11 

Mean 

E 

0 



u . « 

7' T~ 

O / JT 




() 

b. 

5b IT 20 

IT 25 

5b 47 22 5 

13 

14 1 

Ibir. 30- 1 111 . 








Thor. 70° F. 


II. 

57 1!) 15 

1!) 35 

57 ID 40 

15 

12 

J..ev el (liv.— 8 


57 03 31 


i. 'Vol corit'otiun - x S 


28 20 
- F 

Mran ol)';oi vtMl altitutlo 


“■= 57 03 27 


Moan rofraotion --- 37 

Ihiininotor correction ~ f- 1 
'I’oinpiTiitnro correction == — 2 


‘in's / h I*, at Ij.A ..V. 

loMgit'uh' in tiino ID'" 5tr 


Refraction 


— 

30 

'"'•7 cof>57^ 


-i- 

5 

I'riiij iiltjtudu 

— 5 1 

02 

56 

- 

- 32 

57 

04 


o 



», 8 at (.i.A.y 

i 23 

10 

42-9 

C’oi lection 

- 


2-8 

5 at L.A.X. 

- f 23 

10 

4 b 

z 

-- - 32 

57 

04 

<!> 

— ob 

07 

50 


Latitude by Meridian Altitudes of a Circumpolar Star at Upper and 
Lower Transits. If tlic altitude of a eiivumpolar star can be measured 
at. both upper and lower transits, the latitude is given bv half the sum 
of the altitudes separately eorreeted for refraction. A knowledge of the 
deelination of the star is not requireil. 

The method is of limile<l value in the field. The two observations are 
separated by twelve sidereal hours, so that they ean ho made with small 
instruments onlv when the liours of darkness exceed twelve. 

Latitude by Altitudes of Polaris, if the error and rate of the chrono- 
meter are known, latitude may he determined by observing the altitude 
of Polaris at anv instant. 

The observation consists in taking a set of alternate face right and 
face left altitudes in sueeessio!! and noting the chronometer time of 
each. The avertig(‘ of, say, two face right and two face left altitudes is 



122 


PLANE AND GF/)DETIC SURVEYING 


assumed to correspond with the average of the chronometer times, and 
from those the latitude is computed. .Several such sots should bo observed, 
and if the resulting latitudes arc consistent, tluMi- mean is accepted. 

The latitude <f> is computed from 

<f) = h — p cos t + sin V sin® t tan h 
where h = observed altitude, coiTect(‘d for refractfion 
p = polar distance, in seconds 

t =z hour angle = L.S.T. of observation - R.A. of.Potom. 

The second and third terms of the formula (jonstitutc' two corrections 
in seconds of arc, to the measured altitude. The sign of the first is con- 
trolled by that of cos t ; the second is always positive. FurthcM* correc- 
tions are omitted since their sum is always fi'ss than V, 

Since the observation of low altitud(‘s is to be avoided on account of 
uncertainties in refraction, the method caimot bo applied in low latitudes. 
Errors of refraction affect the result by tlieir wliole amount unless the 
observation is paired witli an observation of cinMjm-meridian altitudes 
of a soutli star of similar altitude, when the atcuraey of the determination 
becomes little inferior to that of circum-meridian altitu(h‘s of jiain'd stars. 

It is easy to derive tho almvo foimiila hy putting tf) ~ h \ dh and tlu»n substi- 
tuting this value in tho equation - 

sin h ~ oos p sin ^ -| sin p ros (j> cos /. 

p and ilh are small angle.s so that wo need only take flic liist l\>\v tcMins in the expan- 
sion of the siiio.s and co.sine8. Xcgli'ctirig all Uu'ins l)c> ond those of the second order 
we obtain - 

— — sin h — -- sin h + dh cos h -|- p co.s h cos t — pdh sin cos t 1). 

A first approximation gives dh -- -- /leos/. Insert this valin* of dh in tlie .second 
and last terms and tho result, after reducing /> and f/A from radians to seconds, is : - 

p- 

dh = — jj co.s t -p — tan h sin - 1 sin K. 


Example. On 193.1 Juno S in longitude 4® .19' 0.1" W., the menu of four observed 
altitudes of Polaris was o.l^ 21' 44", the avorago nf the local mean times being 
23*‘ 38'“ 04'''.1. "I’ho barometer and therinomet<M' rearlings were 3tt l in. and ,17° K. 
respectively. FirnJ the ];ititndo of the station. 


tjf --- h ~p cos t 1 i sin 1" .sin= 

t tan h 


h 

e 


• 

Observed altitude — 

Mean refraction 39 

Harorneter (rorreetioii -- P 1 
Temperature corrc'etion ~ — 1 

r>.i 

21 

41 

lt*;fract ion 


- 

39 

h 

r>r> 

21 

tt.l 

V 

o 



J>f*e. of Polaris ^ 

ss 

.17 

12 2 

V 

1. 

02 

47-8 


h 

in 

R 

L.M.T. - 

23 

3S 

04 .1 

L.S.T. (ns in E.rample 9, p. 40) - 

Ifi 

43 

19 

H.A. of Polaris — 

1 

39 

10 

Hour angle — 

1.1 

04 

39 
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First correction, 

logp=-- 3 i57Gl 
lo^r i) S405n 

Siiiri -i: 3*4160 

First correction — 1-2610*— -|-43' 30* 

fiiecomi correrlion, 

log i 9*600 
2 log p 7- 152 
log sin 1* - - 4*686 
2 1ogsiiU -^ 9*716 
log tan h -- 0*160 
Sum - 1*413 

Sofoml enri«*<*tioM - - |- 26* 

0 55'^ 21' 05* -f- 43' 30* | 26* 

56° 05' 01* X. 



iS^ote. Fig. -16 illii'.t nilrs (lu^ position o*f the star for the above observation. 
AFM represents the alniucantar, r>r Muall circle of 
wpial altitiules, through P. 'J’ho sum of the 
corrcsitions is rcpre^i iiletl l>y the angle SOL. 

Latitude by Ex-meridian Altitudes. Evi- 
dently an ex-nuMidian altitude of a star 
of known derlinalion would enable tlui 
astronomieal t«iaiigl(* to be solved for (f> if 
lb(» time of tlu* obsm’vat ion wiu'e known. 

An ae(jurat(^ knowledge of t and therefore 
of tb(*. watch error at the instant of ob.serva- 
tion is re([uir(*d. Tie* obsersation should consist of altitud(‘ measure- 
ments of pairs of north and south stars disposed on both sides of the 
meridian. The metliod, liowever, is little used, and is much inferior to 
that of eireum-meridian altitmh'.s, siiKH* the* etfi'ct of errors of time and 
altitude on tin* derived latitude inen^ases from a minimum when the 
body is on the mei idian to a maximum w'lien it is on tlie prime vertical. 

An accurate knowledge of the watch error is not required if observation 
is made of two altitudes, either of the same star or of dilfenuit .stars. In 
this ease, latitude aud tinu' can i)e obtained if the interval between the 
observations is aeciirati*ly known from the watch rate. For, if S and S' 
bi» tin* two stars, triangle FSS' can be solved for SS' and angle PSS'. 
Triangle ZSS' (*an lx* solved for angle Z8S', which enables triangle PZS 
to be solved for PZ, tiu' co-latitude, and ZPS, the hour angle of S. The 
accuracy of tlie derivi'd latitude is largcdy dependent upon having one of 
the stars near tlu' nu'ridian. 


Latitude by Equal Altitudes. Several metbotls of latitude determination 
are based upon ob'^iuN at ion of tlu* times of equal altitudes of stars. Until 
n'cently these methods bad not been ap])lied to any extent in field 
astronomy, but llu'y bavi* now been sueoessfully employed on the Peru- 
Bolivia and Brazil-Holivia boundary surveys, and have been extensively' 
used in Kgypt.* Siwee tlie actual altitude is not required, the results are 
inde])end(*iit of eireh* n'adings. The observation is that for which the 
prismatic astrolabe (l>ag(' tU) has been primarily designed. 


• Modoni Methods of Finding tho LntiLndo with a Thnodolito,” by Hr. Ihill. 
The Orogniph leal Journal, tluno 19)7. 
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Equal Altitudes of Two Stars. The altitude, declination and hour 
angle of a star, and the latitude of the place have the relationship 
sin h = sin ^ sin 8 + cos 0 cos 8 cos t 

If, therefore, two stars of declinations 8^ and 83 respectively are 
observed to have the same altitude h with hour angles /j and /gi liave 

sin <!> sin 8^ + cos cos 81 cos = sin sin 83 + cos ^ cos 83 cos 
whence ^ is derived independently of /?. 

The stars forming a pair must be situated north and south of tlie 
zenith, and should not differ greatly in right ascension. They should be 
observed near the meridian, and the watch errbr and rate? must be accu- 
rately known. 

Equal Altitudes of Three Stars. To avoid tlie necessity for an exa(!t 
knowledge of the watch error, observation may b(‘ made' of tlnc<» or more 
stars at etpial altitudes. Both latitude and tinu* may tluui bi» obtaiiK^l, 
and this method is better ada])ted for tu^ld determinations than the hist. 
If only three stars are observed they should bi‘ a])proxiniat( ly 120® apart 
in azimuth, preferably with one near the meridian. If mnn* stars are 
used, they may be observed in sets of four, one in each quadrant, as for 
the case of the prismatic astrolabe (page OS). Tlu^ wat(;h rate must Ix' 
known so that the intervals betwc'en the observations may be accurately 
obtained. If these intervals Jire denoted by and io for a thre(»-star 
observation, then 

sin h = sin sin 81 d cos <{) cos 8^ cos 

sin h == sin ^ sin 83 + cos cos 83 i*(>s (t^ f i^) 

sin h — sin ({> sin 83 + cos </> cos 83 cus (^i H- io) 

from which by subtraction are obtained two simultaiK'ons (‘({iiat i<»ns for 
<f) and ti. The solution is consichr-ably simpliti(‘d by assiuiiing v alius for 
^ and the wattdi error and computing the valiu* of h for each observation. 
The results, /ig and will in general differ’ frern the* true* altituele* h 
because eff errors in the assumed values, but if 

def) — corre'ction to assume’el latitude* 
di = correction to watch 

rf<^, dt and h are obtainable from the simultaii(r)us ee[uations 
— h — cos + cos <l> sin J ^dt 

I12 — h = cos ^Ig + cos ^ sin ^1 o^lt 

7^3 — ceis A 3 d<f> + cos sin yl j dt 

where A is the azimuth of erieh obs(*rvatie)n, e*ithe*r e)bscrvi‘il eir com- 
puted, reckoned clockwise? throiigii 360® freni north, and the* te*rni con- 
taining d(l> becomes negative for place's in the southe*rn he*misphcre‘, <f} 
being reckoned jiositive whether north eir south. If meire? than tlire*e? 

stars are observed, the reduction may be ])erfe)rnicel by tre*ating the* 

observatiens in gremps of three as an alternative to the* rigeirous m(*thoel eif 
least squares. Alternativ(*ly, eme of the methods a])})licable* tei eibserva- 
tions with the prismatic astrolabe may be used inst(*ad (page 71). 

Instead of observing three different stars, tin? mt'thod may be modifiiul 
by using two stars and observing one f)f them twice. The doubh? observa- 
tion on the same star on opposite sides of the meridian giv(*s t lu? wat(*h 
error, and the reduction is simplified. 
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Dr. Ball states that, if carefully carried out, the three-star method 
applied to a single set of stars with one not more than an hour or so 
from the meridian and with a level sensitive to S'' per division, usually 
giv(;s tin; latitude to witlnri 3^ of the truth. 

This method is the one used in connection with the prismatic astrolabe, 
the only difference being that, with the theodolite, stars may be observed 
at any altitude whereas witli the prismatic astrolabe the altitude is fixed. 

Corrections to be Applied to Observed Latitudes in First-order Geodetic 
Work. As in the case of observed azimuths, corrections have to be 
applied to observtjd latitudes on account of the o])serving station not 
being at s(*a h^vel and for flu* variation of the position of the earth’s pole. 
Botli of these corri‘ctions art* vitv small and can saft'ly })e neglected in all 
tmgineering or to] )og rapid cal wt)rk. The first is duo to the spheroidal 
sheoc of the earth and tlu* manner in which gravity varies with latitude 
and hciglit above sea level. Its value is given by : — 

= - 0'’*052A . sin 2^ 

where A is the h(*ight of tilt? observing station above sea level in thousands 
of feet. This correction, which is zero at the equator, is always subtractive 
numerically no matter whether the latitude is north or south. 

Tin* s<*cond c^orreedion is dm* to the small variations in the position of 
the earth’.^ pol;' vvi^h resj)ect to time that liave been referred to on 
pag(i 112, and it is oiitaincd in the same way as the similar correction for 
azimuths from data provided by the results of observations, covering a 
long period of time, at certain fixed observatories. 

t)etkr:\itnati()n of longitude 

Sinc(* th(‘ longitude of a place* is the diff(*rence between its local time 
and that at tlu^ reference nv*ridian at the same instant, observation of 
tilt* difference of time betwc*en two places <letermines their difference of 
longitude. 

l)et(*rminations may be classed as relative or absolu* By a relative 
m(»asurement is meant one in which the longitude of one place is found 
from the known lungitiuh* of another by observing the difference of time 
betw(*en tluun. In an absolute determination local astronomical observa- 
tions an* ma<le for ( Jrccnwich time, and the required longitude is obtained 
directly from the meridian of Greenwich. Absolute methods are all of 
inferior precision, and need not be further considered. The only relative 
method that is now employed is the comparison of local time, as found 
by astronomical observations, with Greenwich mean time, as broadcast 
from one or more wireless stations. 

Wireless Signals, (ireenwich mean time signals arc sent out, at stated 
hours, from a number of ])owerful transmitting stations, situated 
in various parts of the world. The Admiralty List of Radio Signals, 
Vol. II, published annually, gives full particulars of the time of emission, 
wave length, and type of signal sent out by each station. Any changes 
are notified in the weekly Notices to Mariners, Although various 
types of signal are sent out, the “ Standard Rhythmic * signal is the 
one which is made use of by surveyors for longitude observations 
because it permits of an easy and accurate comparison between the 
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wireless signal and a chronometer. Tlie data included in the list of 
signals which follows have been kindly supplied by tbo Ast.ronomer 
Royal. This list only gives a limited selection from the times and stations 
available, and more complete details will be found in Vol. II of the 
Admiralty Lint of Radio Signals. In any case, as changes in these* signals 
may take place at any lime, it is always well to consult the* latest issue* of 
the veilume just retcrre*d to be*tbre any [)rograTnme* ibi* (»bse*i‘vat ion is 
drawn up. 
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which arc sent out at the rate of 61 dots ]icr miiuete* <if m(‘an time, fea* five! 
consecutive minutes. The ze*ro e)f the se‘rie*s, and the* end e)f ewich minute*, 
is marked by a dash instead of a elot. 'fhe* duration e^fa elash is ahead 
0*4 sec., that of a eled about O l se‘e*. 

Reception of Wireless Signals. The nud hod of ree'ci ving t he* time* signals 
is as follows. The surveyor must be* e*cpii])pe‘d with eithe*!* a me*an time? 
or a sidereal time chronom(*te*r, beating half se (;e)nds. We shall assumes 
in the first instance that he lias a mean time* (dirone»me*te*r. Since the 
wireless signal consists of 61 beats to the* minute*, he* will he ar tlie wire*le'ss 
beats overtaking the chroimmeter beats until the two ceiincide*. Coinci- 
dence appears to be Ujiaintained for a fc,w se*conds, and then the wir(*lesH 
beats go ahead of the chronomete^r. "J'he surv(*yor must theui elctermine^ 
which particular beat of the wireless coine;ide‘el with which be*at of the 
chronometer. To do this he coimks the wire*le*aH l)e*ats ; the first beat 
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after the dasli is “ biie,” tlic* .s(;coii(l heat “ two/’ and bo on. As the wireless 
and ehrononietcM' lM*ats approach coincidence, he notes the correspondence. 
For instanc(^, h(j finds th(5 28ih wireless beat corr(\sponds with the 4th 
second of tlu^ chroiiometi Tlie. heats appear to coincide exactly from 
the ilOtli to the* ‘Uth wiieless heal. He therefore records coincidence as 
oecjiiiTiiifjj on tluj .‘32nd windless heat. Tliis heat corresponds with the 
Sth se(^ond-on clironometer. 

'Idle following is a rec(;rd of a (iomplete olisorvation : — 


.lliijibv 'rjiiui Si^rud 

Mf-aii 3’imn f 'lironomotor 
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111 

beat 
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It) 
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55 

:V4 
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56 
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55 

09 

1) 

.57 


9 

55 

09 

6 

58 

:n 

9 

51 

09 

0 

.51) 

X2 

9 

58 

08 

6 

57 

:52-(ii> 

9 

5() 

08-60 


ddu* win*Iess h(»als iriiisl he n^dneed to .s(*c«)nds ; since there are 61 beats 
to a inimile :32-t)t) h(*ats e(jiial ;i2*60 X 60/61 seconds, i.e. 32-07 seconds^ 
Mene(‘ the (ireeiiwicli time of tin; mean wireless signal was 0’' .'^7'" 32'-07 
aial the ehrononieter timt‘ !)»* 51)"* 08^*60. The chronometer was therefore 
pn 23'-47 slow on (hrH*nwieh mean time. 

If a sidereal tine ehronomet(‘r is used tlic coincidences will occur at 
inti-rvals of aj)pro.\imat<*ly 72 sidereal seconds. 

/>/»’. 'riio followmiz were ol>sorved on 1933 .liino 1, with a 

( innM l)r(nnMii< trr. 
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.“«) 29 

:u 43 
oS ."»() 


Sidoroal I'iniH Chronometer 


siLrnaU 


111 

30 

37 

3!) 

40 

3S 

50 


57 

5S 

30 

31 
3S 

3 


42 

54 

07 

19 

30 50 

30 f 36 beats 
35-41 

05- 41 

43-50 S.T. 

06- 17 
49-67 
30-50 

40-83 on G.S.T. 


'TIm* iiw-iiri id tlie 

:0i lit-ats - 3<» \ 60,61 '^eeonds — 

Ab'iin of Kuiiby -.i^inals ^ 9 

9 I' 57" 05' 11 turn* ---■ 9 

(i.S/r. of O'* on Juiu* 1 — 16 

(J.S.'r. of nn'iiii Kuijby ^^iVnal “ 2 

Mean of eliroiioniftor times — 2 

Chronometer fa«5t 

It is i)(.s.ibk- to ..bs.TV0 coiiioidciK-os U,i the half-second beat oi a chrono- 
meter as well as on Ihe full second. But in most instruments the half- 
second heals <lo not fall exactly at the half second. It is advisable there- 

^^'isq^pment receiving sets iitted "ith frame 

aerials are ma<le for the reception of time signals A surveyor in anv 
part of th(‘ world ecpiipped with one of these sets should be able to hear 
till' tiiiip HiiTiuds from ot h'list ono st<\tioii. ... r 

Piecise Reception . 0 ! Wireless Signals. Accuracy m the reception of 
timTSnaU “Tst attained lyv reducing, or eliminating the pemonal 
errors made hv the observer in estimating the moment of coincidence. 
IWiiS errors can he eliminated by tveording both the chrouometo and 
iSE tot. an . cl,ro,.og«i,l.. But tile recording .ppur.tu. mtrodacM 
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a time lag which may be a source of serious errors. I'lie best and simplest 
method is to arrange for the chronometer to short circuit the wireless si*t 
on each full-second beat. As et>ineidence ap})roael](\s, llie wireless dots 
arc progressively shortened until at coincidence oik' or two are completely 
suppressed. In this way the exact moment of coincichuiee can be deter- 
mined with great accuracy. 

Although every precaution is taken to send out time* signals at the 
scheduled time, small errors, amounting to a few hundredths of a second, 
are unavoidable. The daily corrections to be applied to the signals sent 
out from the principal stations are published in subsc^quent issu(‘s of the* 
Admiralty Notices to Mariners and tlu‘ Balleiin Iloraire, 

Correction for Time of Travel of Wireless Signals. The vi loeity of 
propagation of radio waves is the same as that of light, which is approxi- 
mately lSr),2S0 miles per ."■econd. lienee, if the station of observation is 
a long distance from tlu' tiansmitting stat ion. the ohs(‘rvi‘d time* of n*eep- 
tion of the signal should lie retluced by sees, per H)0 miles of 

distance betAveen the reieiving and transmitting stations. Hh* (list a nee 
a between these two stations can, if iu*eessary, lx* ealeiilat(*d by slich* rule 
or 4-figiiie logarithms fiom tin* formula 

cos a -- sin sin I 

or from 

tan M - cos cot (/>o, 
k sin (jy.f s('e .1/, 
cos A*sin(</>, I M), 

W’heie and (f)o aio tiu* latitudes of tiu* two station, and A/. th(‘ir 
difference in longitude. Having found tiu* angh* u, (‘\pri\>s it in (hgii'i's 
and deeiinals of a degoH*. when the eorn'etion foi’ tine* (»f tiavel (»f tiu* 
waves is given diieet b\’ 

61 M*es. 

This correction is usually V(*ry small and may lx* neglected in all hut 
first-order woik. 

Approximate Determinations of Time and Longitude from Wireless 
Time Signals. The rhythmic time signals, tiu* use of which is dti.Muihcd 
above, arc designed for accurate determinations of tinu* in w’hich the 
probable error iiccmI not exited a few' hundr(*dths of a sfx'ond of tinu*. 
These are to be u.sed for a(3curate work but it v(*ry (jft(*n happi*ns that 
an approximate longitude, or jxn approximab* (ln*onwich M(*an Time, 
accurate to a sec(md or so only, i.s all that is rc({uir(‘d. Wlu*n this is so, 
the choice of statiems and of signals is gr(\*itly extend(Ml, as a numln*!* of 
stations radiate; time signals which do lUit involve; the prinei])le of a time 
vernier, but are (*mitted at int(*rvals of oiu; scMJond of time. Accordingly, 
the single seconds can easily be pick(*d out and times can be c‘stimat(3d to 
tenths of a second. 

At present there is no uniform syst(*m for tiu; tnyismission of wirel(*ss 
time signals, but, apart from the rhythmic time signals alr(*ady d(*scribcd, 
the following are most commonly used : — 

(1) Greenwich Time Signal (as radiated by the h.R.G.). 

(2) International (ONOGO) System. 
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(3) Oiiogo (Modified) System. 

(4) United States (New) System. 

I h(\s(i tlifferont systems are fully explained in the Admiralty List of 
Radio SignalSy Vol. II. 

I he ( Greenwich time si^' iials sent out by the B.Ji.C. consist of six dots or 
^ s!iecessiv(^ seconds, the last dot indicating the exact 

hour. Tfuise signals are emitted from different stations and on different 
waveJengtlis throughout the day both on the Home and Overseas Ser- 
vices, certain emissions in the Overseas Service being directed to Africa 
and certain others to North America. Up-to-date information about 
these emissions can be obtained on application to the B.B.C. Washington, 
whose call sign is NSS, also sends signals throughout the day, using 
diffcM’ent wav'clengl hs on both moflium- and sliort-wav^e baruis. The 
system employed is the United States (New) System, and the signal, 
which occupies five minutes, consists of a dash at every second, except 
that some dashes arc omitted at the following times : 29s, 56s, 57s. 5Hs, 
aiul oils each minute ; 51 s in the first minute ; 52s in the second minute ; 
53s in th(* third minute : 54s in the fourth minute ; and 51s, 52s, 53s, 
54s and 55s in the fifth minute. Hence, the half minute 3()s is marked by 
a single ga[) pr(‘ccding it, and the exact minute by a long gap preceding it. 
'fhe number ol the dash in the group ending at 55s indicates the minutes 
still to be .«(‘nt. Th«' frecpiencies used at different times arc 122 ; 4,390 ; 
9,425 ; 12,630 and 17.000 kc s, and the times at which these frequencies 
are us<»d will be found in the Admiralty List. 

1'he (^lnadiall time signals also use the United Htates (New) System 
but in this case (*ach signal is a dot in.stead of a dash. 

Much us(‘ful information conoerning the determination of longitude 
by reivipt of wu’ndcss time signals will be found in the War Office publica- 
tion Field Astrofumiy, whicli can be obtained from H.M. Stationery Office. 
'Fhis book is a most valuabk* one to all surveyors called upon to take 
astronomical oliscrvations as it contains a numerical example of the 
(computation of almost every type of observation that surveyor may 
have to make. 

COMBINED DETERMINATIONS 

The princijial observations that serve for the determination of more 
tlian one (quantity are those of ex-meridian altitudes, equal altitudes (for 
rough d('t(*rminations only) and observations of tw’o stars on the same 
vertical for time and azimufh ; of equal altitudes for time and latitude, 
as when using the prismatic? astrolabe or a theodolite set for a fixed 
altitude ; and of transits for time, azimuth and latitude. Some of these 
observations can b(» taken to the sun, and are frequently used forapproxi- 
mal<' determinations. 

In observing for tinu* ami azimuth, the routine is the same as for 
azimuth aloius I'xctqit that the watch times of the observations are 
noted. The mi‘tlio(Uof obtaining time, azimuth and latitude c<3nsists in 
ob.si*rvat ions similar to those already described in connection ^Rh 
primal’ v observations for time and azimuth by star transits (pages bo 
and I li>), but with the addition that the elevation of the star as it crosses 
thi' vertical hair is accurately observed. In this case, at k^ast four stars 


l’. iV, 0. s. 
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should bo observed, one above and one below the i)ole for azimuth and 
one above and one below the zenith for time. Rongli (h^terminations 
may be made by observing a scries of circum-meridian altitudes with tlu) 
corresponding watch times and horizontal angles from a n^ferring obje(^t. 
The greatest observed altitude is taken .as the meridian altitude', the 
corresponding watch time as that of transit, and tlu' horizontal angles as 
the azimuth of the referring object. The accuracy is imj)rov('(l by plot t iiig 
the circum-meridian altitudes on a watch time base, drawing a smooth 
curve through them, and interpolating the meridian altitude, tlu^ watcJi 
time of transit, and the required .azimuth.* 

Dr. De Graaf-Hunter luis recently proposed two sim|)l(‘ uu*thods hy 
means of which latitude, longitude and azimuth may Im' determined 
together quickly with a minimum of computation and with reasonabh' 
accuracy. t The first of these methods is intcuuled primarily for longitufh* 
and azimuth but a latitude of modtuate accuracy can also lx* ohtaiiuxl 
from it. It consists in setting the line of collimation appro\imat(‘ly in 
the meridian (within of it) and observing the altitudes and time's of 
transit of two stars of considerably different declinations (preferahly 
about 90 '^), with a small time interval betwec'ii transits. In both 
methods, the chronometer must be compared with the wirt'h'ss timi* 
signals. 

Let L be an assumed longitude for whi(‘h the re((uiri‘d corrc'ction is J/v, 
and let T^, be the chronometer sidereal local tinu' of transit with all 
corrections applied, including, of course, that for tlu' assunu'd longitude'. 
Let AA be the error in azimuth due to the vertical hair of the' instrimu'iit 
not being exactly on the meridian. Then tin' star will cross tiu' ve'rtical 
liair AA sin 2 sec 8 seconds later than it will the' true' me'ridian (page' Sti). 
z here being taken ])lus if it is south i)f tlu' ze'iiith and minus if it is north 
of the zenith. Then, putting 

t - 15(7^, - K.A.), 

wc have 

t \- A L A A sin sec 5 . 

Writing a» — eosec cos S and using suffixc's I and '1 to elilh'rcntiate 
between the observations to the two stars, we have 

-f' <j^\AL — AAi 
61)2^2 ~ AA^. 

Whence, 

Afj — \(AAi — A A 2) — - ^2)- 

In this expression, if the instrument has not been changed In'twi'cn 
the two observations, AA^ — 2 and the term (AAi AA2) bec'onu's 

zero. If AAi is not equal to AA2f the difference (AA^ -- AA2) will be 
given by the reading on the horizontal circle. Iru either case, AA^ or 
ili42 can be found after AL has been computed. 

• See “ Meridian Diaj^ams,’* by C. A. A. Harnes, Min, Vroc, Inst, C, E,, Vol. CXLI. 

■f See Survey of India, War lteH(3Hrch PiiinjililotM Noh. 7 mid 8, or J*rocerdin(jn 
of the 1947 Conference of Commonwealth Survey Officers, 
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Tho latitude is found by reducing the observed zenith distance to the 
true zefiith distance on the iiKuidian by means of the ccurection given 
on |)ag(^ 117 for obscu* vat ions for latitiuh; l)y circum-meridian altitudes, 
viz. 

2 sin^ 1 T cos S cos 6 
m . “ . 

sin 1 sin 

vvImmc* 7’ - i \ - A L. Application <)f tin’s corr(‘ction to tlie observed 
value gives .the zenith distanci* to be used in c(»iMputing the latitiule 
fiom meridian zenith distam ess or altitudes. 

For these observations, the instrum(‘nt can be set roughly in the 
nu^ridian by tin* nudhod of observing the rat(j of change of altitude of 
any star with l■(^sJK‘et to time that is d(‘serib(*d on ])age 83. in many 
eases, the \vhol(‘ of the eomputatir)ns can bc‘ doiU‘ with slide* rule or with 
foiir-tigure logaiit Inns. 

This m(‘thod has the advantage's that it is simple te) use in the field, 
iele'iit itieat ion e)f stars is easy bee^ause thedr e)bse*rved zenith distances aiiel 
time's of transit give* the* elata feu* the calculation e)f an ajjprcjximate 
de'clination and R..\. which e'liable* t he* star te) be* ieh'iitifie'd in the catalogue, 
anel the* e*omputations can be ele)ne' very epiiekly. Aee-urae*y, e>f course, 
is ine*re*ase^el by observing an even numbe'r of pairs, with change of face 
be*tween eneh paii‘ (not l)e*twe*e*n eine* star of a ])air and the either) ; by 
ke*eping the instrmiicnl fixe*d in azimuth be*twe‘e‘n each of the e)bservation.s 
of a pair ; and by a|)[)lying the e*orre‘e*tion for horizontal ee)llimation, 
r se'c 8, to e'aeli obse*rve*d time of transit. Change e)f face between pairs 
will te*nd to eliminate erroi’s due to elisleve'lnu'nt anel lack of perpen- 
elie-nlarity be*twe*e*n the* liorizontal anel ve*rtie*al a.\e\s. Me.)ree)ver, provided 
there* is no change* of le*ve*l eluring the* eibse'i vation e>f a ])air. the e)bserva- 
tion is not atl’e*ete‘el by bubble* e*rror, a fact which makes the me*thod a 
|)artieularly suitable* eine* for de*te*rinining the iveliiclion from astremomical 
to ge*ode*tic azimuth as deeluceel fre)m the elitfeieiice* be*twe*en astronomical 
anel g(*ode*tic longitude*. 

In the se*ce)nd nu’tliod ele*vi.se'ei by De (Jraaf-Hunter Iwe) stars difiering 
by about IM) in azimuth are useel. Eae*h star in tuin is interseete'el on 
both he)rize)ntal and ve*rtical hairs anel the* time*s of obse'i vatiem re*ee)releel. 
the* obseivat ions be*ing re*pe*ate*el on the same face a e*ouj)le* e)f minutes 
late'i*. Fae*e' is lhe*n e*hange*el em the instrument and anothe*r eemple e)f 
obse'i vations taken te) the same ])air e)f stars. If pre*cisie)n is neeeleHl, a 
similar se*rie‘s of obs(*rviitions e*au be* maele* te) other stars or to the same 
pair. The* particular stars use*el e*an be iele*ntitie*el fre)m the e)bse'r vat ions 
by e*mple)ying the method of cale-ulating a re)ugh azimuth from the time 
rate eif e*hange in altituele eleseribe'el ein j)age S3. Here it is emly necessary 
to calculate the azimuth e)f e>ne star e)f a serie*s as, when this azimutli 
has be*e*n e)btaine*el, that of the otlu'r stars can be fe)und fremi the readings 
on the heirizeintal circle*. The remgh azimuth is be\st eleTive*el from stars 
feir which sin A is less than or A is less than 30"\ (A large change in A 
re'sults from a small change in sin A when A is near to 90°.) 

The ce)mputation e)f the re'sults can be done by four-figure logarithms 
in the folleiwing manner ; From an assume'ei value L of the longitude 
of the pe)int of e)])servation, the observed time of observation and the 
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E.A. of the star, calculate the hour angle t. Fig. 47, and then compute 
approximate azimuth and latitude of eael\ star by the formiilai : — 

sin A =- — eos 8 sin / sec h 
tan PN — eos t cot 8 
tan ZN = cos A cot h 
90® - ^ = y = PN + ZN 

Denoting the observations to each star by the 
suffices 1 and 2 and the corrections to tlie calculated 
latitude tf>, assumed longitude L and calculated 
azimuth A, by JL, and dAy^ respectively, 

we have 

~ (yi — tan Ai/(tan Ay^ — tan Ag) 

AL — (vi — y^ sec <^/(tan A^ - tan A 2 ) 
AAi = AL tan Ay^ cot ty^, 
with similar expressions for g. 

It is claimed for this method that the observation of a pair of stars 
takes about 15 minutes, exclusive of time spent in comparing tin* chrono- 
meter with the radio time signals, and that the results, including identi- 
fication of stars, can be computed by an experienced observer and 
assistant in about 25 minutes. 

In the formulae, A is reckoned whole-circle clockwise from north, 
i whole-circle clockwise from upper transit and AL is inerenuuit of 
longitude reckoned positive eastwards. 

Those fonnulte may be proved as follow.s (Fig. 4K.) : — 

The correct latitude is given by 

^ ^ i' ^^1 “ ^2 f" 

and the corrected hour angles for the two observations are 
(/, + J/i) and (^2 -f 

For the first observation, from the ordinary formiiljo 
for the solution of the astronomieal triangle, 
sin /i, — sin Sj sin 4i f- f'os cos cos 
and, hy and Sj being fixeil quantities, we have for latitude 

~~ “ 5 “ 

sin hy — sin S^sin {(fpy -|- ^<^i) I <’os by cos cos 

(^i 1 ^/i) 

= sin hy -f- sin By cos — cos 8j sin cos /, 

— cos 8, cos sin iyAty, 

Therefore 

Aty cos Sj cos (l>y sin ty — A^y fsin By cos (fty — cos Sj sin <l>y 

cos ty }. 

But, from equation (xxi), page 6, the expression in brackets 011 tlie right hand 
side of this expression is equal to cos cos Ay. Also, since the same longitiule is 
assumed in working out the hour angle for each observation, ai\d since, for (he 
same fixed position of the star, an increase in a clockwise or positive direction in the 
hour angle means an equal rotation anti-clockw'ise (eastwards and positive) of the 
meridian from which the hour angle is reckoned, Aty = J ^2 

COB By cos ein ty 
= A^y sec 4i cot A I 
A AZ COB ton ^4^ ■* — 
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Hero, Hinoo AIj unci are Hinall qiiarititioR and and ^2 by and 

J^2 from <l>, wo can write 

J^i — AIj co« ^ tan Ai, 

and 

Atft^ -- — AL coH tan A^. 

/. — J^2 ’ i> A 1 ~ ■ tan A 2)^ 

AK'airi, since yj »()' - 90^ -- — J^j) and yj — 

(tji - 

(Vi - y2) -- d<^2). 

.*. A/j -- (y^ — y2) sc‘f! ^ '(tan /Ij — tan / 1 2), 

and lionoo, 

(vi ■ ■ ya) tan ^1 , (tan J I -tan.!,)- 
Also, from the sjiliorioal triangle', 

, (’(»s Ssin ( 3 H 0 ^ - f) c*os 8 . sin t 

sin A , - — 

COS ft cos h 

. . , cos 8 C-OM t ^ 

cos /IJ J - — - , - At 

cos h 

-•= sin .-1 cot t At. 

AA j - AL tan .* 1 , cot t^. 


POSITION LINKS 

In caddili »n ♦(» the analytical methods already described for deriving 
astronomical forniula3 ami computing the results, there is a graphical 
or seini-gra])hical method for determining both latitiuh* and longitude 
from observations of altitudes of two or more stars, timed by meaiLS 
of a chronometer that has been compared with tin* radio time signals. 
This method, known as the method of “position lines.” ^uls originally 
a])pli(‘d in ISL*! by Papt. T. H. Sumner of the United States Navy t(» 
finding the position of a ship at sea and is now much used in navigation. 
In recent years, however, it has found favour among some surveyors 
and will be found described in 
various books on surveying and field 
astronomy. Accordingly, we ]m)])osc 
to give a short description of it here. 

In Fig. 49, P is the jiosition of the 
pole on the celestial sphere and P' 
the ])ositi()n of the pole on tlic earth s 
surface. S is the position of a star 
on the celestial s])here and U the 
point wluMe the line joining O, the 
(•(‘ntre^ of both s])heres, to S cuts the 
earth’s surface. Then it is obvious 
that the ])oint S would be the zenith 
of an observer standing at U. The 
point U is called the “ sub-stellar ” 
or “ sub-solar point ” according as to whether S iw\ star or the sun. 

Let be the observed zenith distance ami with S as centre deseribe a 
small circle C on the celestial sphere of angular radius equal to z. The 
projection of this circle on the earth’s surface w'ill be a small circle C' 
having IJ as centre and angular nidius c, and all points on the earth’s 
surface for which the zenith distance of S is will lie on the small circle 


P 
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C', their zeniths lying on the small circle C on the celestial spliere. The 
small circle C' is called the “ position circle for the star S. Similarly, 

if another star is observed, we shall get another ])osilion eirc'h' and the 

intersection of this circle and the first one will give the i)ositi(m of tlu^ 
point of observation. Actually, since one circle inters(*ets another in 
two points, there will be two ])laces wliieh might be th(‘ point of observa- 
tion, but it is always obvious which one should be* tak(ui. 

Note tiiat, from the figure, it is obvious that the latitude of IJ on <li(* 
earth’s surface is equal to the star's declination, and the longifud(‘ (»f IJ, 
measured westwards from (beenwich, is Hu* ({rec‘nwich Jiour angl(» of 

the observed star. ' hi addition, the azimuth 
p of a great circle joining any point on the 

ii position circle to the ])oint II will also bi‘ 

the azimuth of the star from that |)oint. 

In Fig. i)0, U and U' are the sul -stt*llar 
d Q ])oints of two stars and X is the ])oint of 

observation. A circli^ drawn with railius TX 
\ equal to the zenith distaius* of the star V will 

position circli‘ for the first star and 
circle (Irawn with radius II'X ecjual to the 
zenith distance of th(‘ second star will be* the* 
I position circle for that star. Tin* intersection 

\ of these two circles will tln‘rcfore giv(* the 
U jmsition of the j)oint of observation. For all 
Fio. oO. points very clos(‘ to X the arcs of these* cin'Ics 

will jiractically (‘oincide* with th(‘ir tangents 
so that, in the immediate vicinity of X we may replace* the* short flat 
circular arcs by the tangents aXb anel cXd. 1'he*se twe) tange*nts aic 
called the *’ pe^sitie)!! line's ” of the twe) stars anel we* se*e* tliat the* point 
X is determined by the* inte*isection e)f the* tA\e) ])osition lines, .\loie*- 
over, if XP elcneites' the elire'ctie)n of the* meridian at .\. it will be* 
seen that the azimuth of the ])osition line* aXb of star S will lx* the* 
azimuth of U minus l)t)^ anel the 


azimuth of the ])e)sitie)n line cXel of 
star S' will be the azimuth eif U' 
minus 90°. 

Applying these ])iinciples to the* 
case of the observation of twe) e*x- 
meridian stars with azimuths abe)ut 
90° apart deseribe*el on jiage 131, take* 
line AN, Fig. ol, as the me*ridian of 
the assume*fl longitude* anel assume* 
that Zj is tiie j)osition on this ine*ri> 
elian of the point whose latitude*, 
calculateel from tlie obse*rvat ions te) 
the first star by the fe)rmula give*n 
on page 131, is Take |)e)int Z^ 
such that it rei)re.sents the pe)Hitie)n of 
the latitude ^2 ea'lfJiJlated from the 
observations to the se*conel star. 
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Both lie on tJio same nioridian since both sets of calculations 

wer(‘ based on the same fissumed value of L. 

Through Zj draw line Z,X perpendicular to the direction of the azimuth of 
S at Zp Then Z^X is the direction of the ])osition line at Z^ and the true 
position of the point of <d)servatioii will lie somewhere on the line ZjX. 
Similarly, if Z.^X is drawn through Z.^ ]M‘rpendicular to the direction of the 
azimuth of S' at that point, the line Z^X is the j)osition line* at Zg, and 
the ])osition of the ])oint of obs(‘rvation will lie on ZoX. Hruice X, tlie 
])oint of intersection of the lines Z^X and ZgX, will l)(‘ the ])oint of obser- 
vation. 

Through X draw a line XV'' ])(‘r])endieular to the meridian AZ^ZgX. 
Then this liiu' will to all intents and purposes cf)inei(h‘ with the arc of 
th(‘ parallel of latitude through X, and. taking tlu* radius of the earth 
as u*>ity, tlu* l(*ngth of this |jarall(‘l will Ix^ JL eos when* (f) is the latitude 
of X and A/j is tlu* eoir(*etion in longitiuh* giv(‘n by tlu* flitferenee between 
tlu* tnu* longitude* of X. aful tlu* assum(*d longitude of the meridian 
AZiZgX. Accordingly, w(* write XV -ALvos tf)^ and from the figure 
wi* hav(* 


yi Ti ^ 1 ^ '! ^ ^2 A L coH (f) vot (A I 90 ) r A L (‘ns rot 

(270^ - A.) 

Afj cos (tan -Ij - tan .U) 

JL - - (Yx -- y>) see (tan .1 j -tan. I.,). 

Also, 

A(l)i - ZjY - A L roa (/} ro (.1 j 90") 

JL eos tan .1 j 

(Vi 72 ) '■^ 1 , tan Jo) 

Anotlu'i* method of determining latitude and longitude by means of 
position lines is as follows : — 

Assume* an ajiproximate* latitude* and le)ngitude* for tin ])laex* of obser- 
vation anel e-aleidate the a])pro.\imate luuir angle* f. fre)ni the observexl 
time* anel assunu*el longitude*, anel then eale*\date* the* a[)pre)ximate zenith 
distane*e* fre)m tlu* tbiinula 


e*os sin S sin 0, |- eos 5 e*e)s <f)^ e*e)s /j 

ami an approximate azimuth freun 

sin .1^ eos 8 sin e*e)se'e z^. 

This will give* the appre)ximate zenith dis. 
tanee* SZ in Fig. 52 anel the ap])re)ximate 
azimu‘h angle (3ti0 ' .1 ,). lwe*t L.M re*present 

tlu* |)osition eirele e)f S. this e*ire*le* intersee-ting 
SZ in M. 'Flu*!! elistane*e* Z.M z^ -- c, wlu*re 
is the e)bserve*el zeiyth elistane*e, is e*alle»el the* 
“ inte*iee‘pt.'’ Aee*e)rdingly, we kiienv the 
azimuth and the angular le*ngth e)f the inter- 
e(*pt, and the position line will be 11 line at 
right a.ngle*s to it. 
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On a sheet of paper take Z (Fig. 53), as tlie assumed pasition of the 
point of observation and draw ZP to represent the direction of th(^ 

meridian. On any suitable sealt^ repres(‘nting 
minutes and seconds lay off the interce])t ZM, 
making ZM — z and angle PZM — 360^" 
— A^. Through M draw a line inMin' per- 
pendicular to ZM. Then this line represtMits 
the pasition lino of the star. Similarly, for 
a second star, lay off the interce])t ZM' and 
])asition line M'm', so that the latt(‘r intersects 
the first ])ositioii line at in'. Then m' is the 
true position of the ])oint of obs(*rvation. 
From m' draw m'p ])er])endicular to ZP 
Fio. 53. and intersecting ZP in p. If Atf} and AL are 

the ccuTections to the assumed latitude and 
longitude to give the true values, Zp will represent A<t> on the adojited 
scale of minutes and seconds and m'p will represent very approximately 
the parallel of latitude through in', so that m'p = JL cos Hence we can 
W'rite 



AL = m'p sec 
A<ji = Zp 

This method, which is the one 
commonly emj)loved in navigation, may 
be used to obtain the most likely result 
from a series of observations to a number 
of stars. The position line of each star is 
plotted for the same assumed values of 
latitude and longitude. Owing to errors 
of observation, these lines will not all 
meet at a point but Vill form a closed 
figure (Fig. 54). The most likely position 
for the point of observation is then the 
centre of the circle which is mast nearly 
tangential to all the different 2)asition 
lines. 



EXAMPLES 

1. In a rough dotormination of the watch error on 1935 October 15, at a place 
in longitude 170° 12' IS'' E., the sun was observed to transit ut 11*' 50"‘ 17". Kind 
the error of the watch on L.M.T. and on New Zealand standard time, which is 
IP' 30"* E. of Groc*nwich. E at October IS** 0*‘ O.M.T. is + SI-'-O ; change In 
24»' is -f 13"-7. 

2. Describe and explain the method of determining time by an ex-meridian 
observation of the sun, stating what data are required in the reduction. 

On 1935 July 2, at a place in longitude 0° 45' W., an ex-meridian measurement 
of the sun gave an hour angle of G8° 15', the watch time of the observation being 
17*» 05»". The value of the equation of time for 0>‘ G.M.T. on July 3 is —3'" 47"-9, the 
change being — 11"*5 per 24*‘. Find the error of the watch on G.M.T. 

3. On 1935 April 21, at a place in latitude 36° 55' 08' N. and longitude 57° 53' 30' E, 
the mean observed altitude of the sun corrected for refraction and parallax wa.s 
42’ 32' 14'*3. The mean watch time of the observation was 14*' 58'" 56''-8. What 
was the watch error on L.M.T. ? 
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Date 


G.M.T. of«.A.N. 


Dec 

. at G.A.N. 

April 19 

20 

21 

22 

h 

11 

11 

11 

11 

69 10-96_,.;.,„ 

69 03-59 J";'I 

68 50-6fil{|.60 

68 38-10 

O 

+ 10 
-fll 
+11 
+11 

# 

56 

17 

38 

58 

^®;®+1246 2 
; * "+1235-2 
"’"+1223-7 


4. ^rho oljsorvi'cl wat(;li times of equal altitude of a Auriger. {H.\, — 10»" rn^ H) 

at tt phic(i in longitude 28° 04' K. wore 21*' 04''' 2(j'*-2 and 24*' .08'" 03’'-4. Find the 
error of the watch on L.M.I'., if (i.S.T. of 24*' (hiVl.T. for the date was 0*' 03'" 57'“7. 

5. In a coinpariaon between a S.T. and a M.T. chronometer at a place in longitude 
St'S® W., the readings at a coincidence of beat were respectively 12*' 45'" 29'* 5 and 
22*' 00'" 07»'-.'3. The error of the S.T. chronometer was 2'" 14'*-6slowon L.S.T. What 
was the error of the M.T. chronometer on L.M.T. if (J.S.T. of 24*' O.M.T. for the 
date was 14*' 45'" 20''-5 ? 

0. On the afternoon of May 12 (5 p.in. by Oreenwich mean time) at a place A, 
who.se latitutlo was 51° 30' 20'' N., the altitude of the siin^s centre was found to be 
23° 05' 20", whilst the horizontal angle between the fixed line AH and the direction 
to the sun’s centre was 18° 20', the sun having crossed the line over an hour before. 

Determine the azimuth of the sun from the south at the time of the observation, 
anti the azimuth of the line AH, having given : — 

Correction for refraction — = 58" X tangent zenith distance. 

Date Sun’s Dec. at 0*' G.M.T. 


May 11 

+ 17 

34 

53-9 

12 

+ 17 

50 

29*9 

13 

his 

05 

48-0 

14 

[-18 

20 

47*8 


Sun’s horizontal parallax = S"-7. 


+ 936-0 
f 918*1 
+ 899*8 


7. 'Ihe following olj.so' ’’ations of the sun were taken for azimuth of a lino in 
conni‘ctiun with a survey : 


Mean time 16*' 30'". ^lean horizontal angle between sun and referring object 
18° 20' 30 '. The sun is wc.st of U.O. 

Moan corrected altitude 33° 35' 1(»". 

Declination of sun from .V..4. f- 22° 05' 36". Latitude of place 52^ 30' 20". 

Determine the azimuth of the line. (Dniv. of Lond., 1918.) 

8. At a plact) in latitude 30° 08' 17" N. the horizontal angle between Orionis (8 = 
+ 7° 23' 32", K..A. ^ 5*' 50'" 57''-7) and a referring object was o’j-orved to be 84° 35' 
52", the L.S.'r. of the observation being 1*' 31"* 14''-2. The star was east of the 
meridian, aiul the K.O. was lunirly duo south of the observer. Find the azimuth 
to the li.O. 

9. A circumpolar star, declination + 80° 17', right ascension 9*' 49"* 1 H, is observed 
at western elongation in the evening in latitude 60° 04' N., longitude 127° 30' W., 
when its whole circle bvjariiig from a reference lino OA is found to be 207° 47'. Find 
the bearing of OA from the meridian, also the local mean time at which olongatioQ 
is to bo expected, if the (I.S.T. of 24*' G.M.T. is 16*' 54"* 13\ The difference between 
sidereal and mean time intervals may bo taken as 10 seconds per hour. 

10. On tho evening of 1920 December 23 the meridian altitude of Polaris was 
observed to be 57° 03' 25", and at lower transit the following morning the observed 
altitude was 54° 50' 00". Find the latitude of the place, taking refraction as 58" cot h. 

11. De.scribe thi^ procedure for obtaining latitude by observing the meridian 
altitude of the .sun. 

.\n nb.servation gave the meridian altitude of tho lower limb of the sun as 28° 57' 52' 
looking towards the south point of the horizon. .Vpply the following corrections 
anrl compute tho latiti^le of the station : - 


Sun’s semi-diameter 
Sun’s parallax 
Kefraction 
Sun’s declination 


16' 05" 

8 " 

1'47" 

-9° 17' 30" 

(Univ. of Lond., 1012) 
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12. Find tlio latitude from the following data : — 

Observed meridian altitude of a Gruis, 40® 16' 15"'. 

Declination of a Gruis, —47® 22' 16"''5. 

Vertical arc level readings — Eye end, 16 J divisions; object end, 151 divisions. 

Value of 1 division of vortical arc level, 10^. 

Uefraction may be taken as 1' 07"'‘3. 

Star is south of the observer. (Inst. C.E., 1915) 

13. In an observation on Polaris (S = + 88® 53' 06", H.A. --- 1*‘ 31"' for 

latitude, the moan corrected altitude was found to bo 4S® 12' 16". 'flu) avcuag(3 
reading of the sidereal chronomotor was 10** 41«* 04«*2, thechn)noim'terlHMng I'" 00‘*-4 
fast on L.S.T. Find the latitude of the place. 

14. On a certain night the first boat of the Eiftel Tower wireless time signals was 
transmitted at 11*‘ 30’“ 04**15 O.M.T., and was received by a survey party at 
12*’ 59"’ 40^*28 on a M.T. chronometer which was 3"' 07’' S slow on L.M.T. What 
was the longitude of the receiving station ? 

15. A time observation at A on Jan. 18 at 22*’ 42'“ showed a watch to be 2'“ .sl(»w' 
on L.M.T. After travelling to B, the longitude of which is 30' 15" 0 oust of A, the 
Avatch error on Jan. 25 at 22*’ 12"’ w'as found to be unchangctl. Kind the travelling 
rate of the watch. (K.T.C., 1910) 

16. The record of the time determinations on a route traverse as given by the 
reference watch are as follow.s : — 


Place 

Date 

Approx. Watch 
Time 
h in 

Error of Wiitc 
East 

111 a 

A 

Aug. 14 

10 

IS 

24 

16-3 

H 

16 

11 

26 

25 

56-7 

C 

17 

10 

43 

27 

03 8 

D 

19 

10 

15 

2s 

20* 1 

E 

20 

11 

08 

26 

47-3 

A 

23 

10 

32 

22 

44-2 


Compute the longitudes of B, C, D and E relative to A ns given b^ this watch. 

17. At A, the longitude of which is 20® 10' 32"'3 E., an ohsci vatioii on .July 1 
showed a mean time chronometer to be 3"' 02’'*4 fast at 22*' ehiojmineter tune. On 
July 5, at the same place of observation, it was found to 1 m» 2'“ 36^ 2 fast at 22*' 
chronometer time, it having been carried on a daily inarch in tlu* inuaval. Tb(‘ 
chronometer w’as then transported to B, where on July 8, at 23*' chionoini‘tcr time, 
it was found to bo 1“’ 16'’, slow\ Calculate the travelling rat»‘ of this c hronometer 
and the value of the longitude of B given by the observations. (K.'r.t’., 191 1) 

18. On a certain day in Juno the altitude of the sun was found to be 45'^ 27', the 
time being noted as 14*' 56“' 10" G.M.T. The Aauticnl Almanac ga\e for that lime 
the declination of the sun H'22° 35' 50", and the e({uatioii of time l'“ 12" -5, to be 
subtracted from apparent solar time. Kefrnction 1', and parallax of .sun 6". J.nt itiide 
at place of observation 51® 30' N. Find the longitude of the place* of ob.-^ervation. 
(Univ. ofLond., 1919) 
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CHAPTER III 

GEODETIC SURVEYING 

Geodesy. Ceodt'sy in its modern aspect covers a wide field, the chief 
divisions of the science and the subjects of investigation being : (1) Map 
making ; ifi) The dimensions and figure of the earth ; (3) The mean 
density of tln^ earth ; (4) Variatioas in the force of gravity ; (5) Deflec- 
tioas of th(' plumb line tjaused by the irregular distribution of mass on 
the earth's surface and in the crust ; (6) The structure of the crust ; 
(7) The intensity of magnetic force and magnitude of declination and 
dip over the earth ; (8) Variatioas in latitude due to changing direction 
of the rotation axis of the earth ; (9) Vertical movements of the crust ; 
(10) Variations in mean sea level ; (11) Tidal observations. 

The great ])ractical importance of the science of geodesy has led in all 
civilised countries to the maintenance of a State survey department. 
The primary object of such an organisation Is the production of maps, 
but the information acquired adds to the data available for the closer 
determination of the figure of the earth. Every large national survey 
department also devotes part of its organisation to the furtherance of 
pure geodesy by conducting investigations on the subjects enumerated 
above, which, although not so immediately useful to the general user of 
maps, are of the greatest service in promoting accuracy in practical geodesy 
and in the sciences of astronomy, physics, geology, and meteorology. The 
data acquired by national surveys are co-ordinated by the Association 
of Geodesy, International Union of Geodesy and Geophysics, to which all 
civilised nations belong, and at whose conferences they are represented. 

The civil engineer is not directly concerned with the more purely 
scientific branches of geodesy, but in conducting extended surveys he 
may have occasion to employ the methods of geodetic Stirveying, whether 
the results approach geocletic accuracy or fall far short of it. 

Geodetic Surveying. Gccjdetic surveying has for its object the precise 
measurement of the positions on the earth’s surface of a system of widely 
separated points. The positions care determined both relatively, in terms 
of the length and azimuths of the lines joining them, and absolutely, in 
terms of the co-ordinates, latitude, longitude, and elevation above 
mean sea level. These geodetic points form control stations to which 
cadastral, topographical, hydrographic, engineering and other surveys 
may be referred, so that their error is limited to that propagated between 
the geodetic stations. 

The area embraced by a geodetic survey is such as to form an appre- 
ciable portion of the surface of the earth, and, in consequence, the sphericity 
of the earth cannot be disregarded. The reductions therefore involve a 
knowledge of the results of previous investigations of the dimensions of 
the earth. 

GENERAL PRINCIPLES 

In order to avoid an embarrassing accumulation of error in parts of a 
geodetic survey due to the great distances involved, the observations and 
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reductions must be performed with a much greater degree of accuracy 
than might appear necessary for ordinary map making. Eor tfie latter, or 
for any kind of extensive survey operations, the principle of uorlviiig 
from the whole to the part (Vol. I, page 5) must be scrupulously ohsoi vcMl. 
The first stage is to lay down a system of control points, whose n^lativc 
positions and heights are very rigidly fixed, and then, from tlicsc, to lay 
down points whose positions need not be so exactly <let(‘rmiiuul, until 
finally the survey of the detail can be made by methods whu*h, in tliiMii- 
selves, are relatively rough and ready. 

Until fairly recently, there was only one reliable method of laying 
down a primary hoiizoiital control, and that was by ordinary triangulation 
in which the angles of each triangle aie meavsuied and two suites caleulatiMl 
from a third side which is either measureil or is eahailatcMi finm 
another triangle. In recent years two other im2)ortant methods liave 
become available. The first is by juecise travease and the other by 
points fixed by astronomical observations, wireless tiinc' signals being 
recorded for the determination of longitude. A framewoik control 
of points fixed l)y astronomical observations, the advantages and 
disadvantages of which have already been discUsscMl on pages 47 to .11, 
can never be so reliable or so accurate as a good s\st(‘m of points 
established bj^ triangulation or ])rimary travei’se. In ordimny tii- 
angulation, the only measured distances an* lh(‘ bas(‘ lines, of which 
there may be only one or tw^o, and these form a small part only of tlu‘ 
total length of the sides or of the chain. By reason of the gr(\\t dillieiilty 
which has hitherto existed in carrying out aceuratt* linear jiu'asuriMnents 
of long lines, especially over rough country, triangulation has long 
remained the only available method of establishing a ndiabh* primary 
control for geodetic purposes. The invention of invar, and the u.s(' of 
long wires or thin tapes made either of steel or of invar, have, howe\(*r, 
revolutionised the methods of making mefisurcmcnts of long lini‘s in tin* 
field with the utmost accuracy. As a result, it is now possible to ri‘plaee 
triangulation by primary traverses in many cases wiu'ri' liiangulation 
would either be physically impossible or far too (‘Xi)ensive, and thesi* 
primary traverses, if carefully measured, can be made comparable* in 
accuracy with triangulation of any but that of the highest liivst-oi’der 
standard. 

In the above, and in W'hat foHow^s, w4i(*n we .s])(‘ak of liiangulation 
it must be understood, unless exjuesslv stated to tlu^ eontrai v, tbal wi* 
moan oidinary triangulation in which the angles an* ohs(*i\ed and two 
sides ealeiilated from a measured base line or a lim* of know n or eom|)iil(‘d 
length. In this kind of triangulation the lengths of tlu* sides an* eon- 
trolled by the limits of visibility, it being essential that one i‘nd of (*aeb 
line should he visible from the other under siiitabh* atinospheiie condi- 
tions. This condition sets a limit to the maximum l(‘ngth of side which 
can be obseived, this length seldom exceeding much mon* than about 
100 kilometres, or a little over 60 miles. K(*eent applications of radar 
to navigation whieli were developed during the course* of tlu* last World 
War have, however, been ada])ted and e\t(*nd(*d to the nu*asur(‘m(‘nt 
of the lengths of very long lines — much longer than those* suhje*e t te) the 
ordinary limits of visual observations. (V)nse(pie*ntly, a ne*w tyjie* eif 
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Iriaii^yiilah'on is now ])ossil)lo in which the lengths of the sides of the 
triangles, insf(*ad of fh(i angl(»s, are measured. The main errors in 
m(*asurements hy radar do not in general depend directly on the length 
of 1lu‘ line but an^ of miieli the same* order for lines of different lengths. 
They an* too laig(‘ at pres(‘nt to justify sueli iiKiasurements being userl 
for fiist -order g(*od(‘tic control ])urpos(*s for lines of ordinary l(*ngth. but, 
w'hen lines are V(‘ry long -say 3t)0 to oOO miles — the eirors of measinc*- 
m(‘nt arc* little moici in magnitiidcj than those propagated ov(*r similar 
distane(‘s dining the course of ordinary sec*o::d-order geodetic survev. 

( \)nse(|U(‘ntly, so far as re])laeing rirdinary geodetic; methods by radar 
triangiilat iorr is eoneernc'd, the* latter aj)p(‘ars ])rineipally to be of use for 
(‘stablishing a ii'lativc'K' tew pcants at great distance's apart, or else to 
eonnc'ct chains of ordinary triangidation which an; se]jaiatc‘d by wide 
water or other gaps. Radar triangulation is also now' being used to 
fix the* position in space* of an ae‘i*o])lane at the* instant when a ])hotogiaph 
is tal\e‘n, the* c'rror* of fixation luamally lieing too large for onlinaiy 
ge*oele‘tie* purpose's but not too large* for fixing tlu* positions eff phe)tographs 
for air sur ve*y ]arr|)oM*s. A short explanation of the* principles and u-e 
of radar triangulation will be found in Chapter fX. 

The method of me*asuring the* leuigths of lines by ojitieal or electronic 
me*ans re*fe* ie(I lo on page* l!H), and describ(*d in A])pc/ielix IV, also 
ope*ns up the* possibility of a type* of triangulation in wiii(*h the lengths 
of the* sides, and not the* angles, ai*e m(‘asuie*d, but here tl;e siel(*s are of 
normal length. Tliis ine*thod. howe*ve‘r, is just enie*rging from the e*x])eii- 
me‘ntal stage* and no e*\lensive* use* has ye*t be*e*n made* of it. so tliat for 
the* pre*.'.e*nt it will still be* ne*ee*^sary for the* ordinary surveyor or engineer 
to establish his main control jioints in the* normal way l)y ordinary 
triangiilat ion or t ras (*r\se*. or, for less accurate* work, by astronomical 
obseivat ions. 

Relative Advantages of Triangulation and Precise Traversing. When 
the country involved is fairly open and is not very flat, triangulation is 
usually the* best me*tliod to use. When, however, work has to be carried 
over country wliich is covcTed with forest, or is ve*ry enclosed or very 
Hat, piimaiy ti’ave*rsiiig will often be cheaper and quicker to execute 
than tiiangnlation. Triangiilat ion covei-s a definite belt or area of country, 
wirere'as a single traverse*, unle*ss it closes back on itself, merely establishes 
a single line of fixenl points. Un the other band, triangulation points are 
usually fixesl on to])s of hills or mountains, and these may be very difficult 
of ace;ess te) the ordinary surveyor who has to use the points later on, 
whereas tiave‘is(*s usually follow^ roads or low country, the stations thus 
be*ing readily ae^cessible and situated moreover in those places where tliev 
are most likely to be retprired. This is one very important advantage 
w'bi(;b traversing has over triaiigulation. 

As a geri(‘i’al rule, ii very complete reconnaissance of the country must 
he made before a sclreiiu; for the measurement of a system of triangulation 
( an be drawn up, and it is folly to start observing until this reconnaissance 
has been conqrleied, or is nearing completion. In forest country, the 
reconnaissance may be extremely difficult and may involve heavy and 
expensive clearing Ixfforc the intervisibility of distant points can be 
(;stal>!islred. In tjiis way, a considerable amount of trial clearing, part of 
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which will eventually be found to be eoni])letely useless for the purpose 
ill view, may have to be done. In traversing it is usually advisable to 
make a preliminary reconnaissance of the route to be followed, but this 
reconnaissance involves no extensive clearing or other sjiecial difficMilties. 
The line of the traverse will ordinarily follow a main road or a railway, so 
that travelling is easy and the examination of the country can be carried 
out rapidly. In addition, the main measurements can be commenced at 
the same time as, or very shortly after, work on reconnaissance starts, 
and there is seldom any doubt at the beginning as to whethcr th(‘ scheme 
will be possible or not. 

In traversing, questions of supply" and commurtication are usually much 
simpler than they are in triangulation, since thfe latter almost always 
involves a number of small detached parti(\s, separated and moving at 
considerable distances apart. Another great advantage* of traversing is 
that, to a very great extent, work is independent of climate, season and 
weather. This is not the case with triangulation, whcic good visibility 
over long distances is essential. In most countries there arc certain 
seasons of the year when visibility is bad, and, during this period, days, 
weeks and even months may be w'asted in waiting for suitable days for 
observation. This applies not only to actual obs(‘rving but also to the 
preliminary reconnaissance, and the season in the y(*ar which is suitable 
for either reconnaissance or observing may be uni^conomiiNilly limited. 
The lines measured as traverse legs are generally short compar(‘d with the 
lines used in triangulation and hence traversing can ])ro(*eed when poor 
visibility rules out any possibility of sighting ov(‘r long lines of triangula- 
tion. 

One great disadvantage of traversing is that mistakes, both in obs(‘rva- 
tion and measurement and in compiitcation, arc much more easily made 
than they are in triangulation, and, when they an* made, they are not so 
easy to detect or to rectify. The closing errors of the ditTer(*nt triangh's 
are an automatic check on the accuracy of the field work, and other 
automatic checks exist in the computation of triangulation. Xo such 
convenient and useful checks are available in traversing and the chane(*s 
of undetected gross errors creeping in to the work are therefore far greater. 
For this, and for other reasons, it is generally advisable, in all ordinary 
circumstances, to use triangulation in preference to traveusing \\hencv(*r 
this is possible, even when it means a fairly substantial increase in tin* 
cost and an appreciable delay in getting the work compl(*ted. In the 
United States and in Canada, for instance, the rule is that prec ise traverse 
should only be adopted in cases where the cost of ti iangulation w^ould be 
more than double that of precise traverse. In fact, in more recent years, 
the tendency has been for the United States (‘oast and (ieodctic Survey 
to abandon the survey of precise travel ses almost altogether. This is 
because the invention of the Bilby portable observing tower (page l.i:!) 
has made it much easier to carry out triangulation over flat or wood(*ci 
country. Another factor is that, owing to the inegukir accumulation of 
error and the less rigid mathematical conditions, traversing has not be(*n 
found entirely satisfactory as a substitute for first-ord(*r triangulation. 
Unfortunately, the Bilby observing tower would not be of much use in 
certain types of flat tropical forest country, as the forc'st “ ceiling ** 
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(perhaps 200 fL high or more) would often b(‘ much higher than the 
tallest Bilby tower, so that, in country of this kind, precise traverse still 
remains th(* only means of es1.» Wishing accurate horizontal control. 

When Iriangulation covers only a very limited area and the sides 
of the main triangles are very short, such as in the surve}^ of a large town, 
it is probably better to use traversing than triangulation. Thi.*^ is because 
of the way in wliieh errors due to faulty centering or sighting tend to 
j)ropagate th(‘ms(‘lves wh(*n the sides of tin* triangulation are short. If 
triangulation* is ado|)ted, and sides are iineomnionly short, particular 
attention should he ])aid to th(‘ centering of the instrument and, more 
particularly, of th(‘ signalt^. 

In triangulation, if th(‘ organisation is good and a good s^’stem of 
observing is laid down at the In^ginning, reasonalile care and the close 
observance of instructions will insure good n^sults, but, in traversing, the 
most meticulous cavo and close att(‘ntion to every detail must he exercised 
at all timers if (*rrors are to be av'oid(‘d and the utmost accuracy obtained. 
On tliis account, pn^cisc* traversing ])robably demands a more highly 
skilled and b(‘tt(r* trained i)arty, togethe^r A\ith closer attention to detail 
on the part of the (‘iiginecr’ in charge, than triangulation does. 

In th(‘ following pages \\r shall first of all consider the field work of 
triangulation and :n llu* latter* part of the c}M[)ter th(» mf*thods used in 
precise traversing. 


TR I ANGULATION 

Triangulation is the method of location of a point from two others of 
known distance a])art, gmri the angles of the triangle formed by the 
thr(‘C points. By repeated a|)j)lieation of tlu* ])rinci[)le, if a series of 
])oints form tlie ajjiees of a chain or network of connected triaimlcs of 
wliicli the angl(*s are nu‘asured, the lengths of all the unknown side^^ and 
the relative ])ositions of tin* points may l)e computed wlicn the length of 
one of the sides is known. 

The field wnrk of any triangulation survey tlierefore possesses the 
following essential feat in rs : 

(1) Tht» selection of the stations to form a system of connected triangles ; 

(2) The measurenurit of one of the sides, known as the “ base line ; 

(.*1) Tile observation of the horizontal angles. 

In geod(*tic and other large surveys, there must be added tlie astrono- 
mical observations necessary to determine tlie absolute positions of the 
stations. The geodetic positions and the azimuths of all the lines can 
be computed if the latitude and longitude of one station and the azimuth 
of one side of the triangulation are observed. In practice, however, 
astronomical observations should be made at intervals throughout the 
survey. 

Grades of Triangulation. Triangulation is classified ns first -ordtT, 
second-order, and third-order, or as primary, secondary, and tertiary, 
according to the degree of accuracy required. 

First’Order or Primary Triangulation constitutes the highest order of 
tfiangulation, and is that employed both for surveys executed primarily 
for determinations of the earth’s figure and to furnish the most precise 
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control for miipping. As it is independent of external cheeks, no precau- 
tion can be iu*j>lccted in inakiiif^ the linear and angular incasureincnts or 
ill ])crforining the reductions. The length of base lino is from 3 to 20 miles, 
and that of tht' sides of the triangles ranges from 10 to over 100 miles. 
The triangular error should average less than I second and should not 
exceed 3 seconds. The probable error of computed distance will lie 
between about 1 in 60,()0() and I in 250,000. 

Second-Order or Serondart/ Triang illation is designed to furnish points 
closer togetlier tlian tliose of the primary triangulation. It may cover 
extensive areas, but, as it is tied to the primary net at intervals, the 
opiu’ations may be conducted with rather less‘ refinement. The lengths 
of the sides range betwc'cn about 5 and 25 miles. The triangular (‘iror 
may reach 5 seconds, and the probable error of distance will vary from 
1 in 20,000 to I in 50,000. 

Third-0rd( r or Tertiary Triangulation is run between the stations oi the 
.s econdary system, and forms the immediate control for the detail surv(*ys. 
The lengths of the sides range from less than a mile to al)out 6 miles. 
The triangular (mtoi* may amount to 15 si^conds, and the ])robable (*rror 
in the computed sides usually lies between 1 in 5,000 and I in 20,000. 

Sole. "riu> iihovo classification is luisctl only upon tlu‘ of accuracy to l>c 

uttainiHl. t]\ci‘\ Miivcy whuli c«ui bo cUissoil as ^codctii; involvt's work ol lirst- 
oinIoi* standard, but, on the other }\and, tho trianeulation lorinins' tlio uuiin control 
of even an (*\tonsive topoi<rcH)hieal survt'V may Ix' of si'condary, tertiary, or lo\M*r 
{^rado. 

Triangulation Schemes. For a geodtditj triangulation of modt‘ratc 
extent the whoh* area of the surv(‘y may be covered by primary triangles, 
which are extendc'd outwards in all directions from the initial l)ase. In 



V(‘ry extensive surv(‘vs, lunvever, it is necessary to lay out the* priniary 
triangulation in two series of chains of triangles, whi(;h are usiuilly ])hiced 
roughly north and south, and east and west respectively (Fig. 55). Tlu‘ 
areas enclosed nunain to be filled by .secondary and tertifiry triangulation. 
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•The first, or central, system, of which a notable cxain[)le is the Ordnance 
Siirvey of the British Isles, has the merit of affording close control over 
the secondary work. The second, or gridiron, system has, howevcjr, the 
important a(lvantages that the most favourable country can be selected 
for th(j primary triangulatioii and thci work can proceed comparatively 
ra})idly, whik* tlie su})secpient reduction is less complicated. 

Chain Figures. Tin* simple.st ferm of chain is composed of a single 
system of triangles as at a (Fig. oo), but this arrangement, although 
economi(^al, does not conduce to the; reciiiisite jjieeision of primary work, 
since the number of conditions to be fulfilled in tlu* figure adjustment is 
relatively small. Much belter results are obtained by linking the triangles 
to form more complex figures. In point of accuracy, the ([iiadrilateral 
with f('iir eoriKT stations and observed diagonals (6, Fig. oo) forms the 
b(\st figure. WOuai the to])ogra]ihy is unsuited for thci devcjlopment of 
these figures, there may be substituted (piadrilaterals, pentagons, or 
hexagons with a central station (c, Fig. 5.“)), which form satisfactory 
figures. 

In any component figure one of the unknown sides is tliat from which 
the chain is extended, and the degree of accuracy with which distance 
is transmitted rdong the chain depends upon tlu? ])i‘(M*ision with which 
that side is comi)utcd from the known side. Fur a given standard of 
angle measurement, the accuracy of transmission in (*acli figure depends 
u])on tin* number of geometrical relationships which must be fulfilled by 
its parts and u])on the size of the distance angles, or angles used in the 
sine ratio calculation of the one side from the otli(‘r. In order that 
minimum ('ff(‘ct may be produced by unctu’tainties in the* dislance angles, 
they should be such as have small logarithmic differences of sine. i.e.. they 
should approach 1H)\ and should be within the limits. .SO" and In 

the case of a chain of (Quadrilaterals, figur(‘s very long in the direction of 
the chain in ])roportion to their breadth, as at d (Fig. o,”)). should therefore 
be av(udt^d. For a chain of single triangles the (.Mpiilateral form is the 
most advantag('ous, and a lower limit of sliould be >et upon the 
angles. 

When alternative systems of triangulation are [K^s.<il)le, the best 
scheme may be arrived at by evaluating and comparing the strengtlis of 
the ])roposed chains * and ('stimating their relative co>ts. 

Base Line Sites. The importance of liaving bases fav(»ura])ly situate cl 
nc'cessitatcs careful investigation of the redative nuuits eff pos.dble sites. 
Greater latitude as to the character eff the ground surface is permi.^sible 
when the m(*a.sur(‘ment is to be pcTformcMl by tape as agaiu'^t rigid bars, 
but the child dc'siderata are : 

(1) The site should permit of a line, of liMigth Miitable to the re(|uire- 
ments of the surviw, being laid out ovct firm and smooth ground with 
longitudinal slope's not exci'c'ding about 1 in 12 and with the euid stations 
edther intervisible? at ground leved or such that intcr\ i i)>ility can bo 
se'cure'd at small e'xpense. 

(2) The surrounding e'ountry should be suitable for the development 
of a w’ell-conditioned eH)nnection be'tween the base and the main triangula- 
tion. 

• Sc3(^ C*raii(ltill, Teal ‘hook on Ueodrsy and Least Squares, or Hosmor's (tcodesy. 



148 


PLANE AND GEODETIC SURVEYING 


In very flat country a considerable choice of sites may be availalje, 
and the location may be made to suit a proposed scheme of triangulation. 
In rugged country, on the other hand, the choice may be very limited, and 
the triangulation must be adapted to suit the location of the base line. 

Base lines can be measured with a greater degree of precision than can 
be maintained throughout the triangulation. The uncertainties intro- 
duced by errors of angle measurement increase as the work progresses 
from the initial base line, and check bases should therefore be introduced 
at intervals. The distance between them should be sucli that the dis- 
crepancy between the measured length and that computed from the 
preceding case is within the allowable error set? for the survey. In exten- 
sive primary surveys the base interval ranges from 100 to over 200 miles. 
In the greater national surveys the number of primaiy base lines per 
100,000 square miles varies from about 1 to 8. 

Length of Base Lines. The length of base should depend primarily 
upon that of the sides of the triangulation, and should bear as large a 
ratio to the latter as i)racticable in order to minimise the loss of precision 
inherent in the connection of a short base to the triangulation system. 
The length of the great majority of existing bases lies between a tenth 
and two-thirds of that of the average side of the triangulation. Modern 
development in the use of tajies and wires has tended to increase the 
length of bases and some that have been measured in recent years have 
been anything up to nearly 20 miles in length. In most cases the length 
is strictly limited by difficulties of the site, but it is an advantage*, when 
this is possible, to secure a base line that approximates in length to at 
least half that of the average length of side of the main triangles. 

C!onnection of Base Line to Triangulation. In connecting tlu* (compara- 
tively short base line to the main triangulation, badly 
conditioned figures must be avoided by expanding the 
base. in a series of stages. Fig. 50 shows a strong 
base net connecting tlie base AB to the main stations 
G and H. The first expansion yields the line (T), the 
second EF, and the third the side GH of the main 
F system. 

Selection of Stations. To lay out a s\stem of 
triangulation witli strong figures so that the survey 
may be conducted economically demands a careful 
study of the topography of the country. Stations 
should be placed upon the most elevated ground, 
so that long sights througli undisturlx'd atmosphere 
may be secured at minimum expense for ob.serving 
towers and signals. Commanding situations are also of advantage for 
the control of sub.sidiary triangulation and for possible future extension 
of the principal system. In very flat country the topography, because of 
its uniformity, has less influence on the exact location of the stations, 
and the length of the lines is limited by the cost of erecting high structures 
to overcome the effect of the curvature of the earth. If sucli country is 
heavily wooded, the difficulties are greatly increased, and a considerable 
amount of clearing may have to be undertaken or precise traversing may 
have to be substituted for triangulation. 
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To prevent difficulty of Highting and to avoid the effects of irregular 
atmospheric refraction, stations slmuld be situated so that lines of sight 
will not pass over towns, factories, furnaces, or the like, nor graze any 
obstruction. They must be placed on firm ground where, as far as can 
be judged, they will remain undisturbed and permanently accessible. 

PRELIMINARY OPERATIONS 

Reconnaissance. This includes all the operations required in examining 
the country to be triangulated, fixing sites for base lines, selecting and 
temporarily marking stations, determining intervisibility, ascertaining 
the required height of observing towers and signals and the amount and 
direction of clearing. The economical execution of a triangulation is 
very largely dependent upon an exhaustive reconnaissance, and the work 
should be directed by a person whose judgment can be relied upon. 

Advantage should be taken of existing maps of the region. If none is 
available, it will usually be necessary to undertake a rapid preliminary 
reconnaissance to ascertain the general location of possible schemes of 
triangulation suited to the topography. These schemes are examined in 
detail in the reeoimai.ssance proper. 

The latter is conducted as a rougli triangulation and plotted as the 
work advances. The equipment carried should be as light as possible, 
and the instrumental outfit will not exceed the following ; small theodolite 
with magnetic needle, sextant for observing from tree tops, good telescope, 
two heliotropes for testing intervisibility, prismatic compass, one or two 
aneroids for levelling, steed tape, drawing instruments and materials and 
foot irons and rope for climbing trees. 

The highest points are occupied, and horizontal and vertical angles 
are observed to all salient features likely either to serve as triangulation 
stations or to influence their selection. To facilitate progress, considerable 
use is made of magnetic bearings as an aid to identifying poin♦^ previously 
occupied, and, where convenient, fixes are made by resection. Great 
care must be exercised to ensure that reliable data are obtained with 
reference to the necessary height of stations and that stations judged to 
be intervisiblc are really so, as a mistake might seriously retard the j^ro- 
gress of the observing party. 

Plotting may be performed by protracting the angles or by computing 
the sides, a scale or base being obtained with sufiicient approximation 
from astronomical observations or by subtense stadiometry. The essential 
features of the topography are sketched in. The possible triangulation 
schemes are then laid down, their relative strength and cost are examined, 
and a final delusion is reached. Points selected for stations are flagged, 
and particulars of their exact location arc recorded. 

■ During reconnaissance, ample notes should be made of all circumstances 
likely to influence the economy and rapidity of the operations to follow*. 
These will include iifformation regarding access to stations, means of 
transport, supplies of food and water, camping ground or nearest suitable 
accommodation, material for building towers, etc. Descriptive sketches 
or photographs showing the appearance presented at each station by the 
surrounding country «rc useful as an aid to the identification of adjacent 
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signals, and serve to sliow the extent of territory which can he controlled 
from the station. It is useful to figure on these sketches or photographs 
the observed compass bearings to the more prominent hills or objects 
that can be seen from the station. The sketches are best made in the 
form of “ panorama sketches.” 

During the last few years the at^roplanc has been extensively used in 
(Wiada for making reconnaissances for seliemes of triangulation in 
forest country and the Canadian (Seodetie Survey has evolved a specialised 
technique for this class of work wliich has met with considerable success.* 

Intervisibility and Height of Stations. It is (;ommonly possible to 
ascertain whether ])roposed stations are actually intervisible by direct 
observation either at ground level or from tree tops or guyed ladders. 
If, however, iiitei* visibility necessitates elevating the station considerably 
above the ground, the reconnaissance party may not be able to determine 
by observation tlie practicability of a proposed site, and the question 
must be decided by calculation. The height to which both instrument 
and signal must be raised above the ground depends principally upon 
the distance between the stations, their rehitive elevations, and the 
profile of the intervening country. 

Distance between Statioyis. The deviation of the level line from the 
horizontal due to the curvature of the earth in a distance D amounts to 

oDi where li is the mean radius of the earth. Owing to terrestrial refrac- 

tion, however, a line of sight is not straight, but, except in abnormal 
cases, is concave to the earth’s surface and approximates to a circular 
arc of radius about seven times that of the earth. The combined effect 
of curvature and refrac tion is given by 

/>2 

A = (l 

where k is the coefficient of refraction. The value of k may vary consider- 
ably (page 427), but for the present purpose should be taken as not 
exceeding U '07 for sights over land and 0*()8 over water, unless it is known 
more exacjtly for the locality. Taking k — 0*07, then h = •574J)-, when* 
h is in feet, and D in miles. The ac^companying table gives the value of h 
in feet for distances from 1 to 80 miles for k =-■ 0*07. 

TABLE OF CUKVATUHE AND REFRACTION 


Distance in 

Curvature 

and 

Distance in 

Curvature 

and 

Distance in 

Curvature 

and 

Miles. 

Jtefrai tion 

Milos. 

Refraction 

Miles. 

Refraction 

1 

in Feet. 

00 

9 

In Feet. 
40s’> 

17 

in Feet. 
105-S 

2 

2 3 

10 

57-4 

IS 

185-9 

3 

5-2 

11 

69-4 

19 

207*2 

4 

9-2 

12 

82-6 

20 

229 -.5 

5 

14-3 

13 

97-0 

21 

253*1 

a 

20-7 

14 

1J2-5 

‘22 

277-7 

7 

281 

.15 

1291 

23 

303-6 

8 

36-7 

16 

146-9 

24 

330-5 


* See CivU Engineering, January, 1932, and Annual Report oj the Director oj the 
Geodetic Survey of (Uinada for the Fiscal Year emliny March 315^, 1931. 
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TABLIS OF CUaVATUKE AND BBFItACTION — 


Distnnco In 
MllUH. 

25 

25 

27 

2S 

21) 

;j() 

:n 

52 

55 

54 

55 
55 
57 
5S 
51) 

40 

41 

42 
45 


('iirvutiiro 

and 

Hcf ruction 
in Foot. 
55S-5 
5S71) 
41S-5 
441)1) 
4S2-5 
515-4 
551-4 
587-5 
524-1) 
555-5 
702-1) 
745-7 
785-5 
828-5 
872-8 
1)18-1 
1)64-5 
1012-2 
1061-0 


ONt-nnco In 
Mlleo. 

44 

45 
45 

47 

48 
41) 

50 

51 
• 52 

53 

54 

55 
55 

57 

58 
51) 

50 

61 

52 


Curvature 

and 

lief ruction 
in Foot. 
lllO-l) 
1152-0 
1214-2 
1257-5 
1522-1 
1577-8 
1454-5 
141)2-5 
1551 5 
1611-1) 
1575 5 
1735-8 
17Ul)-5 
1854-4 
1050-1 
1007-5 
2055-8 
2155-2 
2205-8 


DlHianrc In 
Miles. 

55 

54 

55 
55 

57 

58 
51) 

70 

71 

72 
75 

74 

75 
75 

77 

78 
70 
80 


Ciirvaturu 

and 

Kcfraction 
ill Feet. 
2277-5 
2550-4 
2424 J 
2400-5 
2575-0 
2655-4 
2752-0 
2811-7 
281)2-5 
2074-7 
5057-0 
5142-2 
5227-8 
3314-4 
5102-2 
5401 2 
5581 3 
5672 5 


The tabular liguros .show the elevation above datum of a signal which 
at various distances can just be .seem from datum level, if the intcTVoning 
ground presents no obstruction, and, conversely, the distance of the 
visible horizon from a station of known elevation above it. 

Relative Elevation of Stations. When the ground below the line of 
sight is level, the table may be used to give the iieces>arv elevation of a 
station at known distance, .so that it may be visible from another of known 
elevation. Thus, if hi (Fig. .IT) is the known elevation of station A 
abovc^ the level ground, the di.stance/>i, 
at which the line of sight becomes 
tangent to the ground, is obtained by 
inter])olation from the table, and the 
remaining distance, D 2 = (D — Di), is 
a.scertaincd. The required elevation, 

7io, corresponding to Z),, is then ex- 
tracted, and, the ground level at B being known, it will be found whether 
it is necessary to elevate the station above the surface, and, if so, the 
required luught of tower is obtained. If the height of neither station is 
fixed, then for level intervening ground the minimum total height of 
scaffolding, w^hen fhe ground level is the same at both stations, occurs 
when the towers are of equal height. When the difference between the 
ground levels does not exciM'd this height, the stations should be brought 
to the samo level : for greater differences in ground level, the minimum is 
secured by erecting scalfoldiiig only at the low’er station. 

The lino of sight should not graze the surface at the tangent point but 
should pass above the strata of disturbed air. In fixing station heights, 
allowance should be made for keeping it nowhere less than C ft. above 
the ground, and preferably 10 ft. in first-order work. 

Example, q'ho olevalioii dT .\ is SI 2 II., iiii.l tliat ol H, 30 5 inilos distant, 
is 857 ft. The intorvoiflng groiiiul rniiy lio a.'-.suitiod a level plain of elevation 709 ft. 
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Find the minimum height of signal required at 13, so that the lino of sigiit may not 
pass nearer the ground than 0 ft. 

Minimum elevation of line of sight = 701) -f 0 = 715 ft. 

Taking this elevation as a datum, the elevation of A — 812 — 7 15 — 97 ft., which, 
from the table, corresponds to a tangent distance D^— 13 miles. 

. The remainder Dj = 30-5 — 13 = 17-5 miles, in whi(?h distance the ordinate 
h^= 175-7 ft. (by calculation or interpolation from table). 

/. Minimum height of signal above ground at H 

= 175-7 + 715 - 857 - 33-7, say 34 ft. 

Profile of Intervening Ground, The elevation and position of peaks 

which might offer obstruction 
must be ascertained, and a 
comparison of their elevations 
with that of the proposed line 
of sight at the same distances 
will exhibit whether that line 
of sight is practicable. A 
simple solution of this prob- 
lem, due to Captain O. T. 
McCaw, is as follows* : — 

Let be the height of the standpoint ^4 ( Fig. 58), and g that of the fore- 
point B, Let the total distance AB = 25 and let the possible obstruction 
C occur at distance (s + z) from A and (s — z) from B, 'rhen, if tlie 
zenith distance from A to R is 5, the height h of the line of sight at C is given 
by:— 

* = + *i) + i(*2 — coscc^ C . (i — k)/R. 

s 



Usually cosec^ J can be neglected as it is approximately ccpial to unity, 
but, if nece.ssarv, it can be computed with sufficient accuracy from : — 

(Ag - A,)- 


c6sec2 f = 1 -j- 


452 


The term (s^ — z^) . ( J — k)/B can be obtained from the table on 
page 150 by using as argument the distance in miles given by D = — z^. 


Example. The proposed elevations of two stations .1 and Ji, 70 miles apart, are 
respectively 516 and 1,428 ft. above moan sea level. The only liki»ly obstruction is 
situated at 6’, 20 miles from and has an elevation of 59S It. Ascertain l)y how 
much, if any, B should be rai.sod .so that the lino of sight may clear C by 10 ft. 

Hero 2« = 70 miles, s — x ■— 20 miles. Hence, s — 35 and x — 15. /ij -f ^4 " 

1,944, 912. 

4(A, + /»i) = 972, 1(4, - hi)- = + 456 X - -|- Ii)r)-4. ««-*«=. 1,000. 

S oiJ 

pt 

D = yf = 31-6 mile.s, and, from the table on page 127, ( 1 — 2A;)— 573-1. 

Hence, taking co.scc® f = 1, wo have : — 

h - 972 + 195-4 - 573-1 -= 594-3. 

Tho line of sight therefore fails to clear C by 59S — 594-3 - 3-7 ft. To clear by 
10 ft. it should be raised at C' by the amount 13-7 ft. and at B this becomes 13-7 X 
A n TU 

= 13-7 X — = 19 ft. Whonco, BB^ — 19 ft., the minimum station height 

AC 60 

above the groutid at B, 


* Empire Survey Review^ V'ol. Ill, Xo. 21, page 428. 
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The relative hcighlH of the two towers for minimum total height is 
best obtained by trial calculation. In the case of a single obstruction 
the minimum is s(‘cured by erecting a tower only at the station near the 
obstruction. 

Observation Towers. WIk'h the station must be? elevated above the 
ground, a rigid support is required for the instrument and the signal. 
Jt is sometimes ])ossible to utilise church spires or other lofty structures, 
with or without the addition of scaffolding, but usually the erection of a 
masonry piei: or a timber or steel .scaffold is necessary. 

Masonry is xnvy suitable for small lieights, but otherwise the cost is 
prohibitive. Timber scaffolds are most commonly adopted, and have 
been constructed to heights of over 150 ft. Scaf- 
folds (Fig. 51)) must be designed in the form of 
two towers, securely founded and efficiently braced 
and guyed : the inner tower forms the siij^port for 
the instrument, and the outer carries a railed 
])latforrn for the observing j)arty and su 2 )ports the 
instrument awning. 'J'he two structures must be 
entirely independent of each other, so that there 
is no 2 )o.ssibility of vibration being transmitted 
from the outei to the iniu*r. The signal is some- 
times evectcvl on tlui instrument tower, a ^msition 
necessitating its removal when the .station is occu- 
pied, and a convenient alternative is to mount it 
on the observer’s scaffold above the instrument. 

On extensive' surveys standard scaffold designs are 
worked to.* 

In 1927, Mr. J. S. Bilby, of the United States 
Coast and Geodetic Survey, evolved a “ portable ” 
tyi)e of observing tower w hieh is built up of steel 
.sections and rods, and, after u.se at one station, 

(%‘in be dismantled and used at another. To wens 
of this tyjxi have now been in continuous use by 
the Coast and (geodetic Survey ever since they were 
invented, and in recent years they have also been 
used by the Ordnajico Survey in the retriangula- 
tion of Great l^ritain. Both the inner and outer 
towers are tri 2 )ods, and, as a i>recautionary 
measure, the outer tower is 2 »rovided with three 
steel wire guys, attached at two-thii'ds the height 
above ground and anchored to large screw or puj Obseuvation 
angle-iron jiickets. The maximum height for which Scaffold. 

the.se towers are made Is 103 ft. 

. Thc.se Bilby tow ers, which are constructed in different lengths, are very 
easily transported, centered, erected and disinantled.t 

* For examples see Ki'ports of Uriitcd Slates Const and Geodetic Survey, laoa. 
Appendix No. 4 ; JS!)!), Appendix No. 0, pp. 406-14 ; 1SS2, Appeiulix No. 10 ; and 
Sy>o(‘inl Publication No. 4, 1000. 

^ For a do.seriplion of Jblby to\ver.«» see United States Const and lleodefie .Survey 
Sjieeinl Piil)l lent inn Xn.J.")S. 





154 


PLAm: AND GEODETIC SURVEYING 


Signals. The term signal includes any object or devices ns(*d t«) define 
for the observer the exact position of a station. The various kinds may 
be classified as opaque or luminous. Opaque signals eompris(^ sev(U*al 
forms of mast or target signals, and are used for comparativt'ly short 
sights. Luminous signals, including the heliotrope ami h(*liograph for 
day observations and diiferent varieties of lights for night work, are 
gnvitly used in first- and second-order triangulation. 'Flwy are indis- 
pensable for long lines, but are also C(*onomieal for r(»lativ(»ly short sights 
through hazy atmosphere. 

A signal of any class should fulfil the following ('ssential r(‘([uireme!its, 

(1) It should be conspicuous. 

(2) It should present a well-defined outline of suitabli* width for 
accurate bisection. 

(.‘1) It should bo cajDable of being accurately centered over tin; station 
mark. 

(4) It should exhibit little “ phase ” (page 227). 

Opaque Signals. This is the usual form of signal for sights of less than 
about 20 miles, althougli under favourable conditions it may Ik; employed 
for much greater distances. When the station is not elevat(Hl above the 
ground, the most common arrangement is to have the signal mast sup|)ort(*d 
by a tripod or quadripod trestle (Eig. fiO), so that tiu; instrunuMit may 
be centered over the station mark without disturbing 
the mast. Tlie legs of the trestle are spikc'd to stak(*s 
driven well into the ground, and may bo close-boa icled 
or have canvas stretched b(dwcen them to protc'ct the 
instrument against the effects of sun and wind. 'I’aH 
masts must be secured with wire guys. 

The signal should sublend about 1-0 and 1-5 sec. at 
the observ^er, corresponding to a width of 0*5 to O- lli irn 
per mile, but for .short sights con<id(*raf ions of rigidity 
govern fhe diameter of the poh; and ni‘(;essitat(; a greater 
angular width. On the other hand, a mast to subtend 
tho<o angles at long di-stauces would Ik; int on\a*niently 
heavy for erection, and beyond about 15 or 20 mil(‘s 
the width must be increased by nailing on thin stiips of 
wood or targets of rectangular or diamond shape, formed 
of ))oarding or of canvas stretched on a frame. In ord(*r 
that targets may be visible from different direc;! ions, they 
should be fixed in pairs at right angles to ('ach other. 

To render a signal conspicuous, its height above the .station should 
be roughly proportional to the length of tlie longest sight upon it, and 
usually li(\s between 10 and .‘10 ft. ft .should bo of dark (joloiir b)r visibility 
again.st the sky, and should be painted white, or in white; and black stri|K‘s, 
agaiiLst a dark background. To afford great(;r prominence*, the to[) of 
tlie mast should carry a flag, a whitewashed bundle of brushwood, a tin 
cylinder or cone, or other device. For the longer sights, 15 to 2t) miles, 
the upper part of a quadripod is usually boarded or that(;hed, as a ])ol(; 
and vanes may then be ii.sele.ss. 

Except when viewed tagainst the sky, many forms of signal p(;rmit of 
accurate bisection only when the .sun is in the jflane of the lino of sight. 
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Under lateral illumination the Kignal may be partly illuminated and 
partly in shadow, and, sineo the observer sees only tint bright portion 
and makes his ])ointing upon it, an error, termed phasn, is i/itnxlueed. 
The eileet cannot la* avoid(*d in rylindricnl signals nor with srpiare njasts 
unless oiKi sidr ol flu* latf<*r directly faces the observer. In turret sifruuln 
it is caused by tlu^ shadow of the uppcT target falling on the lower. If the 
dir(‘etioii of th() sun is known, the phase* correction, in the simple ease of 
a (tylindrieal signal, may lx; formulated as on page 227, and th(^ error 
eliminated. • 

A phaseless signal is obtained liy using a singh* target normal to the 
line of sight, an att(*ndant being told olf to turn it to face* the observer. 
Jn the ordinary target, signal ])hase is reduced by making the »lej)th of 
the targ(?ts gr(‘at in proportion to their widtii and by using lozenge forms 
rather than rectangular. On the otlier hand, w(‘II-defin(‘d phase is 
obtained with a sigftal consisting of a tin (iylinder to reflect the sun’s 
rays, the pointings b(‘ing made on the bright line. 

The HeUotrope and Heliograph. The* (*ss(*ntiai fcatnn s of t lie h(>liotro]M‘ 
ar(^ a plane mirror to lellecjt tin* sun’s rays and a lim; of siglit to (‘liable 
the attendant to transmit the reflect(*d b(*am in the direction of the ob>erv- 
ing station. A ver\ simph* h(*liotrop(* may lx* improvis(*d with an ordinary 
mirror mounted on a horizontal axis, the* refleet(‘d sunlight lieing proj(*cti‘d 
over the tot) of a stake or poh) 
marking the* r(xpiired direction. 

In the usual forms of the appar- 
atus the mirror is of worked 
parallel glass with rack motions 
about, both horizontal and vertical 
axc's, and the line of sight may 
lx* eithci' tel(*seojae- or delined by 
a sight vaiu* with an apertures 
carrying ci-oss wires. 

In the t('l(‘scopie form (Kig. til) 
tiu* mirror is mounted on the 
t(*l(*scop(*, and two rings are fixed 
so that tin* axis through them is 
[)arall(*l to tIu* line of sight. The 
tcI(‘SJ()pe being diivcted towards 
tin* distant station, the mirror is 
adjusted until the relh'ct(*d beam 
pass(‘s c(*nt rally through tin* rings, 
as (‘videnced by a concentric 
annulus of light on the s(*cond 
ring, which is of smaller a|x*rtun' 

•than tile first. In non-telcscopie 
forms, tiu* sight vane may he 
mount (*d on tiu* hase-board or 
tripod head sii])|xirting the* mirror Fun (>I. Ti ckscoimc Ifi:i uokmi i;. 
and at about. 2 ft. from the* latt(*r, 

or it may be (‘rt'cted on a pole several yards from the station and in the 
eorr(*et line. In aligning the instrument, the eross wires or other mark at 
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the centre of the vane are viewed through a small eyehole in the centre 
of the mirror, formed by removal of the silvering, coincidence being made 
with the distant station. Alternatively the cross wiies and the distant 
station may be brought into coincidence with the eyoliole by viewing 
their reflexions in the mirror, thus setting tlie centre of the vane in its 
correct position. Where the heliograph has to be placed eccentric to the 
station centre, its centre and that of the vane ai*(^ most correctly aligned 
b\' theodolite, the height of the vane being easily adjusted separatcl}’' by 
direct sighting in or through the mirror. 

In British Colonial practice, the ordinary military 5-in. heliograph, 
commonlv used in the army for signalling purpose's, is very often employed 
instead of a special heliotrope. This instrument is light and compact, and, 
in addition to the fittings common to most non-telescopic types of helio- 
trope, has a tapping arrangement which swings the mirror about its 
horizontal axis, thus enabling signals in Morse code to be transmitted 
to a distant station. Its vane is a tiny opaque pillar, wuth a central 
mark near its top, unlike the rings or board aperture with cross threads 
mentioned above. 

Another form of heliotrope, used by the Adiniralty, is the “ Galton 
Sun Signal.’* This is of the telescopic variety and it is so arranged that, 
when the light is thrown on the area occupying the centre of the field of 
view^ of the telescojie, a small image of the sun is suporimjiosed on the 
image of the target within the field of the telescoiie. Hence, it is (‘asy 
to know immediately wiien the flash from the ‘‘ gun ” ceases to fall on 
the target. 

Accurate bisections cannot be made when the signal is too bright, and 
the size of mirror or aperture of vane should not be greater tlian will 
show’ a clear star of light. The size required is junportioiial to the distance 
between the stations, but also depends upon tluj clearness of the atmo- 
sphere and the quality of the observing telescope. If J) is the length of 
sight in miles, the effective diameter or width of mirror lias varied in 
different surveys from about 0*()5 1) to over ()• 1 1) inclu's for average 
atmospheric conditions, corresponding to an angular width of signal of 
about Jth to -Jrd second. In regions of exceptionally ch'ur atmosphere 
smaller signals have been successfully used. A mirror of 5 or 8 in. diameter 
is commonly employed, and the effective area is reduced by a diaphragm 
fitted on the vane or, in the telescopic form, on the outvr ring. Jf a 
military type of heliograph is used, the “ stops ” can be rings of ('ard- 
board or thin sheet tin, wdth different diameters of circh's cut out from the 
centre, fastened on the mirror. 

Use of Heliotrope. The reflect(‘d rays hjnn a divi*i*g(‘nl b!*am having 
an angle equal to that subtended by the sun at the miiror, viz. about 
32 min. The base of the cone of reflected rays has th(*ri*fore a diameter 
of about 50 ft. per mile of distance, and the signal is visibh* from any 
point within that base. In consequence, great refinement in pointing 
the heliotrope is unnecessary, as the signal will be seen provided the 
error of alignment is less than 16 min. 

The heliotrope must be centered over the station mark, and the lino 
of sight directed upon the distant station. (Jentering is facilitated by 
means of the “ self-centering ” beacon introduced by the Survey of 
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Egypt. The device consists of a brass casting with three radial V-shaped 
grooves, 120® apart, which receive the feet of the heliotrope or the levelling 
screws of the theodolite. When the distant station cannot be seen or its 
direction located within jibout 16 min. of are, a reference pole is erected 
with the top just behiw the line and at least 100 ft. from the heliotrope. 
Flashes are sent from tluj observing stations to enable the direction to be 
established, or the pole may be lined in by theodolite, as the bearing will 
usually be known with sufficient accuracy for the purpose. Instead of a 
simple pole, a much better arrangement is one which is due to IMcCaw 
and consists of a board w ith a circular hole about 5-in. diameter cut in it. 
The board can be (Toctod on a pole or stand, the centre of the hoh?, marked 
by cross threads, being aligned on the distant signal.* 

The duty of the heliotroper consists in projecting and maintaining 
the beam in the i^ropcr direction. Because of the motion of the sun, the 
mirror must be adjusted on its axes about every minute. When the 
sun's rays cannot be received directly on the mirror, they must be reflected 
upon it from a second, or “ duplex,” mirror, which is x>rovidcd with all 
forms of heliotrope. This mirror is placed in a convenient position facing 
the sun, and must be adjusted to follow the sun’s motion. To avoid 
misunderstaiwlings and delays, the observing party carries one or two 
heliotropes or iicliogni[)lis, and a simple code of signals is adopted for 
conveying orders to the iicliotropem. 

The heliotrope can, of course, be used only in sunshine, whereas the 
most favourable atmospheric conditions for angle measurement occur 
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on cloudy days. The best results with the heliotrope are obtained from 
observations taken towards sunset. 

• Geodetic Surt'ey of South Africa, Vol. TIT, yorth -eastern Rhodesia (1903-7), 
H.M.S.O. 1032. 
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Night Signals. Tlie advantages of night observations (page* 211)) liavo 
been realised since the early days of geodetic triangnlation. ()n the 
Ordnance Survey of the United Kingdom the longer lines wcm’o observed 
by means of the Drummond or lime light. In tluj Great Trigonometrical 
Snrve}" of India blue liglits and vase lights * were employt'd in the earlier 
work, and latterly Drummond lights and Argand reverbiuatoiy lamj)s 
with 12-in. parabolic reflectors were adopted. 

Various forms of oil lamps, generally with reflectors or oplic^al colli- 
mators, have been used for lines of less than about 50 miles, in West 
Africa, ordinary oil hurricane, or stable, lamps, with a flame about 1 in. 
Avide, have been used for lines iij) to about 12 miles in huigth. For lines 
betAA^een 10 and 25 miles Tilley petrol vapour pressure lamps, with mantles 
about 1 in. long, aatic found to be simple in use and to give satisfac^tory 
results. Neither of these lamps Avas proAuded Avith a rt‘flector. Kor 
longer lines either acetylene or electric lamps may be used. A special 
acetylene lamp, designed by Cai)tain G. T. iNhjCaAV, was em])loyed in the 
measurement of the arc of the meridian in Uganda in l!)0S-00, the long(\st 
sight being 4(v() miles. In West Africa these lam])s, Avhich have* a candle 
poAver of about 000, have been observed up to 50 mil(\s. At liouu*, the 
same lamps Avorc employed by the Ordnance Survey on the tt»st triangnla- 
tion in N.E. Scotland in 1910-11, the longest side being 4()*9 mihvs. 

Fig. 02 shoAVs a recent pattern of the Slct^aAV lamp as manufactured 
by Mes.srs. E. R. Watts & Sons. It may be noted that tlu^ ludiograph 
mirror, used for day AA’ork, is sAAung aside during tluj night. In this lam]) 
the burner is placed at the centre of curvature of a spherical refh'ctor at 
the back. In this position it is A^ery approximately at tlu' focais of a 
coiiA'erging lens fixed in front of the lamp. The position of tlie burner is 
adjustable so that it can be moved along the axis in siuth a ])osition that 
the lens throAvs out a slightly diverging beam of light. 'Fhe gas is produciMl 
in a small metal generator, not shoAvn in the figure, Avhich can be connc(!ted 
to the burner by a length of rubber tubing. Alignment is (‘onh’r)ll(Ml by a 
telescope mounted at the side of tin*, lamp, tin? latter b(‘ing lilted with 
means for proAdding small adjustments in altitude and azimuth. Adjust- 
ment in alignment and for Avidth of beam can be carried out. by using a 
special target of the typo shown in Fig. 

Fig. fi.'l shoAvs a special type of electrical beacon lamp mamifad ur(‘d l)y 
Messrs. Cooke, Troughton & Simms, Ltd., which has been us(*d recently 
on the re-triangulation of Great Britain. It compris(*s a bulb, silverc'd in 
front and with a compactly wound filament, used in conjunction with 
a Mangin reflector, the current for the bulb being provided either by a 
6-volt dry battery or by an accumulator. The l)ulbs an^ intcTcthangeablo 
and are supplied in four strengths — 24, 12, 6 and II Avails — so that the 
intensity of illumination can easily be varied considerably to suit difl(*r(int 
conditions. Motions in azimuth and altitude are provided. The setting 
in azimuth presents little difficulty as a target can be set out with tlu^odo- 
lite on the correct alignment and then used to hiring the beam to the 
correct bearing. For setting in altitude, a small vertical arc with a 
vernier reading to 1 minute of arc may bo used. Two spirit levels, for 


* See Thuillier and Smyth, Manuul oj purveying for Imlia, 
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levelling up the liunp, are fiticd to the base, levelling being done by 
foots(a*evN s. 

Wh(‘Ji the (ilaineiit is in jK>dtion it should b(j very approxirnateiy 



13(.'ac<)ii Lamp 'I’.ip'rot 

b'n:. r»3. 

{Ihj perhitssion v/ Mi st^ra Cooie, Troujh^i'H tO /<■#.) 


at th(‘ point of intiUMution of the horizontal and viTtical axes of tlu‘ 
lamp, which [)oint also eoineid(‘s with the focus c:)f the rel!«iting >urfae(*. 
Small sighting holes arc* drilled in the l)ody of th(‘ lamp to enal)l(‘ this 
adjustment to be testi**! and means are provided for l entering and focu>ing 
the l)ull)s. Further, since a very slight altc'ration in the ])odtion of the 
bulb eaus(\s a eonsidtuable alteration in the direction of the beam, a tine 
adjustment has to be ])rovided to ensure that, w hen bulbs are iiiterchaiiged, 
the beam maintains its direction with relation to tin* line of >ight, defined 
by the open sights on the top of the lamp eaMiig, and to the zero of the 
vertical are. To test this adjustment, a special target, shown in Fig. (i;b 
can b(* obtaiiu'd or made. The target has a cross marked on tlu* top 
and a ring in the centre indicates the size of a parallel beam, the po>ition 
of the cross with ri'spect to that of the centre of the ring being the same 
ns the ])osition of the sights with resj)eet tf) the horizontal axis of the 
rellector. The* targe^t is s(*t up on level ground at a considerable distance 
from the lamp and .very approximately level with it. The test then 
consists in l(‘velling the instrument and bringing tlu* lH*am into a position 
w'here it is concentric with the ring on the targ(‘t. 'rhe line of sight 
should then intersect the cross on the target. If it doc*s not do so, the 
open sight, which is adjustable, should be moved until the line of sight 
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intersects the cross. If the centre of the target has been set exactly level 
with the centre of the reflector, and the iiistriunent has been properly 
levelled, the vertical arc should read zero. If it docs not, the exact reading 
may be taken and used as an index error. 

The above tests should be made every time a bulb is changed. 

From the point of view of instrument design it is interestiiig to notice 
the ditference in the optical arrangements of the acetylene and electrical 
lamps. Roth designs try to arrange for as much liglit as possible to bo 
obtained from front and back of the source of light and .then for this 
light to be thrown out in the form of an almost parallel beairi. In the 
case of the acetylene lamp, the burner is placed at the centre of curvature 
of the reflector and an image of the back of the flame is thus formed 
coincident with, or alongside, the front of the flame. The burner is at the 
focus of the convex lens in front of the lamp. Hence this lens picks up 
the light from the front of the flame cand also that from the image formed 
by the reflector, and, if the flame were a point of light, the l)c*am thiown 
out in front would be a parallel beam. 

In the ease of the electric lamp, the filament is very approximately 
at the focus of the reflector, not at the centre of curvature*. The rays 
from the front of the filament fall directly on the reflecting silvered 
surface of the front of the bulb and from this surface are reflected back on 
to the main reflector at the rear of the lamp. Hence, the rays from 
both back and front of the lilameiit come from the ap])roximate position of 
the focus of the reflector and are thrown out from the lamp in the form 
of an almost parallel beam of light. No lens is therefoic needed with 
this lamp. 

If the source of light in each lamp W’ere a point soun*c, and all adjust- 
ments were properly made, the beam pror(H‘ding from the lamp would be 
a truly parallel one. Neither souret*, however, is a poiu" source and its 
dimensions in comparisoai with the radius of curvature and size < f the 
reflector are quite ajjpreciably large. Consccpiently, the beam which is 
thrown out is not a parallel beam but diverges sliglitly to tlie extent of 
about 5® or so. This is an advantage, provided the divergence is not too 
great, since it would be very difficult to align a truly parallel beam on a 
distant target. 

For lines of over 50 miles there are available the Druiiimoiul light, 
the electric arc, and the magnesium lami). Tlie first two are not genera liy 
suitable on account of the weight of the apparatus and the necessity for 
the attendance of a skilled person. The magnesium lamp with parabolic 
reflector is very portable and easily manipulated, and gives excellent 
results.* The lamp burns magnesium ribbon, which is delivered by 
clockwork at any desired rate. The magnesium is somewhat costly for a 
continuous light, but the expense of this item may bo reduced by showing 
signals intermittently according to a j)rearranged time-tabh;. 

Alignment of night signals is effected by means of the att ached telescope 
or open sights or by the aid of a pole or board with circular hole, as 
described on page 157, set*out on the yjroper direction and altitude. 

Flare Tr ia n g ulation- During the last war a method of eontinuing 
triangulation ov(*r wide gaps two to three times th(? l(‘Jigth of normal 
* See L'.S. Coast and (-JeodetH* Survey Ke|H)ri, JSSO, Ap[)(‘iidi\, No. S. 
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visual observation, i.c. from about 80 to 250 miles, by means of syn- 
ehronised tlieodolite obiUTvations to j)ara(;bute flares (lroi)j)ed near 
pic-detcMinined positions by aero])1an(; Avas devised })y Li(‘Ut.-(.V>lon(‘I 
W. B. l^rowne, M.B.K., K.K. The method was originally proj)osed for 
establishing a trigonometrical eonneetion b(‘tween th(‘ soutli coast of 
England and the Normandy (\)ast in connection with the Alli(‘d landings 
ill France. For various reasons this was not possible* at the* time but, 
immediately th<‘ war was over, a test was made* over a 00-mile* wiele gap 
se‘])arating Denmark and Neuway. The results of tliis te*st jiroved the 
prae't usability eif the metlmel, and since the*!), in 1046. it has been used 
to ('stablisli a trige)nemie;trical cemnee'tieiii be*lwe*e*n Fleaiehi anel the 
Bahama Islanels. 

In Fig. 64, A. B and (- are thrc*e fixe‘el t:igone)me*tiieal stalieins anel 
I), E aiui F aie* thre'c e)the*rs wheise* ])e>sitions are* te» be* fi\e*el, the elistanee*s 
fremi A, B anel tei I), E and F be*ing teie) great te) allow of onlinary visual 



obse‘r\ atitjus from the* points on the* e>ne side* of the* gap te) the* points on 
the e)the*r. The method eeinsists in arranging for parachute* Hares te) he 
elre)))pe*d in turn hy ae*re)j)lane at suitable* points, F, Q and H, lying e)n a 
gre*at e*ircle appre)\imate*ly half way be*t\M*cn the ti\e*el st;itie)ns anel the 
statie)ns to be? fixe*d, anel taking simulta!ie‘ous ohserx atie)ns te> these 
flare*s by the'e^elolite's at A, B, (\ D, E anel F. 

Fe)r e*arrying eiut this methe)el, the* ineist suitable pe)sitie)ns for the 
])e)ints P, Q and H are* e‘he)sen and the ollicer in charge e)f the* Hying 
e)pe*rat ie)ns in.strue tesl to elre)]) flares as closely as pe')ssible te) tlm.^e |)e)sitious, 
raelar being use*el to assist the ])ile)t in dete*rmining when he is in the 
])ro])er ])e)sitie)n te) elmj) a Hare. Shortly bi*fe)re he ivaehes sue*li a pe)sition, 
the pilot transmits a signal by raelie) plume whieli is recei\ e*el by all the 
observers, wlio are all e'(|uippeel with receiving sets and head phones 
or loud spe*aker. A she>rt series of warning signals is then sent at intervals 
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time has been following the tlare with the eross hairs in liLs theodolite, 
clamps his instrument and takes his readings. Ordinarily theie is time 
to take two to four sets of observations to a single flare before the next 
ilaie station is reached in about ten minutes time, when the observations 
are taken to the se(*ond flare. 

After the three flares have been observed otlu'r runs aie made* and 
new Hares dropped as closely as possibh* to the* ])r(‘vious positions, tiu' 
com])lete operation being repeated with change of face and zero on each 
theodolite between each observation. 

In the experiments in the Skagerrak, the* aircraft Hew at a height of 
about S,00() Wt and the Hares ignited when at height of about 7,000 leet . 
Jn the work eoniK'cting Florida and th(‘ llahamas the Hares wert* rel(‘as(‘d 
at a height of about 20,000 feet. 

Unfortunately circumstances prevented the full programme for the* 
Norway -Denmark connection from being com|)lt‘ted, but enough was 

done to prove the |)ractical)ility of thi^ 
method and to ('liable an (‘stimatc' of the 
possible' accuracy to In* fornuMl. In oi(l(*r 
to test this acciira(‘V. thn'c* sal(‘llit(* stations, 
A'. IV and in Fig. Ho, were* ust*d in 
positions wheie they could be Ii\(m1 easily 
and accurately from thi' main stations by 
ordinary direct ground nu'thods. Tht'odolitcs 
w(*r(' s('t on tiu'se sat(‘Ilit(' stations as well as 
on the main stations and Hare* obscuva! ions 
exactly similar to thos(‘ at I In* main stations 
taken at th(‘ same tinu's. Ibuice'. tin* posi- 
tions of th(' satellite' stations could be' Hxe'd 
liy the* observations to the' Haie's and the 
results compare'd with those* obtaiiU'd by 
ground me*asure'me‘nts. The* same* proce'duie* 
was used to test the* accinacy of the* weak 
connecting h'lorida and flic Jkihamas when the following icsults weae* 
obtained : — 



St.itlun 


rixt’d VhIiw Mlino Hiirr Valiu* 

j l’’idttiunMl Mi-rlii-i 

A (Pisgah) 

• 

Lat. (N) 
L<;ng. (W^) 

- 0''-0S2 
-(-(roll 

1,72,000 

B (Weed) 

• 

Lat. (M) - - 

Long. (W) 

-- 0" t)2H 
+ O'OHH 

1, 1. 70 ,000 

C ((‘()iigrc.s.s) . 

• 

Lat. (N) - 

Long. (W) -- 

t o" ();n 
- o"-or)0. 

1/108,000 

. ... 





— — 

.. . ..... 


When the positions of the stations D, E and F as fixed by the flares 
were compared with the jKiHitions observed astronomically, the fractional 
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(ilosing eriors w(‘i'C‘ 1/10,000, 1/30,000 and 1/25,000 rospoofively. p]noiigh 
has ih(M(*f()r(^ flono to show that tho method is of geodetic value 

and iin])oi’tanc(‘ for bridging gay)s whicli could not ))e bridged by ordinary 
ground triangulation. 

It Avill ])e obvious from tlie deseri])tion that the siw;eessful (‘omj)letioii 
of a llar(‘ iriangnlation scheme d(‘mandsmost careful organ isati(»n, involv- 
ing (‘xt(*nsivc‘ (‘({nipment and a eom|)araHv(‘ly large number of trained 
observ(*rs. Almost |)erf(*et W(‘ather conditions ai(‘ (‘ss(‘ntial, and a long 
])eriod of waiting for adverse* vv(*ather to clear away may make the 
scheme* e*\ce*e*dingly e‘xpcnsive in e*xe‘ciitie>n. 

Radar Triangulation. On {)age*s 142 143 me*ntie)n has ])e*en made of a 
me*the)el e)f nuiasuring by m(.*ans e)f raelar the; lengths of lines very much 
longer than any that e;an be* s’ghteel eiver visually in the ordinary way. 
by this means, feu* instance, a consielcniblc extent oi ceaintry can be 
e-oveiTel vc'ry epiickly for small-scale map))ing ])ur])os(‘s by a number f)f 
ve'iy huge; triangles in which all the sieles, anel ne>t the anglers, aie 
me*aMire’d, and at the |)re‘sent me)ment the; me'thoel is actually being 
e*xt(*nsively iiseMl feir this purpose in (Simula ami Australia. In orelcr to 
e)l)lain ])osition anel ori<*ntation, this triangulation must start fieun wieh'ly 
se*|)arat(*d points, fixed by ordinary gremnel methods, the* distance* and 
a/imuth Ik*! v,('en the-se* points being calculated from the known latitudes 
aid longitude's. 

'riie* large increase* in elistance* which is made possible by flare and 
radar t riangulat ion de*pends em raising eine enel e)f the “line of sight” 
far l)e*yond tin* heights of ordinary hills em the e'arth’s surface. In both 
e‘as(‘s this is done by nu'ans of a high-flying a(*roplane. In the ease eif 
ilare t riangulat ion, it is the* signal the flare — which israise^d. am.l in the 
caM' e)f radar triangulation it is the recording instrument which is raise'd, 
the signals hci'c be'ing sp(*cial electremie instruments at the gi’ound stations 
which rcce'ive* e'le'ctrical im])ulse*s fremi a transmitt(*r in the airciaft and 
se*nd them back to a re’ccive'r situate'd alemgsielc the transmitter. 

Iladar t riangulat ion, uhich is .somewhat above* the* resource's f)f the 
oi’dinarv private* surve*ye)r as it inveilve's the use eif an ae*roplane* ami e»f 
ee)mplieate'el and e*xpe*nsive apparatus, as well as the* skilli'el yiei'.semnel 
ivepiire'd toope*rate it. is dcscrilK'el at se)me length in ('hapte*r IX. .Vs w ill 
l)e* neite'el late*r. raelai’ tee*hnie|m*s alse) have im])ortant applicat ie)ns to air 
surve'v ami te) hyelreigraphical weirk. 

Marking of Stations. Stations should be^ markeel in a perinane*it 
manner to facilitate; their ide'iitifieatiou for future encupatioii. The 
general methods are the same for all grades of triangulatieui, but various 
details are aelopted in elilTerent surveys ae*cordiiig to local conditions. 

In solid rock it is usual to drill a hole from 3 to (5 in. deep, into which 
a copper or iron bolt is fixed with cement or lead. A number of arrows 
should be chiselled in the surrounding rock to point to the station. In 
ground which can be excavated the mark is made on a stone, preferably 
foreign to the loealfty, which, to prevent its being disturbed, is buried 
to a depth of about three feet and bedded in cement mortar. The centre 
mark in the stone is a small hole filled with lead, or may consist of a brass 
screw, an empty cartridge case, or a coj)per or iron i>in cemented in. 
The Hub-snrfaee mai^ is covered with earth, and a similarly marked 
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stone is then laid with the upper surface at ground level. The whole is 
covered with a cairn of stones, or, as in the Survey of India, by an observing 
pillar of masonry or concrete.* * * § The sub-surface mark is referred to only 
\vlu‘u there is reason to suspect that the surface mark has been disturbed. 
To enable the station to be recovered when the surface mark is lost, two 
or three reference or witness marks should be established at some little 
distance, and note is made of the bearing and distance of the station 
from each. 

Station Description. Stations, besides being numbered, should be 
given a concise local name for convenience of reference. The record of 
the results of the survey should include a description of the site of each 
station, its marking, and the positions of the witness marks, the description 
being amplified by sketches as required. In addition, full particulars 
should be given regarding access routes, camping grounds, subsistence, 
etc., likely to prove of service to parties occupying the stations. 

Standards of Length. The fundamental standard of length for geodetic 
operations is the International Metre established by the Bureau Inter- 
national des Poids et Mesures. It is marked on three platinum-iridium bars 
deposited at the Pavilion de Breteuil, Sfevres, and copies have l)(?en 
allotted to various national surveys. This standard differs slightly from 
the French legal metre, which was intended to represent 1/10,000,000 of 
the length of a meridian quadrant of the earth. 

In Great Britain the legal unit is the Imperial Yard as defined by 
Act of Parliament in 1855. There are several official copies of the standard, 
consisting of a bronze bar with gold plugs, the distance between engraved 
lines on which represents the standard length at a defined temperature. 
The relationship between the yard and the metre has been established as 

1 Imperial Yard = -91439180 Legal metre t 

= -91439842 International metre. J 

One great disadvantage of fundamental standards of length tliat are 
made of metal or other material substances is that it has been found 
that all such materials are subject to very small secular changes in their 
dimensions. Accordingly, Maxwell, the famous physicist, suggested 
that the wave-length of light emitted under certain standard condition.^ 
would make a suitable standard. This proposal was first put into execu- 
tion by the American physicist Michelson who proceeded to determine 
the number of wave-lengths of the light corresponding to the red line in 
the spectrum of cadmium vapour which was equivalent to the standard 
metre.§ He found that, in air at J5°(’. and at normal atinospheiic 
pressure, the standard metre was equivalent to 1,553,163-5 wave-lengths 
of the red cadmium line. In 1906 another determination was made by 

* See Handbook of Profesaioruil Instructions for the Triqonometrical Branch, Siirvt>y 
of India Department, or Ordnance Survey ProFossional Paper, No. 2. 

t Clarke, ** Comparison of the Standards of Length.” 186G. 

t See note at end of Table of Constants on page 547. 

§ It has recently been found that the red line of cadmium vapour is not entirely 
satisfactory for this purpose af it is not quite sharply defined. Consequently, it 

has now been suggested that the metre should be determined in terms of the wave 
length of a green line emitted under suitable conditions by an isotope of mercury, 
Hg. which gives a very sliarp spectral line. 
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MM. Benoit, Fabry and Perot and they obtained the value 1,553, 104' 13, 
thus confirming Michclson’s figure to within very close limits. 

Forms of Base Measuring Apparatus. The two main types of base 
measuring instruments are (a) Rigid bars, (6) Flexible apparatus. The 
former may be divided into : 

(1) Contact apparatus, in whi(;h the ends of the bars arc brought into 
successive contacts ; 

(2) Optical apparatus, in which the effective lengths of the bars are 
engraved on them and arc observed by microscopes which serve to mark 
their successive positions. 

According to the means adopted for reducing the uncertainties of 
temperature correction, rigid bars may also be classified as : 

(1) Compensating, in which by a combination of two or more metals the 
bar is designed to maintain a constant lerigth under changing temperature ; 

(2) Bimetallic, non-compensating, in which the two measuring Ijars 
act as a bimetallic thermometer ; 

(3) Monometallic, in which the temperature is eitlicr kept constant at 
the melting point of ice or is otherwise ascertained. 

Flexible apparatus consists of (1) Steel tapes or wires, (2) Invar tapes 
or wires, (3) Steel and brass wires. 

Comparative Merits of Rigid and Flexible Apparatus. In the earlier days 
of modern geodesy bars were almost exclusively favoured for base measure- 
ment, but of recent years the merits of tapes and wires have become 
more fully appreciated. The most far-reaching difference between the 
two classes of apparatus lies in the much greater length of tapes and 
wires. The smaller number ot contacts retpiired lias the advantages 
that : 

(1) A wider choice of base sites is available since rougher ground can 
be utilised, gorges, etc., of smaller width than the tax^e length offering no 
obstacle. 

(2) The measurement proceeds much more rapidly, and expense is 
reduced. 

(3) By reason of the above considerations, longer bases can be used, 
and bases of verification can be introduced at closer intervals. 

The difficulty of ascertaining the actual temperature of the apparatus 
is common to all forms, except the iced bar, and is akin to the difficulty 
of ensuring exact compensation in compensating bars. The temperature 
of a steel taxie cannot be measured with sufficient accuracy b}'^ mercurial 
thermometer except in densely cloudy weather or at night. M. Jaderin, of 
Stockholm, one of the inoneers in the apxilication of steel tapes to precise 
measurement, found that better results could be obtained by the employ- 
ment of tw^o wires, of steel and brass respectively, to form a bimetallic 
thermometer. The value of flexible apparatus for geodetic measurement 
has, however, been greatly enhanced by the discovery of the alloy, invar, 
which, because of its extremely low coefficient of expansion, does away 
with the necessity* for lemx>erature determination. With the 

assistance derived from the increased number and length of base lines 
rendered iiossible by tape or wire measurement, the ultimate accuracy is 
little, if an3% short of that attained hy the use of rigid ax>l^aratus, other 
than the iced bar, which, however, on account of the time and expense it 
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involves, is better adapted for the calibration of apj)aratn.s than for 
direct use in the field. For these reasons the use of ri^id bars has almost 
entirely disappeared and the modern practice is to measure base lim\s with 
invar tapes or wires “ suspended in catenary.” 

Standardisation of Base Apparatus. Standardisation of l)as(‘ HK^asurin^' 
apparatus consists in (1) ascertaining its length, in terms of the allotted 
lu-ototype bar, undt'r definite conditions of temperature, etc., (2) det(‘r- 
niining the laws governing its change of lengtli under chang(? of those 
conditions. Standardisation is performed by the International Jhir(*au 
and also b}’ survey and standards dei)artnu‘nts in various count ii('s. In 
Great Britain it is usually undertaken by the National Pliysical l^aborii- 
tory Mhi(*h issues certificates in which the determined lengtli is guaranteed 
to an accuracy of one part in a million ((^lass A standardisation). 

The utmost refinement is required in standard isiiig apparatus for 
geodetic measurements. The unknown length is compared with the 
known standard by means of a eomiiarator, usually in an undt*rground 
chamber free horn vibrations and designed to afford a steady tempi'iature 
and perfect illumination for microscope reading. 1'he (‘omparator for bar 
standardisation is a heavy and elaborate apparatus carrying microuu'ter 
microscopes. For flexible apparatus it consists of a base, usually not 
more than 100 ft. long, having the terminals markc'd on invar plates. It 
is divided into sections, each of length equal to that of the standard bar, 
and micrometer microscopes are mounted at the intermediate ])oinls 
and the terminals. The operation of standardising a tajie or win* consists 
in repeatedly measuring the base with it and with the standard bar 
alternately. Expansion coefficients are determined by immersion of flu? 
apparatus in wate*r or glycerine he*ated by hot water piping and k(*pt in 
circulation, temperature readings being taken through tlu* liquid. 

The National Physical Laboratory at Teddington (oft(‘n rc'feried to as 
the N.P.L.) has a oO-metn* base for the comparison of tapes and wires 
used in survey work and.a tank of the same length for the determinatiou 
of coefficfients of expansion. An interesting account of this base, and 
of the methods used, is contained in the section on surveying tapes and 
wires in Vol. Ill of The Dictionary of Applied Physics. Tapes longer than 
50 metres can also be standardised at the National Physical Laboratory. 

Standardisation of any’^ form of apparatus may also be performed by 
measuring with it a base line, the length of wliich has b(M*n d(*termined by 
standardised apparatus, while the coefficient of expansion may be o!)faiiic(l 
by making repeated measurements at widely dilf(‘rent temperatures. 

When sending for standardisation tapes or wires that are to l)e us(‘d 
for base measurement or precise traversing, it is advisable to s(*iid with t hein 
all the subsidiary equipment that will be used with them in the field, so 
that this equipment can be used during the actual laboratory staiulardisa- 
tion. This cquipmcait should include the weights or spring balaiuie, and 
all other gear such as cords, swivels, hooks, etc., that will be used in 
attaching the tajies to the w'cights or spring balance -in the field. Two or 
three thermometers should be standardised at the same time, and it is 
advisable to have the weights or spring balamie tested as well. J n addition, 
it is also always helpful to give the laboratory authorities as much iufornia- 
tion as possible about the methods and ajiparatus to ho used and tin* 
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conditions lik(ily to he encountered in the field. This information should 
include a statement of the tension to be applied, the manner in which 
the tapes will be supported, and, Ii this is known, the average approximate 
temperature likely to be expei i* need under field conditions. 

The tapes or wires tliat are sent for laboratory standardisation should 
be kept and used solely as standards for field standardisations and they , 
sliouJd never be iisejd b)r ordinary field measurements. The working 
tapes for the actual field measurements should then ba compared in the 
field against the standanl tapf*s at frequent intervals and their errors 
determined. If it is known that the. field tapes or wires are of different 
material from that of the standard tapes or wires, or if they are of invar 
and of dilferent rollings from the standard tapes, it may be necessary, and 
it is always advi-abk*, to have their coefficuen is of expansion determined 
in the laboratory. 

At least two tapes or wires, aiul if possible three, or (iven four, should 
be properly standardised and kept solely for standardising the field tapes, 
rf only two standards are k(ipt, one may alter in length, either as the 
result of an accid(*nfc or from some otheu* unforeseen cause, and in the 
field it may then be impossible to know or to say which is in error. If a 
third tape is kept as a reserve this contingency is provided for. 

Accuracy of Base Measurement. Sources of error in has(» nif'asurcment 
may ho summarised as (J) (jonstant error of standardisation of apparatus, 
(2) ac(;idental fi(»l(l errors due to uncertainties in reading, levelling, tem- 
poral ure, tension, (do. 

1’he d(*gr(‘e of accuracy attained in standardisation limits the final 
precision of a bast* m(*asurement, r.g. if the probable error of llie apparatus 
is 1/1,000,000, no bast* measured by it can have a probablt*. error as small 
as 1/1,000,000. 'riie ([uality of the field work may be gauged by making 
repeated measurements of a base with the same ai)paratus, but the ^legree 
of consistency in the results d(x*s not indicate tht^ real probable error, 
which should include all known errors, with allowances for those which 
cannot be rigidly evaluatt^d. 

It may be taken that 1/5,000,000 is the small(*st error wliich ean be 
attaiiKHl in the standardisation of bar apparatus, 'fapes or wires, bi^eause 
of their grt3alcr length, cannot be standardised in terms of the short 
prototy[)e bar with greater precision than ai)out 1/2.000,000. The 
certificate issued by tin; National Physical Laboratory does not give the 
probable error of standardisation, but, for a Class A certificate, merely 
states that the results arc^ guaranteed to an accuracy of one part in a 
million. Tlie linal uncertainty of field incasureinciit must therefore 
exceed these limits, and, for geodetic work, the true probable error of a 
base measurement, taking into account all the different sources of error, 
usually lies somewhere about 1/500,000. This standard of accuracy 
cannot be maintained in the computed sides of the survey, but is gradually 
lowered, by errors of armie measurement, as the tiiangulatioii proceeds 
from the base. 

Base Bars. An account of the principal forms of rigid apparatus 
which have been used in various countries will be found in the references 
on page 202. These instruments are now mainly of historical interest, 
but, to illustrate their general features, one example eacdi of compensating, 
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bimetallic non -compensating, and monometallic apparatus is hero 
described. 

The Colby Apparatus. This apparatus (Figs. 66 and 67) was designed 
by Maj.-Gen. Colby, formerly director of the Ordnance Survey, and was 
employed by the Ordnance and the Indian Surveys. It is compensating 
and optical, and consists of an iron and a brass bar, each 10 ft. 1^ in. 
Joug, J in. broad and 1 J in. deep. These are firmly fixed together at the 
middle by two steel pins I, and the compound bar rests on rollers in a 
wooden box 7, mounted on trestles in a manner permitting horizontal 
and vertical adjustment of the box. The bar is held in tlu* box at the 
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Fig. 66. Colby Apparatus. 




middle of its length by the stop 2, and is free to expand or contract under 
change of temperature. A spirit level is xdaced on the bar, and is observed 
through a window in the top of the box. 

Near each end of the compound bar is a flat steel tongue 3, about 6 in. 
long, which is supported by double conical pivots held in the forked 
ends of the bars. Each tongue carries at 6* a small ydatinum plug having 
a microscopic dot marking the effective end of the bar. To secure com- 

, . 6-4 . , , , coeff. of I in. expansion of iron 

pensation, the ratio is made equal to — ^ — t-p j-. , 

^ ^ coeff. of lin. expansion of brass 

80 that, since the tongue is free to pivot, the position of the dot remains 
constant under change of temperature (Fig. 6S), the 
distance between these reference points being 10 ft. 
Evidently this cannot be strictly true for all temyiera- 
ture changes, but the error is very small. 

Six compound bars are simultaneously employed in 
the field. • The gap between the forward mark of one 
bar and the rear mark of the next is made a constant 
length of 6 in. by using a compensated bar 7 in. long, 
Fig. 68. the tongues of which carry two verticfil microscopes 8 
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6 ill. apart. A small telescope 9, parallel to the micToscopes, is fixed at 
the middle of this bar for use in sighting reference marks on the ground. 
Each (;omi)en.sated microscope bar is supported on the case containing 
the main bar, and has provision for horizontal and vc*rtical alignment. 

The Eimbeck Duplex Apparatus. TIh^ contact appaiatus designed by 
Mr. Eimbeck of the U.S. Goast and Geodetic Survey, and shown diagram- 
matically in Eig. hi), forms a good example of a bimetallic, non-compen- 
sating instrument. The measuring components are two 5 m. long and 
2 in. diameter nickel-plated tubes, of steel and bra.ss resfieetively, the 
metal of the latter being the thicker so that both may undergo tempcirature 
change at the same rate# The.sc arc supported within a brass tube of 
about 22 in. diameter, which is in turn enclosed within another of about 
4 in. diameter mounted on tre.stlcs and carrying an aligning telescope 
and an inclination sector. The inner, or reversing, tube is arranged to 
rotate about its axis through 180° for reversing the positions of the 
components to minimise the influence of unequal lateral heating. The 

7 

1. Outer Truss Tthe. 4 Brass Component 7. Agate Knife Edges. W Agate Planes. 

2. Inner RmrsiHe lube 5. S» ale. 8 Contact Slides. IT. Knife Edge Support 

3. Steel Component 6. Vernier 9 Contact Screws 12 Rotter Support 

Fkj. ()‘.), Kimbeck Aitaratcs. 

components jiroject beyond the tubes at both ends, and each is fitted 
with contact surfaces of agate in the form of a vertical plane at one end 
and a horizontal knife-edg(j at the other. The contacts, steel to steel and 
brass to brass, are made by turning the screws 9, which move the compo- 
nents against the action of springs. 

Two bars arc employed in the field, and, when the contacts are made, 
the forward bar remains stationary while the other is carried forward 
and brouglit into lino and contact. The inner tube with the components 
is reversed at regular intervals. Unle.ss the temperature happens to be 
that at which the components are of equal length, one will continually 
gain on the other, and, when the difference becomes inconvenient in 
makii’ig the contacts, the brass component is set forward or backward 
relatively to the steel. The shift is measured on scales attached near 
each (‘ud of the stt^el component, and is read through windows in the 
tidjcs against verni(Ts on the brass component. 'J'he relative positions 
of the comjioiu'uts at the beginning and end of a measurement are read 
on these scales. 

Two measures of a ba.-e are thus obtained by means of the steel and 
the brass conqumeuts res])ectively, and from the instrunu'iital constants 
and the diffeience between the results the true measure, corrected for 
temp(Tature, is deduced. ^J’he constants obtained by (‘alibration are 
the expansion coefficients and the length and tem])erature of the compo- 
nents when they art* of equal length. To furnisli a check, each bar is 
provided with three mercurial thermometers, from the indications of 
which the base length may be obtained from the result given by either 
component independently of the t)ther. 
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The Woodward Iced Bar Apparatus. This a])paratns, (k\signcd by 
Prof. Woodward, formerly of the U.S. Coast and Geodetic Survey, to 
obviate niieertainties of tcmpcraiiire correction and compensation, is 
monometallic and optical. The bar is of steel, 6*02 m. long, 22 mni. decf), 
and 8 mm. broad, with the upper half cut away for a length of about 
2 ein. at eacli end to enable the terminal lines, engrav(‘d on platinum- 
iridium plugs, to bo placed on its neutral surface or surface of no 
strain. For the alignment of the bar, similar plugs, carrying a centre 
line, are inserted in its top surface. 

The bar is supported at intervals of 0*5 m. in a Y-sha])ed trough, and 
is controlled at each support by one vertical and two lateral screws 
(Fig. 70). The trough is mounted on two bogies, which run on a portable 

narrow gauge track made in 5-m. sections. 
It is completely filled with crushed ice, which 
is kept in close contact with the bar by reason 
of the form of the trough and the vibration 
caused in rolling the bogies forward. The 
mounting of the trough on the bogies permits 
of vertical, longitudinal, and lat(*ral move- 
ments, with fine adjustment, the gradient of 
the bar being given on a sector. The succ(‘s- 
sivc positions of the ends of the bar an? markial 
by micrometer microscopes mounted on trestli's 
or stout posts. The microscopes are set ver- 
tical by levelling screws, and can be given a 
small motion along and transverse to the line 
of imaisurement. ^licrometer readings are 
estimated to *0001 mm. 

In measuring a base, the microscopeshaving 
been erected a[)proximately o m. apart, the 
small distance between the base terminal and 
the first microscope is read through the latter 
on a special scale, and the bar is then adjusted until its rear mark is 
centered on the micrometer wires. The observer at the Oiher end of 
the bar brings his microscope into po.'-ition for sighting the forward end 
mark, bisects it with the micrometer wires, and notes the reading. The 
forward microscope remains stationary while the bar is rolled forward 
until its rear mark is focused under that microscope. 

Measurement by Flexible Apparatus. Wires and tapes a])]died in 
precise measurement are usually from 24 m. to 100 m. long. They are 
stretched under a constant tension, and, to avoid uncertainti(\s arising 
from friction and from uncvenne.ss of the ground surface, they must lx? 
suspended in the air. The most accurate method, and that adopted 
with the shorter lengths, is to su.spend the wire or tape in one catenary 
between end supports. Under constant conditions of temp(*rature, 
tension, etc., the straight line di.stancc between its terminal marks is 
invariable, and forms the. standardi.sed measuring unit, alterations in 
the conditions being the subject of corrections. Long tapes arc sometimes 
stretched over one or several intermediate; supports. 

The question as to whether wires or tapes are to be preferred is a 
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mutter of oinnion. Wires expose less surface to the action of wind, 
while la])os have the advantages that twist is easily detected and that 
the termirinl graduations ('an he engraved directly on the tay)e, whereas 
a wire must carry Jittached scales. Wires also have a great tendency to 
coil up on themselves, and consequently are less easily handled and are 
mon? easily damaged tl)an tapes, which, moreover, arc less likely to take a 
])erman(‘nt set when they an^ coikid on drums. Largely for fluisc reasons 
most surveyors prefer to use tapes. 

'Fhe iiKueasing imj)ortanee of the catenary method of precise measure- 
ment, and the now all hut universal application of invar thereto, necessi- 
tati's a d(^se^iption of tin* Ajiparatus and methods usually employed. 

Invar. I’lie res(‘arches of Dr. ( hiillauiiK*, of th(‘ JIur(*au International 
d(‘s Poids (*t Mesurcs, on various ])roperti(‘s of the nickel-steel alloys, led 
to the di. eovery in 18J)(> that, as the proportion of nickel increases to 
about 3(5%, the value of the coeilicient of expansion decreases to a mini- 
mum. This least expansible alloy has been called Invar. It possesses 
the smallest coeflicient of exj)ansion of any metal or alloy known, and 
its application to pnrise linear incvisuiernent has greatly reduc(‘d errors 
arising from inexact knowledge of the temperature of base apparatus. 

Till* coetHeient of oxjiansion of invar varies in different specimens. It 
depends not only :pon tin* ])ereentage of nickel but alM> ujion the 
temperature, and is inlluenei'd by the projiortions of carbon, manganese, 
silicon, etc., ])n*-(*nt. and by th(*rmal and mechanical treatment. By 
suitable treatment, invar having a negative coefficient of expansion 
mav be [irodueed : thi* value of the coeflicient rarelv exeiTds -OOOOOOo 
peiMM^ 

Owing to the \Nay in which the coeflicient of expansion of invar differs 
with different rollings, (*v(‘iy invar tape should have its own coefficient 
detcrmini'd, although, if it is known that several tapes are made from 
the same rolling, the coeflicient of one may be determined and those 
of the remainder of the batch assumed to have the same value as it. 
I'liis assunqition, however, has lx cn found unjustifiable in Uganda and 
chcwhcic. and even in tin* sami* tape there inay be marked ab>:ence of 
homogeneity. iSometimes the makers provide a small specimen, made 
from the sami* rolling as the ta]>e, whieh can bi* used for the approximate 
determination of the coeflicient of expansion. 

Invar exhibits phenomena of change of length, both of a permanent 
and a temporary character, the existence of wliich must be recogni.sed 
in base apparatus. The permanent change manifests itself in a slow 
increase with age which continues for years at a decreasing rate, the 
length of a tape or wire appearing to tend towards a definite limit. This 
effect is considerably reduced, although not eliminated, by subjecting 
the tapes or wires to a ]uocess of artificial ageing {ttiivtigc). which consists 
in annealing them by exposure for seveial days to the temperature of 
boiling water. The temperature is thereafter slowly lowered to reach 
25° C. at the end of dbout three months. Fig. 71 shows results obtained 
at the Bureau International for the incieasc of length of invar bars of 
which the final temperature of annealing was 40° and 25° 0. respectively, 
the bars being thereafter kept at the temperature of the laboratory. 
Because of the comparatively rajiid growth at first, jt is advisable to 
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allow as long a period as possible to elapse between ituvage and standardisa- 
tion of apparatus. 

The temporary phenomena occur with change of tcin})crature. When 
invar which lias remained for some time at a coi*tain tcmpcr«ature is 
subjected to a rise of temperature, it expands according to the coeflicient 
of expansion, but, on continued exposure to the higher temperature, a 



slow residual contraction or creep is exhibited. When, on the other hand, 
the alloy is subjected to a fall of temperature, the residual change is an 
expansion. For temperatures between 0® and 100® (\ the creep on a 
length L is given by Dr. Guillaume as 

8L = 0-00325 X 10-« L(T^^ - T^% 

where is the original, and the new temperature in degrees centi- 
grade. At atmospheric temperatures creep (h?veJops very slowly, and 
several months may elapse before the alloy assumes equilibrium under 
the new temperature. At high temperatures the movement is much more 
rapid. 

The coefficient of expansion of invar tapes may also show slight 
variations with time and it is advisable to have the coefficients of the 
tapes determined both before and after an important base measurement. 
For this reason there is a growing tendency not to seek (•oefficuents so 
nearly equal to zero, but to use a more stable material at the expense 
of a slightly increased coefficient of expansion. Invar stable, so called, 
appears to go too far in this direction. 

In general, the precision with which allowance can be made for these 
variations is sufficient for geodetic purposes. Reference tapes or wires 
are standardised before and after use, and, if a considerable period 
elapses between the standardisations, the lengths at the time of base 
measurement are interpolated. * 

Other properties of invar are favourable to its employment in 
geodetic measurements. The tensile strength is 100,000 to 125,000 lbs. 
per sq. in., the clastic limit about 75% of the ultimate strength, ar.d the 
modulus of elasticity 21 to 23,000,000 lb. per sq. in. In tests mndc at the 
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Bureau of Standards, Washington, no permanent set was detectcjd under 
loads of at l<*jist J/8th of the ultimate strength. 

Care of Invar Tapes and Wires. Invar is much softer than steel and 
needs very careful handling if kinks are to be avoided. Particular care 
should therefore be taken when unrolling a tape or wire from its drum 
and when rolling it back again. Sudden jars should be avoided and 
great care taken when the unrolled tape or Avirc is being carried forward 
from one bay to another. I'ension, whether by weight or by spring balance, 
should be slowly and carefully applied. If w'cights are used, they should 
be lowered very gradually. 

The drums on which the tapes or wires are w^oujkI should be of as large 
diameter as possible, (ienerally, a drum of about 10-in. interior radius 
is provided by the makers, but Hotine considers that in most cases 
rolling on such a small drum ma\^ cause Jindesirable stresses due to the 
bending of the tape, and, for a tape J in. by in. cross section, he recom- 
mends a drum of about 4 ft. diameter.* 

After use, tapes and wires should be well greased with a non-corrosive 
grease or vaseline and they should be well cleaned before use so that 
their weight is not alten^d in any way by oil or grease that may be adhering 
to them, 'riiey should never be tied up at the ends with string, as the effect 
of the moisture in the string may be to cause corrosion in the body of 
the metal, and it may be V(*ry difficult to detect this corrosion from the 
appearance of the surface. Accordingly, tlu^ end of the tape should be 
fastened to the drum by a stout leather strap or thong. 

Measurement by Wires or Tapes in Catenary. 1 n t his met hod, introduced 




1 Measuring Tnpodi 2 Strammg Inpods 2 MtosumufTripods set !n advancp. 

Fig. 11. 


by Jaderin, the successive intervals between a series of movable marks 
are measured by a wire or tape freely suspended and subjected by means 
of straining tripods to a constant tension (Fig. 72). The movable marks 
are carried on tripods, which are set in alignment at approximately 
correct intervals in advance of the measurement, and the elevation of 
each is recorded for reduction of the measurement of each span to the 
horizontal. 

As the employment of invar wires or tapes on this system yields the 
best results which can be attained by llcxible apparatus, the following 
des(;ription relates to tluir use. 

Apparatus, irirc^ and Tapes. \Vin‘s arc employed in the apparatus, 
designed by Dr. Guillaume and AI. Carpentier, wiiich was much used in 
the years immediately following the introduction of invar. The wires 
are of 24 m. nominal length by 1-05 mm. diameter, and weigh 17-32 gm. 
per metre. They have attached at each end a regh tte or scale, graduated 
to millimetres, the reading edge of which lies in the prolongation of the 

* See “ Theory of i'apo Suspension in Ha.se Measurement,'’ by Major M. Hotine. 
H.K., in tho Kin^irc iS'arrtjy lieview, Vol. V, No. 31, January, 11131). 
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axis of the wire (Fig. 73). Both scales read in one direction. When 
not in use, the wires are wound on a drum, of 50 cm. diameter, mounted 
in a box. 

Invar tajies for simple suspension are usually either 24 m. or 100 ft. 
long with a cross section of 3 mm. by 0*5 mm. In recent years, tapes 
300 ft. long have been successfully used in some of the British Colonies 
but these have been supported at one or more etpially spaced intervals. 
The metric tape is usually divided to millimetres for a length of 10 cm. 
at each end, and in the case of the 100 ft. tape the end scales arc usually 
divided either to 1/25 in. or 1/100 ft. In tlie measurement of the bases 
used in the survey of the East African Arc of Meridian in 1031 Hotine 
used 100 ft. tapes in Avhich ()'4 ft. at each end was gradual (‘d to 0*002 ft., 
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readings being estimated and booked to tenths of divisions, or to 
0*0002 ft. ; the.'-e readings were taken with the aid of a magnifying glass 
attached to the measuring tripod. Tlic lengths were 00*0 ft. between 
zeros and the scales at both ends read outwards, to obviate errors of sign. 

On some forms of measuring tripods makers supf)ly small micrometers 
which clamp on to the small upright pillar or cylinder that forms the 
head of the tripod. The small ditfcrcncc in length between the index 
mark on the tape and the mark on the top of the cylinder can then bo 
read by means of the micrometer. The use of these instruments, however, 
necessitates very exact setting out so that the distance betw^een tripods 
is very approximately equal to the length of the chord joining the end 
marks on the tape. ^Micrometers of this kind are specially useful for Held 
standardisations, but, apart from this, careful visual readings of end 
differences on the scales engraved on the tapes are more convcniiMit than 
micrometer readings and are sufficiently accurate for all practical purposes, 
since errors in end readings tend to cancel out while tlioso of standardisa- 
tion are cumulative in their effect. 

To alloAV for the possibility of injury, as w^ell as to afford checks on 
the w’ork, tw'o or three of these wires or tapes are rccjiiircd for use in the 
actual measurement. As many more are reserved as reference tap<‘S 
exclusiv'ely for periodical standardisation of th(» fi(‘l(l tap(‘s during the 
measurement. Whether wires or taf)es are (Muployc'd, a short, fully 
divided tape is retpiired for mea.surement of the distantuj l)(*tw(‘cn the last 
tripod and the base terminal. It may also be necessary to provide? one 
or more w'ires or tapers of twice? or three times the normal leaigth for 
spanning gorges, etc. but abnormally long unsu])ported spans should bo 
av'oidcd wherever possible. 

Measuring Trij)ods, The Guillaume tripods (Fig. 74), usually ten in 
number, carry a small upright cylinder upon which is engraved the line 
to which measurement is mad(‘. The cylinder is set vertical hy means 
of levels and foot screw^s, and is capable of fine adjustment, relatively to 
the trii)od, for alignment. Fig. 75 illustrates the best form of cylinder 
head, half being cut away so that the surface of the tape or the face of 
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tlie r^ijhilc, may lie in the piano of the reference mark. I'o prevent fouling 
and to allow for tlui sl()])e of the ta])e when hanging in its natural curve, it 
is well to have the iipp(*r surface of tlui cut-away portion chamfered off 
slight ly away fioni I he centre and in the same direction as the cut. When 
the day’s work is finished, or when it is otherwise necessary to transfer the 
tri])od mark to th(^ ground, a plumb hoi) may he used for the purj)ose, but 
it is pr(*f(*rable to <*mj)loy two thc^odolites at riglit angl(*s, the sights being 
taken on a fine iK'cdki held on tlu? mark. Some forms of apparatus, such as 
the? “ Macca ” bas(^ liiui measuring ecpiijunent manufactured by !Mes^rs. 
(.’ooke, 'rroughton & Simms, an^ provided uitli special “transferring 
heads ” which can lx; used* for t ranshiiring th(i tripod mark to the ground. 
In the Zeiss a|)paratus, an ofdical plummet,” which fits on the tribrach 
of fh(‘ measuring tripod and replaces the cylinder carrying the maik, is 
])ro\ ided for this ]jui pose. 

Another useful accessory to the measuring tri[)od is an alii^ning and 
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levelling tch^scopc' which can be slij)ped over th(‘ viatical cylinder, the 
latter thus bec'oming the vertical axis of the telescope. The telescope 
can tluMi be usimI for aligning the trijKxls, and. if fitted with a good bubble 
anil a, short graduated vertical arc, together with a vernier arm, it can also 
be em])loyed for observing slopes for the determination of slope correction 
and heiglits. When a telescope of this kind is provided for measuring 
vertical angles, one or two small sighting vanes are also provided. These 
sli[) over the vertical cylinder on the next tripod that is being sighted, 
and the* height of the sighting mark abov(» the vertical cylinder is the 
same as that of thi' levelling telescope. ( ’onse([uently, the use of this 
target avoids any hciglit of instrument or height of signal correction 
w'hen reducing the vertical angles. 

Straiving ApjHiratus. Straining of the wire or tape is effected by 
wiughts which are i-arried at each end by a cord attached through a 
swivel hook to the ring of the wire or tape. They are suspended from 
two straining tripods (Fig. 74), each of w’hich carries a pulley on ball- 
bearings. The tension should be not less than 20 times thi* weight of 
the wire or tape. I'lie (^uillaume-Carpentier 24-m. wires are strained 
by weights of 10 kgm. Fn tlie measurement of the Lossiemouth base line 
by the Ordnance Survey the 100-ft. tapes were given a tension of 20 lb. 
and the same weight was \ised in the measurement of the base on the 
East African Are of Meridian. In West Africa, tapes :F00 ft. long, suitably 
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supported and of section J in. by in., have been used with a tension of 
30 lb. It is important that the same straining apparatus should be used 
in field standardisations as in the actual measurement because^ (if 
uncertainty arising from friction in the pulleys. It is also a great 
convenience if the straining trestles arc juovidcd with means of altering 
the height of the pulley relative to the tripod which carries it and of 
adjusting it laterally in a direction at right angles to the line of the tape. 

Miscellaneous. If no special aligning telescoj)e is provided with the 
equipment, a theodolite will be required for tlie alignment of the measuring 
heads, and, if no othei means exist for transferring to the ground 
the mark on the measuring tripod, a second tl>eodolite should lu^ carTi<*d 
so that these transfers can be made indept^idently of the j)Iumb line. 

The levelling observations are made either by a level and a light staff, 
fitted with a rubber pad for contact with the tripod lu^ads, or by the 
levelling telescope already described. 

Other items of equipment include a spacing tape or wire, usually of 
steel, for setting out the tripods, thermometers, reading glasses ami 
iron pickets with mov^able heads for marking sci tion terminals. About 
six thermometers in all shoidd be provided, at least two of these luiving 
been standardised in a jiroperly equi])ped standardising laboratory. 
These standardised thermometers should be kept for use as stand irds 
only, and the remainder, which are to be (un ployed in the field riieasure- 
ments, should be compared with them at frccpient intervals and their 
errors noted. These comparisons can best he made in water at different 
temperatures. 

Field Work, Preliminary Operations. 'J’hc ends of th(‘ basi* are di*fim*d 
in the usual manner by a sub-surface and a surface mark, as w(‘ll as by 
reference points ; the surface mark for base terminals is somi'times 
elevated on a pillar of concrete about 3 ft. above the ground. 1'he lino 
of the base must be cleared of tree.s and bushes, and a series of line marks 
is accurately established at intervals of about half a mile to control the 
alignment of the tri|)ods. 

Organization of Field Parties. The personnel is divided into two parties : 

(1) A setting-out i^arty, whose duty is to place the measuring tripods 
in alignment in advance of the measurement, and at as nearly as |)*)>si!)h* 
the correct interv’^als. This x^urty consists of two surveyors with a number 
of porters for carrying forward trix)ods. 

(2) A measuring i)arty of two observers, recoidiu*, leveller, and staff- 
man, with porters for the transport of apparatus. 1’hc duties of r<'(;order 
and leveller are sometimes combined. 

Setting Tripods. If the base terminal is not elevated above the ground, 
the first trixjod must be set with its fiducial mark vertically over the 
station mark. Thereafter the trix)ods are aligned by a theodolite centered 
over one of the line marks x>reviously established along the base, or by 
the aligning telescope. The setting out of the approximately correct 
intervals Is performed by means of the sxmeing wire Or tax)c, which is used 
at the tension adopted for the measuring wires or tapes, the pidl being 
measured by a spring balance. Each tripod when placed at the x)ropcr 
distance has the head set level and is finally adjusted into alignment. 

The setting of the trix)ods x)rocecds at about the same rate as the 
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measurement. J^resh tripods are carried forward from the rear, but 
one, at Iwist, is nlways {• ft beJiind the measuring party for reference in 
case of disturbance of ■ fie tripods under measurement. 

Measurement, The series of operations involved in measuring the 
distance between eacii pair of tripods must be cxecrited on a uniform 
system to avoid delays. The first measurement in each bay is that of 
tiie difrorenco of Jevel between the tripod heads. If it is made by levels 
the instrument is set up er|uidistant from the tripods, and readings are 
estimated to ()*001 ft. With the aligning and levelling telescope, the 
angle of slope is rcafl to the nearest graduation on the vernier, and is 
obtained as the mean of a forward ami back reading. 

While the h^vc'ls are being obser\red, the wire or tape, weights, and 
s^rainitig tripods are brought forwanl from the preceding span. The 
latter are placed at the jiroper distance from the measuring tripods and 
as nearly as possible* in tlie correct line. The swivel hooks fastened to 
the cords over the pulleys are then handed to the observers, who attach 
them to the wire, and at the word of command the men carrying the 
weights simultaneously hook them to the cords as gently as possible. 
To avoid lateral friction of the cords in the pulleys, the latter must lie 
in the vi*rf h*al jilanc of the base. The straining trestles are finally adjusted 
for line and le\(*i to bring the si airs into gentle contact with, and in the 
plane of, the refor(‘nce marks on the measuring tripods. Before reading, 
an examination is made for twist of the wire or tape. 

Tlie scab* distance to be applied to the known length between the 
zeros is obtained a', tin? mean of an even number of pairs of readings, 
usually six to eight, taken by the observers in simultaneous pairs, the wire 
!)eing displaced longitudinally beUveen each pair, first in one direction 
and then in the rover>o direction. In order to avoid possible errors due 
to eccentricity of the pulleys of the straining trestles, it is advisable to 
rotate the pulley through approximately equal angles between each set 
of readings, so that tlie cord sup])orting the weight-’ lies in turn along 
different parts <jf the rim <.f the pulley. Headings ai>' taken with the aid 
of magnifying glasses to one-tenth of a scale division, and are noted by 
the rt’cordcr, who at the same time tabulates the differences. The maxi- 
mum range in the differences should not exceed 0-3 mm., otherwise 
further readings are required. The record may be arranged as follows : 


It leadings in iiini. 

S|mn Xu. Win- .No. — — ’ Dillorcnco. .Mean. 
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, 07'7 

! - 5-2 


Tlie ioinporaturo during tlio mcasureinent of each bay is read by 
the recorder. . If iwo or more fiehl wires are used, tlie .same procedure 
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is repeated with another wire before lifting the straining tripods. When 
the measurement of a bay is completed, the weights are siniultaneoiisl 3 ^ 
unhooked, and the apparatus is carried forward for the next span. The 
wires must, of course, not be allowed to drag on the ground, and should 
be carefully guarded against accidental overstrain, so that the observers 
should themselves take part in their transport. 

To reduce errors of personal equation, the observers change ends aftcjr 
every tenth span, or oftcner. Kach day's work forms a section, tlu* end 
of which is marked by transferring the last tripod mark to a picket set 
in tlie ground. Each section must be measured at l<*ast onct? in each 
direction, the magnitude of the discrepancies iudieatiug whether further 
measurements are required. Work must be suspended when wind 
causes appreciable vibration of the scales. 

Sometimes, when wind is likely to be troublesome, it is useful to employ 
a long low canvas or grass screen which can be erected alongside the 
tape to protect it from the elTccts of the wind. In the Sudan, wind 
rendered long tapes useless. 

Staridardi^afion of Field ir/;e5 and Tapes. The leference or standard 
wires or tapes which are provided for comparison with the Held wires or 
tapes should be standardised before thev^ go on ser vice and again on 
their return. The expansion coefficients of tlie field wires must also 
have been determined, but the lengths of the latter arc didermined in 
the field befoie and after the measurement of the base and at intervals 
during its progress. As a medium of comparison, a sliort reference base 
may be laid out in the field in a convenient position, 'rhe length may be 
one or several wire lengths, and can be marked by tine lines on metal 
plugs firmly bedded in concrete. Generally, howcviu*, it is more convenient 
to use two measuring tripods as a ba.se, and to measure the distance 
l)etween the marks on them several times with the reference wire, and 
then to compare this dLstaiice ^\ith that obtained from the field wires. If 
tripods are used in this way, compari.son between standard and field 
wires may be made before the beginning and at the end of each day’s 
w'ork. 

Use of Long Tapes. In the cour.se of a measurement by tlu* .system 
just described, if roughness of the ground necessitates the us(? of a long 
wire or tape, a greater pull is required, and the con^ecjuent increase of 
friction in the straining pulleys is a source of uncertainty affecting the 
value of the actual tension. If po.s.sible, one or more iuternu'diate su])port.s 
should be provided. 

The sj'stem of u.sing long tapes supported at intervals has been greatly 
u.sed in American ba.se measurt meats. The tapes are 5f) in. and 100 m., 
or 300 ft., long by about 0 mm. by 0*5 mm., and siqiports are jinnided 
at regular intervals of 10 m. to 2o m. A series of trest les or, more usually, 
firmly driven posts, about 4 in. by 4 in. are .set out in the line of the base 
approximately a tape length apart. On the top (»f eacfi is naih^d a 
plate of copper or zinc on wiiich is to be marked the ‘posit ion reached by 
the forward end graduation of the tape. Lighter piek(‘ts server as tlui inter- 
mediate suj)ports, the tape resting eitlie»- on a nail in the side of each or 
in suspended wire loops. The points of support are set on a uniform 
gradient between the mark posts : when this proves inconvenient, their 
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respective elevations arc recorded, and must he such that tJjc tape when 
stretched will not lift clear of any support. 

The rear end of the tape is connected to a straining stake behind the 
mark 2 )ost, and the tension is applied at the forward end by means of a 
tape stretcher. A eominoii and simple form consists of a wooden base 
to which an upright lev(‘r is hingc^d by a universal joint (see Fig. 105). A 
spring balance, graduated to ounces, is connected to the lever through 
a gimbal, and to it the tape is attached. Provision is made for adjusting 
the position of the spring balance and tape on the lever to suit the height 
of the mark ])Ost. 'riic operator, standing on tlie base plate, applies tl:e 
tension by pulling the lever, and sees by the iiulication of the spring 
balance that it is maintained. When the tape is strained, the poatioii 
of the forward end graduation is engraved on tlie i)late by means of a 
sharp awl. After earr\ing forward the tape, the lear end is adjusted to 
coincide with the mark previously made, or its position is also marked on 
the plate, and tlu; gaps or overlaps are measureil by a fir.ely divided scale. 

The rate of measurement on this system is roughly twice that with 
short, freely susp(*nd(Ml wires or tapes, s])eeds of over a mile an hour being 
occasionally reached. Although excellent results have been obtained, 
the error of marking the plates is naturally greater than can occur in 
the mean of iei»eated n‘adings of .scales against tripod marks, while the 
elTeet of friction at the supports is an additional source of uncertainty. 

In certain of the British Colonies a number of bases have been measured 
with tapes 300 ft. in length. These tapes have usually been suspended 
in three e(|ual spaiis of lOO ft. each, the tension of 25 to 30 lb. being 
applied by means of weights hung over th(‘ pulleys of the two straining 
trestles, and th(' end measurements taken to marks on ordiTiary measuring 
tripods. The supports at the lOU ft. and 200 ft. marks wiue the hubs of 
bicycle wheels mounted on brackets which lould l)e slid up and down 
and clamped on ])(il(*s held l)y labourers (see Fig. lOS). The-'C hubs were 
carefullv aligned, both hoii/oiitally and vertkally, between the tops of 
the measuring tripods. It was found that theie was very little friction 
in the s\ >tem ami the rc'sults obtained a])pcared to 1)0 of the same standard 
of aeeiiraey as those obtained with a tape 100 ft . lung used in a single span. 

If fairlv heavy sloj)es are encountered, and tlie tension is ap})lied bv 
weights hung ov(*r straining trestles, it may be ne(*essary to prevent 
longitudinal movement of the tape by’ putting small extra wei£;hts at the 
upper ('lid of the latter. Otlierwise, one end of the tajie may be anchored 
or fastc'iK'd to a straining trestle placed at that end and the weight applied 
at th(' otlu'i*. In this ease, care should be take n to note in tlie field hook 
w’lietlK'r tlu' tension was applii'd at the upper or the lowc'i* end of the taiie. 
If extra w'eights are applii'd, their exact aiiu^iint should also be carefully’ 
noted. 

Temperature Measurement. The measurement of the actual teiupera- 
t lire of a win* or taj>c under field conditions is one of considerable difficulty. 
A elo.s(* determination is e**'si*ntial w'hen stei'l tapes are emplo\ed, but in 
the ease of invar the intlueiiec of small errors of thermometry is consider- 
ably reduced by the smalliK'.ss of the coeffieient of expansion. 

The coeaieient of expansion of steel tapes is about *00000(53 per T F., 
or thirty tinu^^ the iiumu value of the coidfieieiit for invar, and an iincer- 
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tainty of 1® Fahr. in the tape temperature therefore (iorn^spondn to an 
uncertainty in distance of 1/100,000. In sunshine the temperature 
indi(uited by a mercurial thermometer may differ from that of the tape 
by several degrees, and to attain an accuracy of 1/300,000 or over, measiue- 
ment by steel tape must be executed only when the air and the ground 
are at the same temperature, i.c. in densely cloudy weather or, pr efciably, 
at niglit. 

The thermometers used should be read to 0* 1® C. or 0*2® F. Probably 
the best type to use is one enclosed in a metal tube or casing in whicJi 
there is a narrow slot running down one side through whierh tlu^ gradua- 
tions can l)c seen and read. The casing should, if possible, lx; of very 
similar colour, polish, brightness and capacity for heat to the tape itself. 
Three thermometers are placed at intervals along the ta|)e anti lliey 
should be held close to the tape in an almost horizontal i)osition. but with 
the bulb very slightly lower than the top of the stem.* These thermo- 
meters should be read before and after the measurenuuit of each ta])e 
ler.gth. The measurement of each section of the base should be divided 
equally between rising and falling temperatures to reduce tlu^ influence 
of lag in the thermometers caused by volume change in glass lagging 
behind temperature change. 

All thermometers should be examined at frequent intervals to see 
that there are no broken threads of mercury. 

Errors arising from uncertainty in temperature measurement may, in 
future, be greatly reduced by standardising wires and tapes in terms of 
their electrical resistance instead of at a stated temperat\irc, and by 
observing the resistance during the field measurement. One difficulty 
about this appears to be that of maintaining the constancy of the resistances 
of the standard resistance coils under the varying conditions met with in 
the field. In Australia this method is being used with steel tapes for 
precise base measurement. 

Measurement by Steel and Brass Wires. In Jaderin's ap])licatioii of 
the principle of the bimetallic thermometer to flexible apparatus, the 
measurement is made by a steel wire and by one of brass. These are 
25 m. long by 1*5 to 2*b mm. in diameter, and have end scales It) cm. 
long divided to millimetres. 'J’he wires used in combination are of similar 
diameter, and are nickel plated to ensure the same temperatun* conditions 
for both. Tliey are freely suspended, one after the of her, between movable 
tripodii carrying a fine needle against which the scales are read, 'i^sisiou 
is measured by a spring balance graduated to tenths of a kilogramme 
and read to hundredths by estimation. From the total lengths given 
by the steel and brass wires respectively the temperature elYeet is elimi- 
nated by iho method of page 1S2. 

Base measurement on this system can be (executed in sunshine with as 
great precision as can be attained by the use of steel tap(*s in d(*ns(‘ly 
cloudy weather or at night. The method has, however, be(*n superseded 
by the employment of invar. 

* Some hurvoyoFM prefer to uso ttiermoinoters sii-tpoiidcU jti a position, hut- 

experiment appears to indicate that they are more likely to Ki\ the j'orreet tempera- 
ture of the tape if suspended in the horizontal position. S('o /ftiporl of rrocertiings. 
Conference of Kmpire Survey Officers, 1035, pages 205 to 325. 
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Cdlculation of Length of Base. The final v^alue of a lja.se measurement 
is arrived at from the iinm^*diatc results of the field work by the application 
of a series of eorreclions Most of these corrections are (jAactJy the same 
as th().se applicable to liK^asiirenKaits with steel tape.s and have already 
been do.seribed in .<onie detail in VoL 1, pages 158-1 fi.'i. 

A number of correcjtions r(‘ff‘r to the apparatus, and aim at the elimma- 
tion of the eifects jjiodiUM'd by differences betwecji its ab.rolute and 
nominal Jeiigtli aiul between the "field conditions and those of .standardisa- 
tion. fn measurement by rigid bars, corrections of this ela.ss are required 
for ab.solute length and temperature. In th (3 ease of fl(*xibl(‘ apparatus, 
additional coiTcetions are n(‘e(*.ssitat(sl by any deviation from the .-^tanclard 
conditions as to susjjension and pull, which govern the form of the curve 
a^ aimed by tluj wiiri or ta])e. The appliciatiori of the.se coiT(*(dions yields 
the distance along the gradirmts in Avhich the measurement has been 
made. 

The remaining corrections depend upon the vertical and horizontal 
alignment and elevation of the ba.se. The length of each slope mii.st be 
i-ediieed to its horizontal ecpiivalent. A eon*ection for horizontal align- 
ment is I’erpiirc'd in cas(\s uhr^re the location of the base necessitates an 
alignment ir' plan which deviates fi*oni the .‘<trMight lira* between the 
terminals. Lastlv tin* length of the base is riMlii(‘ed to the value it would 
have if pi'ojected iqjon the mean sea level surface. For uniformity, all 
stations in a geodetic; survey are considered as projected normally upon 
this surface, and all linear distances are are.s upon it. To obtain the 
projected lengths of all the triangle .‘•ides it is sufficient to reduce those of 
the measiirecl bases. 

Corrections are po^jitivo or negative according as the uncorrected 
distance is to he inc‘r(*a.-ed or decreased. Each section of the base is 
separately corrected, as the degree of consistency obtained in repeated 
measures can be gauged only from the final reduced lengths. 

Correction for Absolute Length. 1'he absolute* length ' '* a base mca.siiring 
instrume*nt as obtained in standardising is usually expre.N.scd as its 
nominal leiigtli, /, j)lns or minus a small (piantity, c, the value of which 
is give*ii for the* temperature of .'standardisation. If. thert'fore. the instru- 
ment is laid down n tinuv, tlu' nominal disianee, jd, is subject to a correc- 
tion, (jf tlu* .same sign as that of c in the expre.ssion for the absolute 
I(*ngtb of tin* in>trnnu‘nf . 

Correction for Temperature. It is usually sufficient to deduce from 
tin* thermometer rca«lings tin* avmage temperature prevailing during the 
me;isuremc*nt of c“U'li secti<3n and to apply a tempi*rature i*oi‘reet ioii for 
the whole .section. If, liowcv<*r, the value of llie eoeffieieiit of e.xpansion 
of tlie apiJuratus vaii(‘s under change of temperature, it is necessary to 
correct each bar or wirt* l(*ngtli. I liermonieter reading.s are tirst corrected 
for soak; errors, and it is imjHjrtant in precise work that the coefficient 
of expansion should be known for the particular instruments used, 
instead of adopting average values. 

Let T,„ = mean temperature during measurement. 
t\ = temperature of standardisation, 
a = coefficient of expansion, 

*L = measured distance. 
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Corrccfion for temperature dillereiice = t - i\)L. 

TemjKrature Correction for Bimetallic A2>}>aralu3. 

Let 4, L, = distances as computed from the absolute lengths of the steel 
and brass eomx)onents at- standard l(‘mperal lire, 
fhi = coefficients of expansion of tlu» components, 

D = corrected distance, 


Then D = A(1 -|- a/P) =■ L,,{1 + a,T). 
L.-L„ 


whence T = 




andD = ---'^'“"*1 
ajju > - ajj^ 

so that correction to result i^iven by st(*(d eoinponcMit 1) L 


= + 


aML,-L,) 

(•■A. — 


, or, with ample aeeuraey, - < 


-/J 

(t„ - 


Similarly, correction for brass component 


(fi,(J^n - • 


Correction for Change of Tension. This coinition is rnpiiied when 
ilexible apparatus is subjectc'd in the measun^ment to a dilTerent tension 
from that of standardisation. 

Let “ tension ap])lied during m(‘asuri‘nu‘nt, 

I\ — tension applied during standardisation, 

A — cross-s(*ctional area of wire or tap(‘, 

F — modulus of elasticity of do., 

L — measured distance. 

Correction for change of tension — + • 

Arj 

The cross-sectionat area is most accurately olitained by weighing the 
wire or tape and dividing the weight by the length times tlu* diMisity. For 
geodetic work, in place of adopting a general value for the modulus of 
elasticity, it should be determined by subjceling the wire or tape to 
widely different tensions and measuring tlu* change* of h*ngth with change 
of tension. 

It must be remembered that, if a wire or tape is standardised in eat(*- 
nary, an alteration in tension will alt(*r the sag correction. In this case, 
the sag correction for the tension used during standardisation should hi'. 
added to the standardised chord l(‘ngth to givi' the ecpiivalent length on 
the flat. The sag correction for the tension applied during measurement 
may then be subtracted from this result to give* the* new chord le ngth. 
Alternatively, when (F,„ — F^) is small, the new sag corn*(5ti()n f/,,, will 
be given by : — 


n a - 26 ' X 






Correction for Sair* This correction represents tlu* differenc^e b(*tw(‘(*n 
the actual length of a suspended wire or tape and tlu* (Jiord distaiujc 
between the end graduations when these an^ at the sam(^ hwu*!. The 
correction is applicalile when tlie wire or ta])e is standardis<*d on the flat 



UKUDETIC SURVEYING 


183 


and suspended during measurement, in wliieh ease the value of the eorree- 
lion must he known with a preeision equivalent to that of standardisation. 
W ircH and tapes to be used in single ealenary are stanflardised in l(‘inis 
of the ehord distance obtained at standard tension, so that no correction 
for sag is necessary. 

L(*t w ^ weight of wire per unit lengtli, 

F -- a])pli(‘d tcMision in sainc‘ unit, 

aS’ — eliord length l)f;tw(‘en zeros of wiie when suspended, 

L -- actual huigth of wire. 


Sag correction (N 


/.)- - - ... 


Lhv- 

2 “^ 


\vith suHieicMit apjjroxiinat ion if F is not less than 20 icL* 

If the wire or tape is supported at intennediatt* points, forming n 

ecpial bights, th(‘ eorr(‘ct ion l>(*eomes times the above or n times the 

sag eorr(‘eti()n for a single sj)an of length Sii\. 

Correction for Index Error of Spring Balance. Wlu n tei^sion is measm e. I 
by spriiig balance, the same instrument should be emjdoyed in the field 
measurement as used in standardising. If not, it is necessary to apply 
an index correction th(‘ value of which for horizontal tension dilfers from 
tliat for a vertical ])osition of the balance. A l)alance adjusted to read 
(‘orrectly in tlu^ vcutical position indicates less than the true tension 
when used horiziuitally. 

J.et I = index error wljen balance is vertical, i.e. reading when 
suspend(Ml hook downwards, without load, 

F reading witli balance inverted and suspended from hook, 

IF — total weight of l)alancc, found hy weighing, 

then index i*rror for horizontal position - - — , 

1 being taken as negative wlien less than ztMo. 

'riie value of the correction for readings taken on a slope is investigated 
by Young in a paper to the rnstitiition of Civil Engineers Proc., 

Vol. CLXl). 

The indications of spring balances are also intlnenced to some extent 
by temperature changes. Balances should then*fore he subjected at 
the standard tension to dilTerent temiieralnres, and a table of corrections 
])repared. 

Correction for Change of Gravity. When a w in* or ta]u* measurement 
is made in a dilferent latitmle or at a dilTerent elevation from that of the 
l»laee of standardisation, allowance is made in geodetic work for the 
change in the value of g, the acceleration due to gravity. When tension 
is applied by means of suspended weights, the ])ull they exert and the 
weight of tile wire jirc ])roportional to g. The form of the eateiury 
remains constant, but the wire suffers a small extension or shortening 
bv the resulting increase or decrease from the standard tension. If the 
tension is measured by spring balance, it is unaffected by change of g. 

• • St'o Appendix It for proof of this formula. 



184 


PLANE AND GEODETIC SURVEYING 


but tlie weiglit of the wire is altered, so that in this case increase of g 
causes increase of sag. 

The various fonnulse w4iich have been proposed to express the variation 
of g over the earth give sufficiently accordant results that any of them 
can be used for the jnesent purpose. The formula of Helmc'rt is 
(7 = + 0-005:i0l> sin 20), 

where g = the acceleration duo to gravity at sea level in latitude 0, 

/7„ = the value at sea level at the equator.* 

The above value of g is subject to various corrections depending upon 
the elevation of the place, the density of the underlying strata, and the 
conformation of the surrounding country. The elevation corrections 
have tlie values : 

2h 

(a) For lu'ight above mean sea level, — 


(b) For the mass between sea level and the station, + g 


3 h 
i li 


where h = elevation of station above mean sea level in ft., 
R = mean radius of the earth = 21 X 10® ft. 


In tlie case of straining by weights, let gi and g^ be the respective values 
of gravity, in terms of gQ, at the places of standardisation and of measure- 
ment. 


Then 


92 9i 
9i 


8^ 

F* 


where SF is the change produced on the nominal t(*nsion F. The correc- 
tion is then evaluated by the change of teiision formula, and is positive 
or negative according as g^ is larger or smaller than g^. 


Correction for Slope. 

Let /j, L». etc. == lengths of successive uniform gradients, 

/ij, ^21 ^ dilTcrcnces of elevation l)etween the ends of each. 

For any gradient of length I and difference of (‘h vation h, 
the slope correction — — (I y / /- - A^), 


_ _ /A2 /,4 

^ ~ \2l 


ctc.^. 


The secoiul term may safely be neglected for slopes Hatter than al)oiit 
1 in 25. With its omission, 

total correction = — i ( y- "f" “p + • • • 

= — , when the gradients are of iiniforni length /. 


• Kecent work by Joffreys given for any Intiiudo 

g = 978-049 (1 -b 0 0052S95 sin* ^ - 0 ()00()059 sin* 2<t>), 
where g is in cm./sec.* 'For g in ft./sec.* tho coristimt !>78*049 outsitio tho bracket 

becomes 32-088. 

(See Monthly Notices Royal Agronomical Society 101, No. 1, 1941 ; anil Nature, 
No. 3733, Vol. 147, page 613.) 
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If the h1oj)c is measured in terms of S, the angle of elevation or depreS' 
sion, 

correction = —1(1 — cos 0) = — 21 sin = — Z versine 0. 

Wires tnid Tapes in CoMiuxry. — The above slope corrections are strictly 
applicable only to measurements by rigid apparatus, but are also usually 
employed in the case of tapes with frequent supports. For a wire or 
tape susi)cnded in catenary, account should be taken in precise work of 
ilui deformation of tlie catenary when the ends arc not at the same 
elevation. The development of formuhe for this is loo lengthy for 
inclii'rion, and the readiM* is referred to Prof. Henrici’s “ Theory of Tapes 
in C'atenai-y ” in Ordnance*SiJrvey Professional Paper No. 1. The formula 
obtained by Henrici for ineasiircfl differences of elevation is as follows. 


I.(‘t S -- nominal lengtli of tape or wire, along chord between 7 Xtos, 
h — difbuence of elevation between measuring tripod.s, 

I r- huigth along catenary between tripod rnar-ks, 

- standardi.sation correction to nominal length. 

-- algebraic sum of scale readings, 
a = coefficient of expansion, 

t — excess of field temperature over standard tempeiature, 


A = f rf j -j- Saf, 


X,.3 


A appar’cnt shortening due to sag = as before 


X = required horizontal distance between tripod marks, 
X -= value of X when h — 0. 

Then X„= / — A = S d- A, 


and X 


X 



= {S + A)(l - 


A* U 
(S + A + A)V 


Kxpiindiiig, and rctaiiiinj' only the first powers of A .nul A, this bccomt-s 


X = S - r f A + Q i- H. 



/ 



A* , \ 

where 1’ 


1 I ' 

f ' 

. 

Aye + . 

•Jsy»+ • • •) 



Jl* 


\ 

Q 

-- 

i 

. 

i Aye -t 

• • •) 


ih- 

./c , 


\ 

R - 

"'Hs* ’■ 

t L 

■-,S« ‘ 

, 

Syi • 

’)■ 


This, formula for X a result accurate to 1/10,000.000 if 



less 


than -i\,, A is less than S/1000, and the tension applh'd exceeds 20 times 

the weight of the tape, and to 1/2,000,000 if -g-is less than J, and A is less 

than S '1,000, provided the mean tension is constant. 

qJ slope instead of dilTcreiiecs of elevation are measured, the 
Bivg correc tion'is given by C = - W. where k is a constant the value of 
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which depends on whether tlie tension used in computing it is that applied 
at the upper or at the lower end of tlic tape. If the tension F is applied 
at the upper end, 

k = cos2 e(I + 7^ sin 6/)/24, 

where Z? ^ and 0 is the an^le of slope. If the Umsion V is t hat apr)licd 
t 


at the lower end : — 

k - 7^2 eos2 ^(l - - B sin 0)/L>4. 

It will be noted that, if 0 ~ 0^ the sag eorieetion assumes the ordinary 
value already given for a tape horizontally snspench'd. 

The two tables on the opposite page, taken from the Gold (\)ast Survey 
Publication Tables for Use in the Department, give the values of k for 
different values of B and for different slopes. In both cases they 
are for a tape standardised on the* flat. If the tape has been standardised 
in catenary, the k to be used is obtained by subtracting the value 
tabulated for 6 — 0° from tlie value tabulat(‘d for the observed slope'. 
Thus, for == ’12, with tension .a])plied at the' upper end and 0 —25°, 
4 = — 0 0()0082 and the correction is -| t) ()()00S2Z instead of -- 0 000518/. 

All of the above formula' for sag correction are ilerivod on the assump- 
tion that the tape is perfectly flexible ; in othei’ words, tluao can be no 
shear or bending moment at any part of it. This assumption is not 
strictly true for any tape or wire, as all tapes and wires have a certain 
amount of rigidity. Hotine, however, in his pa]>er on the “Theory of 
Tape Suspension in Base ^Measurement in the Kmpire Survey Review^ 
Vol. V, No. 31» January 1939, has shown that the r igi(lity term is given by 


w^EIl cos 0 


where 0 is the angle of slope, E is Young’s Modulus of Elasticity 


and I is the moment of inertia of the tape about its neutral axis.* Eor 
all ordinary tapes or wire.s, such as are used in base measurement, this term 
is negligible. 

It has also been found that, with the ordinary tape used in base measure- 
ment, the total sag correction for a tape supported in n etpial spans is 
ecpial to n times the sag correction for a single span as computed by the 
ordinary formula. 

Correction for Inclination of End Readimjs. If the giadiiations are 
etched on the tape itself, the end scales will lx*, inclim'd to the luaizontal 
whf‘n the tape is suspciuh'd in catenary since the end of the fap(‘ itself is 
incliiH'd to the horizontal, 'rhis inclination is given bv : 

wl 

2 /-' 

or, since (h is small, 



* This paper eivos llie c^irnpleto theory <if ha-ie inrasuic'inoiit with wires or tapes 
and it also eoiitairis many hints (if practical valiK*. For a ^uod account of tla» 
mrsasuremont of a modern hase lino and of modern haso lino apparatus seo tho samo 
author's on “ 'I'ho Kast African Arc ** in th(» Kmyire i<urvvif Heriew, Vol. II!, 

No. IS. 
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SAG CORRKC'riON ON A SLOIMO 

wl 

It' B — , correction -- — kl. 
^Farlk cuvinc! Values or k. 


(A) 1'(*n.sion Applied at Upper Und of laixi 



(B) Tension Applic<l at J/)\\er Knd of 'lape 



Note. The Ior>^tli nbtaiacd by the abovo table or the original fv^rmiila is 

tiio length of the inclined ehord betv\oon the end marks of the tape. Sl<ipo 
oorrectinii must then bt* npt>lied to this chord length in the ordinary xvay. 
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Hence, if 27 denotes summation so that Sr is the algebraic sum of the end 
readings, the correction to be applied to these readings is : — 


— 27r(l — cos 0) = 


i;r(l -1 + 1* . 






= — . 


c 


Taken over a wliolc section or a whole base, ilie quantity Sr is usually 
very small and this correction is often neglected. It sljould, howcjver, he 
taken into account wlien tapes arc being standardis(‘(l in catenary, and 
it is just as well to compute it, and, if necessary, apply it in other (»a.s(*s 
as w ell. 


Correction for Horizontal Alignment. In the exceptional case where 
the base must be aligned as a series of two or more courses of dithuent 
bearings, the distance between the terminals falls to be computed as for 
a traverse survey. The deviation from straight alignment is usually 
small, and the formulae for slope correction are ai)pli(!- 
able if I represents the length of any course, 0, the 
angle it makes with the straight line between t(‘r- 
niinals, or h, the difference between the offsets from 
that line to the ends of the course. 

Reduction to Mean Sea Level. Tlu^ ])rofile of tlie 
measurement must be referred to mean sea k‘vel, and 
the mean elevation of the base deduced. 

Let B = measured length of base, 

b = length reduced to mean .sea level, 

H = average elevation of base, 

B = radius of earth in latitude and a/dmuth 
of base. 



Fiom Fig. lQ,b = B 
or correction (6 — B) = — B 


H 

n + B 


or = — B ™ , since II is small 


compared with J?. 

It is commonly taken as the mean radius of the* earth for the mean 
latitude of the base, i.p., VlfA, where It is tiu? radius of curvatun* of the 
meridian and X the radius of curvature of the prime vertical section, taken 
out for the mean latitude (page This ((uantity is ])est obtained from 

special geodetic tables. 


Xote. Although it is iisiiul to rcdiirc* tlw li'iigtii of a ^foiictir* base* to its valiu* at 
moan sea level, the reclnetion slioiild strietly be iiaule to the siirfaei* of the spleToid 
of reference, ?.<?., tlie ideal geometrical surface on which the triaii^riilatioii is comjaittMl 
(page .317). Owing to variations in the direction and iiittjnsity of the earth’s gravita- 
tional tield, mean sea lev'el all over the oceans does not lie on a perfect spheroid, as 
it would do if the gravitational field were entirely regular, but on an irregular 
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equipotcntiul Biirfuff!- tlie j^eoirl- whiVh is cveryw’bere normal to tho direction of 
gravity and approxiinates closely to a sphew»idal surface, but with relatively small 
Jf)cal surface undulations (‘aiised by the grav'ity variations. Accordingly, mean sea 
It^vcl at any place chosen as a flat urn for elevations will lie on tlie geoid, and a small 
liciglit correi tion is npc(»ssary, in t)»(*ory at any rate, to traiishT mean sea l(*vel to 
the surliKO of tb(* spheroirl. The correction is not of importance in tlii» case of small 
count ries where tlie separation between tlic gf*oid and i\ui spheroid of reference is 
urdikely to be large, lait, when a t riangulation is carrifjfl over large continental areas, 
or when triangulations in smaller eountri<‘a are joined together, it cannot be ignorecl 
if consistent and reliable results are to be obtained. Thus, to take what is possibly 
an extreme case, the Mergiii bas(» in Ihirrna is only 10 ft. above sea level but 347 ft. 
above the spheroid, witli tlie result that tlie r*orrection would amount to about 
|/()tl.000 of the lengtli of tlie ^»ase.* rnfortiinately, the true shape and size of the 
geoid IS seldom known at the beginning of a triangulation and accordingly it is 
gi‘ni*rally ni‘cessarv to assume that mean sc.i level is cai the surface of tlie spheroid, 
so that li'iigtlis ol' ba.'^e lines arc* ii'^iially n*duc4‘d to the* adopt(*ci mean sea level 
at ^'oinc* particular plac-c in or nc*ar the* arc.i covcrcsl by tlic* triangulation. 

Probable Error of Base Measurement. Tlie probable error of Dieaeure- 
ments with a long steel tape has been fully di.se u.s.<cd in Vol. I, pages 169- 
174, and the methods and arguments there described are very similar 
to those that are applicable to the calculation of the probable error of 
the measurement of a base line. The principal diflerenee, jierhaps, is that, 
in a base measurement with invar tapes or wire.s, the effects of constant 
and cumulative errors are far more thoroughly eliminated than they are 
in the ease of ordinary measurements with a long steel tape. Hence, in 
base measurement the xirincipal errors affecting the observations are 
almost cntirel}" of the accidental type and we can therefore assume that 
the probable error of the final result is the square root of the sum of the 
squares of the probable errors of the individual operations which 
can appreciably influence the result. To take tlie case of a wiie or 
tape meitsurement, the following errors require recognition and investi- 
gation. 

Errors in Standard is ilion \ (a) Probable error of prototype bar, as 
conijiared with the original international metre standard. 

(b) Probable error of mural base at standards labci.itory, as derived 
from prototype. 

(0) Probable error of standardising reference wires on mural base. 

(d) Probable error of values of eoeflieient of expansion of reference 
and field wires. 

(c) Probable error in estimation of length of reference wires at dates 
of comparison with field wires arising, particularly in the case of invar, 
from molecular change. 

( / ) Probable error of comparison of field wires with reference wires. 

thrors in Measurement : ([7) Probable error of measurement of differ- 
f‘nccs in level of suj)j)orts. 

(A) Probable error in reading scales. 

(1) Probable errors of tension or of change in weight of wire due to 
adhesion of dirt, majving the catenary assumed during measurement 
differ from that at comparison. 

• T^rovisionol General Report by Hrigadier O, Romford to the Geodetic Astronomy 
Section of tho International Association of Geodesy in 194S. (Bulletin Cieodcsique 
No. 13 (Now Scries), September, 1U4U, jmgt' 257.) 
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(j) Probable error of temperature measurement. 

(i) Probable orroi* in value of moan elovalion of base, affecting reduc- 
tion to mean sea level. 

To estimate the final probable error of a measurement, that contributed 
by each of the above sources is separately worked out for the whole base. 
The probable eiTors of standardisation op(*ratc as constant eirors, and 
are proportional to tlic length of the base. The data reciuired for the 
evaluation of the total probable errors from a, />, r, and (/ are obtained 
from the standards office. The effect of d for t lu^ refeiencci wires is propor- 
tional to the difference between the* standard temperature and the mean 
temperature of the field comparisons, and in the (^ase of the field wires 
depends upon the difference betwe(‘n tiu' lattcM- temp(*rature and that 
during the base measurement. The value of c can only l>e roughly esti- 
mated. while tliat of / is obtaiiu'd l>v tlie usual method of evaluating 
probable error from th<' results of rc‘peated observations (page J77). 

The combined effect of all purely accidental errors of measurement, 
such as g and h, is obtained in th(‘ same* maiuKT for each s(‘ction by its 
repeated measurement, and the probable luror for the whole base from this 
source is the square root of the sum of tin* s({uares of the probable curors 
of the several sections. Error i is non-compensaf ing, but allowanc'c for 
it is unlikely to be required if the same straining apparatus is used for 
standardisations as in the field measiireimait. I'lie \aliu‘ of / eamiot b(‘ 
exactly assessed. Error k is obtained from tlu^ laobable error of the 
value taken for the elevation of the referc*nee datum and of the levelling 
between the bench mark and the base. 


As iiulioatirig the rrlativo magriitutlt‘s tin* oriurs, dI' tin* Smiliki hasn in 

Uganda may ho tpiototl.* This lm-*o was iiu'a^iirrd m llM)S with tho (Imllaiiino- 
Uarpontioi* ap[)aratus, and the reduced length is Ih.-’illJaTO It m. Tho iiidi\iduai 
])rohahlo errors for tlu* whv)lo base an* in inilhinct i : u rh I ho \ b - d: h-M) ; 
(,'= iSoh; iSnO; e =- ti-.'Uj.'i ; / ± I STS; // i // i 4-r>l 1 ; 

/ ^ .‘h74h ; k — • J_- 4 O.’h Krrois d. and r an* for tin* Mn*aii of* three refeieiiee 

w'ire-i, and /is for throe field w’ires ii-»i*d iii eoinhinat n>us of two. 'I'he mean ternpera- 
turo during ineasiireinont happened to he tin* same as th.il of tin* eompnnsnns, so 
that no aeeount had to ho taken in ♦/ i^f errors m iln* l oi llieient. of expansion of the 
fi(*ld wires. 


Tho prohal)I<! erior of tin? r<*sult is therefon* 


i1t \/ 1 hr>’ I f> , i-fj 


-h I I mm. or — 

I,|US,(M)I) 


An example of a somcwliat similar calculation that of th(‘ t*stiinat(‘d 
probable error of tht; length of a travf*rse Jim* as measur(*d with an invar 
tape — is given on page ^oO. 


Accurate Length Measurements by Combined Optical and Electronic 
Means. A new^ method of aecturat** distance measmement hy means of 
modulated light waves and a special eh‘<*trouic r‘eeeiv(*r, which promises 
to have many useful ap])lieatioiis in surveying, has recently l)(‘cii (l(*vis(*d 
by E. Bergstrand, (jf the ( ieographical Suiv(\v, Stockhohu. In time this 
method may replace the use of invar wires and tap(\s for the measiinumait 


* “ Koport of tho Measiireincnt of an Are of Meridian in Uganda,’' \'ol. I. Colonial 

Survey Committee, ICIIh 
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of trigonoinoirKral bases, but, ftji* first-order work at any rate, this depends 
on a more aeeiirate knovvl(‘dge of tiie velocity of lij^ht and its changes 
with atmospherics conditions than we now possciss being available,* and 
on more* tests ovcm* m(‘asiired liiH‘s in different parts of the world. Even as 
it is, the possibility of introducing cheek m(‘asnrernents of the lengths of 
sidi‘s at much mon* IrcMjUcnt int(‘rvals than are practicable? at jiresent 
reMiuccs to some* (‘xteait the n<*(‘d for m(*asuring bases with the extreme 
accuracy now considi*rcd (*ss(*ntial, and in such circumstances it is possible 
that obs(*rvations with th(‘ luwv apparatus could replace; those with 
ordinary tape's or wiie's. Anofh(*r possible use* is tc) enable the lengths of 
<iU the* side's of a triangulatiioM to be; me*asure*d dirc'ct. so ave)idiiig the rapid 
growth of line'ar e'lior that now oce-iirs in ea-dinary triangulation. TIk; 
apparatus also se'e'ins to olfe'i* promise* as re'gards the* me*asure*?!ie*nt of the 
lengths of the* le*gs eif |ne‘( ise* traverse's, particularly in enabling a ])re*e ise; 
tiiivc'rse* te) be* carrie'd forward frofu hill te) hill, oi* from rise to rise, over 
ver’v rough ceumtry wlie*rc ordinary taping is almost imf)os>ibI(* or where it 
we>uld ni'ce'ssit ale* he-asy cle'aiing e)r elamage* tc) stamling ereeps. The 
rncthexl, whie h is ele-se iibe'el in .Vppe-ndix l\'. ise»l‘gre*at inte*re*st. It is jie)t 
ye*t in ge*ne‘ral use*, but e*nough we)rk has be*e‘n done* e)n it to .sliow that it 
has e emsiele'rable* po.ssibilit ie*s and the* ncce's.sary a|)paralus is be'ing put ejii 
the* marke-t b^ a Swedish linn. 


AN ( ; h E M E AS UR E:\IEXT 

Instruments, (’onaele'iable* \arie*t\ cxi.sfs in the* forms e)f t]ie‘ode)lites 
for pre*e*ise* W'e)rk, but the*y ele) ne>t elilTe*r mate*rially in e‘sse*ntials from the 
patterns use*el in oielinarx snr\e*ying. In the early elays of geode^tic 
surve*\ing the* rcepiire*el re*iine*me*nl e)f reaeling was ^eciireel by the use of 
large* circle's, the* gre*at t hee)de)lite* e>f the* Ordnance* Siiiwey having a 
dianie*te*r eif .‘{ti in. .Me)ele*rn improvcme*nts in graduating engines enable 
as goe)el work to lx* dtjiie* with nnieh smaller in.'struments. For first-order 
triangniation tin* u>ual siz(*.s for theexlolites of llu* o*. Unary mieronieter 
type* with silve*r e*ircles are now lO in. and 12 in., with o in. to 8 in. instru- 
ine*nts lor sc'conel-orele-r work, hut iiujiu reet*ntly tlie tendency has been 
te) replaee this type of tlu*odoIite by others of the double reading type, 
such as the Wilel anel Ta\istex*k. Tlie horizontal circles of the large 
gee>detie; lype*s of Wilel anel Tavistock theodolites are made of glass 
anel are* e)nly oi in. anel o in. diamete*r respectively ; the* corresponding 
ve*rfie*al circle's, also made of glas.s, are 3^*", in. and 'I'l in. 

A high sfanelard of workmanship is required throughout primary 
insliuments. The; te'h'scopo mu.'^t he e)f the best quality, particularly as 
regards de*finition, and should be of sullie*ient magnifying pow'cr that the 
ri'fincmont of pointing may not he inferior to tliat with which the circle 
e*an he; reael. Seve*ral e*yepieces are provided, and the magnifying power 

* Hcrgslniiid liiix ivi-nitlv iisctl his apjmratii'. lo ilctmiiim* tho velocity light 
aial hiis ol)(ain(*(i a \alin* (/k varuo) of '2m TIKM km. <e«*. ^^ith a mean sijiiare error 
of ! km.'siM'. This m..s.e. \\orlvs out at 1/1.200,000. which, so far as the oon- 

Kistt'iicy of thcVesiilts in thems»*lves is concerned, is of full geodetic accuracy. ^ (See 
“ A Di'terminat ion of the* Vi*le)city of J^iglU, ' by K. liergstranil. Arkir for 2“ y^ik, 
Vol. 2, No. 16, 1050.) 
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usually ranges from about 30 to 80, the aperture of the objeetive being 
2i in. to 3 in. An e 3 "epieec micrometer is commonl^^ fitted for use in 
making signal bisections by means of the movable vertical hair. ]5y 
turning the micrometer into the vertical position, it is made available^ 
for the measurement of small vertical angles. To illuminate the tield 
for night work, a small electric light, the intensity of which is under 
control, is attached to one of the standards, and the rays are projected 
through a lens in tlie hollOw trunnion axis on to a very small mirror 
which reflects them to the hairs. The elc(;trical ecpiipment of modern 
instruments also provides for the electrical illumination of tin*, grachiations 
in the held of view of the micrometers on the horizontal and vertical 
circles, and, when an instrument is so equipped, it is advisable to use this 
illumination for daylight as well as for niglit observations. 

In the pages which follow we shall first of all describe the ordinary 
micrometer type of geodetic theodolite and its adjustment > and (hen 
the double reading typo of which the large Wild and the gcodcMic 
Tavistock are prototypes. 

Geodetic Theodolites of the Ordinary Micrometer Type. In this type nf 
theodolite the circle is usually divided to 5 min., and is reafl by ecjiii- 
distant micrometers to 0-1 sec. by estimation. For reading the large 
circles formerly used, five micrometers were fitted, but two nr three is the 
usual number on Sin. to 12-in. theodolites, and two on smaller instru- 
ments. A pointer microscope is provided for reading the Hgur(*s. The 
vertical circle may be of the same diameter as the horizontal cirt*l(». or 
may be much smaller and intended merel}’ for use in finding signals or 
for setting approximateh^ on a known vertical angle. In some foreign 
patterns it is omitted altogether. When the vertical circle is read by 
micrometers with a refinement similar to that for horizontal angles, the 
instrument is adapted for astronomical observation and may be dislin- 
gui.shed by the naine, altazimuth instrument. 

Plate levels are fitted as in smaller theodolites, but tiu' final levelling 
is performed by means of a striding level jdaced on the horizontal axis. 
The sensitiveness of this level is not les.s than 2 sec. per divisif)n, and 
should be a certained either on a level trier (Vol. T, page' 37) or by placing 
the level longitudinally on the telescope and mc'asuring a small vertical 
angle or by the “ Wisconsin method ” (page 7S). Centering is performed 
either by plumb bob or by means of a nadiral oi’ look-down telescope 
(optical ])li*mmet), which can be .screwed into the horizontal plate. Such 
a telescope is particular!}^ useful on elevated sea Holds. I’lie weight of 
large theodolites neces.sitates the provision of a stout lifting ring by 
w^hich they can be handled without danger of overstrain. 

The instjument illustrated in Fig. 77 is by Messrs. K. H. Watts and 
Son, Ltd., London, and was constructed for the, Ordnaia^e Survey for 
use on the test triangulation in Scotland. 

The horizontal circle is of 12 in. diameter, and is entirely ])rotect((l 
from dust. It is graduated to 5 min., and is r(nid by thret* micrometers 
tO single" seconds directly and to 0*1 sec. by estimation. 'Flie micrometers 
and a pointer microscojK} are carried by a single (lasting. The vertical 
circle is of 6 in. diameter, reading to 1 min., and is used only for se'tting 
the line of sight approximately to a known vertic^al angli*. 



GEODETIC SURVEYING 


193 


Tho telescope, which transits both ways, has an objective of 24 in. 
cal length and 3 in. aperture. It is fitted with an eyepiece micrometer. 



Fio. 77. •Obdsakce Survey Ueodetic Tueodoutk. 


and the powers of tho eyepieces range from 40 to 80. The fiehl of view is 
illuminated electrically from either end of tho trunnion axis. The attach- 
ment shown at the left side is designed to verify the cylindrical form of 


p. A a. s. 
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the pivots. The striding level has a sensitiveness of 1‘25 see. per 0*1 in, 
division. 



Fig 1 H , Canidian Sur 


For the accurate centering of the instrument over a station, a nadiini 
telescope, having an objective of about 8 in. focal lengtli, is sciewed 
into the upper horizontal plate. Centering is effected by bringing the 
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line of sight of this telescope upon the station mark by moans of three 
radial scjrews operating upon the lower base plate. A strong circular 
leather-covered lifting handle is fitted to the tribrach plate. 

Fig. 7S illustrates the instrument adopted by the Canadian Govern- 
ment Geodetic Survey and manufactured by Messrs. Watts. The hori- 
zontal cir(;le is of 12 in. diameter, and is graduated and read in the same 
manner as in the foregoing example. The setting circles are of 4 in. 
diameter and read to 1 min. The telescope is non-transiting. The 
object iv(^ has a focal length of 18 J in. and an aperture of in. An 
eyepiece mi<;roiTieter is fitted, and the powers of the eyepieces range 
from 30 to 72. 

Adjustments of the Theodolite. TIk* adjustmcMit of a precise theodolite 
does not differ inattu ially from that of smaller instruments, but advantage 
is *^aken of th(‘ striding lev el for horizontal axis adjustment. The adjust- 
ments pertaining to horizontal angle measurement are : 

1. Plate level adjustment. 

2. Striding level adjustment. 

3. Horizontal axis adjustment. 

4. (’ollimalion adjustment. 

5. Micro?ne<er adjustments. 

Adjustment of the Plate Levels. Unl(‘ss the sights are nearly horizontal, 
these levels should be employed only in the ap])roximate lev^elling of the 
instrument, and are subordinate to the striding level. Their adjustment 
is j)erform(Ml as described in Vol. I, page 92. 

Adjustment of the Striding Level. Object. To make the level axis 
parallel to its supports. The V-shaped foot of either leg of the level 
affords two points of support, and the level axis is required to be parallel 
to the line joining the points midway between these two points in each V. 
Two steps are neces.siry : ^1, to make the level axis coplanar with this 
line ; B, to [)lace them ])arallol. 

Neccssitjf. To enable the striding level to indicate the horizontality 
or otherwise of the hoiizontal axis. 

A : Test. 1. Set tlu' striding level upon the horizontal axis, and level 
the instrument approximately. 

2. Incline the level a little to one side or the other of the vertical plane 
containing it . If the bubble remains in a constant position, the lev^el is in 
lateral adjustment. 

Adjustment. Jf not, by means of the lateral controlling screw adjust 
the level until the test is fulfilled. 

B : Test. 1. Level the instrument by reference to the plate levels. 

2. Place the striding level on the horizontal axis, and centre the bubble 
exactly by the levelling screws. 

3. Remove the striding level, and carefully replace it end for end. 
If the bubble remains central, the level is in longitudinal adjustment. 

Adjtisiment. 1. If not, bring the bubble half-way back by means of 
the adjusting screw’s *00111 rolling the tube vertically. 

2. Relevel by the foot screws, and repeat until the test is satisfied. 
Adjustment of the Horizontal Axis. Object and Necessity. As for the 
engineer’s transit theodolite (Vol. I, page 96). 

Test. 1. Adjust tlie foot screws until the striding level maintains a 



196 PLANE AND GEODETIC SURVEYING 

constant position while the instrument is swung through 180° in azimuth. 
The vertical axis is now truly vertical. 

2. If the bubble is central, the horizontal axis is correct, since the 
striding level is in adjustment. 

Adjustment. 1. If not, bring the bubble back to its central position by 
means of the screws controlling the trunnion support in one standard. 

2. Relevel, and repeat until the test is fulfilled. 

Note. If the error is small, it may be left, as its effect is eliminated by change 
of face, and in observations unbalanced as regards change of face the error can be 
corrected out from the rending of the striding level. Provision for making the 
adjustment is sometimes omitted in precise theodolites as in smaller instruments. 

Adjustment of the Collimation Line. This acljustment is performed as 
for the engineer’s transit theodolite, except that the test sights should 
be as long as possible. If the telescope does not transit, reversal must 
be made by removing the axis from the standards and replacing with the 
telescope end for end. 

Micrometers. The essential features of the micrometer microscope 
have been described in Vol. I, page 72. Those fitted on precise theodolites 
are required to carry the subdivision to single seconds, and the magnifying 
power of the microscope must be sufficient to justify estimation of the 
readings to 0* I sec. The circle is usually divided to 5 min., and the pitch 
of the micrometer screw is such that five turns are required to move the 
hairs from one graduation to the next. The micrometer drum is divided 
into sixty parts, which therefore represent single seconds. For convenience 
in keeping count of the number of complete turns, there is provided a 
fixed comb scale, the teeth of which have the same pitch as the screw, 
so that one turn moves the hairs from the centre of one notch to that of 
the next. The centre notch is distinguished from the others, by greater 
depth or otherwise, and corresponds to the single notch in small instru- 
ments in approximately marking the position of the zero line. 

The appearance presented through the microscope is shown in Fig. 79. 

The hairs are shown 
centered over gradua- 
tion 144° 10', which 
is the approximate 
reading since the centre 
notch lies between 144° 
10' and 144° 15'. As- 
suming the hairs have 
been moved from the 
centre notch to this 
position, they have 
passed two notches, but 
have not reached the centre of the third. The micrometer reading is there- 
fore 2 min. plus the number of seconds recorded on the drum, the 
complete reading being 

144° 10' + 2' + 48"-0 = 144° 12' 48''-0. 

Notes, (1) In tho reading of tho comb scale, single minutes are reckoned by 
the number of spaces from hollow to hollow, and not from crest to crest of the 
notches. The number of spaces to bo counted is always that between the centre 
notch and the preceding graduation, representing tho approximate reading, irre- 
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spoctivo of tho fiKjfc that tlio hairs may lio coritered over tho following graduation. 
If tho hairs appour to lio oontrally in a notch, tho drum roailing shows whether they 
have niHched tho centre or passed it. 

(2) Tho utmost delicacy is recpiircid in manipulation, and strict attention must 
bo paid to tho precautions given in Vol. I, page 74, notes 3, 4, and 5. 

Run of the Micrometer. Tho condition, hitherto assumed, that an 
exact number of turns of tlio serew should carry the hairs precisely from 
one graduation to the ne.xt, can be only approximately realised. If, on 
moving the hairs across a circle space, the drum registers a different 
reading after the movement from that at starling, the discrepancy between 
the mierometer nu'asurement of the space and its nominal value is termed 
the run of the mieromcjtcr. When run is present, the value of a fractional 
part of tlie circle division is not correctly given either by the hack or the 
forward rejading, viz, the respective readings obtained by setting the hairs 
on the graduation last ])assed by the zero line and on the graduation in 
advance of it. ISince tho drum reading decreases as the hairs are moved 
from left to right, tlie forward reading Is Jess than the back reading when 
more than fiv(^ turns arc re(iiiired to move the hairs across the space. 
The mi(;roinetcr is then said to overrun, or the run is po>itive : otherwise 
it is negative. 

Apart from errors of obs(‘rvation and manipulation, many factors 
contribute to the existence and variation of nm. The circle spaces are 
not themselves e^ual on account of imperfect griduation, iinecpial 
temperature, or iiundianical strain. Again, while tlie distances lad ween 
tlie circle and the mieroseopi* objective and hetw(‘en the ohjeetive and 
the hairs should In* such as to make the length of the real image of a circle 
division exacitly five tinu's the pitch of the serew, these distances are 
subject to variation under eliaiige of temperature, and the former is also 
affected by (‘cijcnt rieity. .Means are provided for adjusting the microscope 
to eliminate run, but with high power microscopes the perfecting of tlie 
adjustment is a ih^licate operation. Since the run does not iircserve a 
eoustant valia*, all that can he done is to limit the error to a few seconds. 
The iiitlueiice of this residual error on the measure. .i, iit of a fractional 
part of a circle division is then eliminated by applying a correction. 

Correction for Run. Jf for each observation both the hack and forward 
micrometer readings are noted, the value of the nm is known for the 
particular division used and under the prevailing temperature conditions. 
The amount of correction corresponding to the position of the zero line 
between the graduations can then ho obtained as follows. 

Let D = the nominal value of the circle division, i,e, its mean value for 
the whole circle, 300'' in the usual case ; 
b -= the hack reading, i,e. the micrometer measurement of the arc 
between the zero line and the graduation last passed by it, as 
obtained by setting the hairs on that graduation ; 

/ = the forward reading, i.e. the micrometer measurement of the 
same are, as obtained by ^etting the hairs on the graduation 
ill front of the zero line ; 


m 


b+f , 

2 • 


r = the run developed in D, = (6 —f) 
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= the micrometer measurement of D, = (D + r) ; 

M = the corrected micrometer reading to be applied to the approxi- 
mate reading. 

It is to be assumed that the effect of all errors causing run is to displace 
the back and forward graduations by equal amounts and in contrary 

directions. For positive run the image of a division is too long by ^ on 

either side of its centre line, and the corrected micrometer reading must 
be less than b and more than /. Negative run produces the opposite 
effect. Distances on the actual image bear the same ratio to as their 
correct equivalents should bear to D, so that 


b “ yj/ 


whence M = 


or correction to 6 = 
M is commonly obtained from w, 
and since m = 



r 



= m + jr with ample precision, 


.. . r rnr 

or correction to = j-. 

The correction has the same sign as the run for values of jn up to 
2' 30*^ and the opposite sign for values between 2' 30" and o', its value 
may be tabulated * for various values of r and in. Jn making the reduc- 
tions, it is unnecessary to correct each micrometer n^ading. The back and 
forward readings of all micrometers are noted and the mean back reading 
and the mean forward reading obtained. From the mean of th(‘sc means 
and the mean run the correction is evaluated for each pointing. 
Adjustments of the Micrometer. These arc : 

1. Adjustment of the entire microscope to place the image of the 
graduations across the middle of the field of view. 

2. Adjustment of the zero line. 

3. Adjustment for run. 

There may be no means of making the first adjustment, but if the 
bracket carrying the microscope is controlled by adjusting sciews, the 
method will be ajiparent. 

Adjustment of the Zero Line. Object. To ])lace the zero lin(\s of the 
several microscopes at the desired intervals, and to make the hairs lie 
centrally in the middte notch when in the zero position. 

* See Davidson, ** The Kun of tlie Micrometer/* United States Coast and Ceodetio 
Survey Report, 1884, Appendix No. 8 or “ Geodetic Survey of South Africa,*’ Vol. I, 
Cape Colony and Natal, 1882. 
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Necessity, It is not essential that the intervals between the micro- 
scopes should be exactly equal, but it is convenient in recording that the 
discrepancies should be small. The adjustment is usually only necessary 
when new hairs have been fixed. The comb scale may then require 
adjustment to make the reference notch coincide with the hairs when 
they are brought to the zero position. 

Test. 1. For equidistance, set the hairs of one micrometer in the zero 
position, and bring a (-ircle graduation centrally between them. 

2. See if the corresponding graduations fall on the zeros of the other 
micrometers. 

Adjvstrnent. 1. If not, by means of the screw at the side of the box 
opposite the drum (Vol. I, Fig. f>4) move; the comb scale until the centre 
of the index notch coincides with the image of the graduation. 

2. Centre the hairs on the graduation. 

3. Slacken the s(;rcw holding the milled head at the drum, and turn 
the drum until it reads zero, without rotating the micrometer screw. 
Finally, tighten the head. 

Note. In some? instnimonts thoro is provision for moving bodily all but one of 
tho inicn>iiu*t(‘rs in a circ'iimfun'ntial direction. The greater part of an error of 
spacing may bo thus roinovod, and tho remainder is eliminated as above. 

Adjustment for Bun. Object. To eliminate run as far as possil)Ie. 

Necessity. As tiio eflect of run can be corrected out in the reduction, 
it is sufficient for the most refined wwk that its value for a o' space 
should not exceed 2" or 3", so that no appreciable error can be introduced 
in the correction by assuming that the error is developed at a uniform 
rate. It is, however, convenient to have the run adjusted dowm so 
that the mean of the back and forward readings, or, in low grade work, 
the back or forward reading alone, may be used without correction. 

Test. 1. Focus the eyepiece for distinct vision of the hairs. 

2. -Move tlie hai»’s across a division, and note the amount and sign of 
the run. 

Adjustment. 1. If the run is positive (negative), thr image is too large 
(small). J?eleas(» the ilainping ring of the objective cell, and move the 
objective towards (away from) the hairs. 

2. The image is now decreased (increased), but does not lie in the 
plane of the hairs. Eliminate the resulting parallax by moving the whole 
inicrosco])e in its collar away from (towards) the circle. 

3. Again take the run, and repeat the adjustment as often as necessary. 

Notei*. (1) Siiioo tho mioroinotor reading for each pointing i.s obtained aa the 

mean of tlu' readings of all inioroinotera, it is usual to adjust tor the mean run. 
instead of a»lj listing caeh micromotor, the run of one of them is mado equal and 
opposite to tho sum of tho runs of tho others. 

(2) Tho elimination of parallax must be regarded as an essential feature of the 
adjustment, as its prosenco makes accurate reading impossible. 

(3) Tho hairs must bo left parallel to the graduation lines. 

Double Beading Geodetic Theodolites. The “double reading theo- 
dolite,** with optical micrometer, was originally the invention of the 
late H. Wild when he was still an employee of the German firm of Zeiss. 
The first instruments w’cre’ made by Zeiss to his design, but, in 1921, 

. he left Zeiss and moved to Heerbrugg in Switzerland, where- be started 
the manufactu;e of tlie instrument that now bears his name. 
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At present two instruments of the double rea ding type which are suitable 
for primary geodetic work are on the market, the one being the large Wild, 
manufactured by Wild in his works at Heorbrugg, and the other the largo 
Tavistock, manufactured by Messrs. Cooke, Troughton & Simms at 
York. Ill both these instruments the graduated circles are made of 
glass with the graduations etched on the glass. The great advantage of 
these glass circles as compared with ordinary silvered ones is that the 
graduations are very much finer than any that can be made on silver 
and this makes it possible to use a higher magnification in the micro- 
meters. They are also less affected by temperature changes, but, for use 
in the tropics, they have the disadvantage that they arc liable to attack 
hy “ fungus ” (Vol. I, page 34). In addition, (Canadian experience 
indicates that it is most desirable to have a thorough overhaul of these 
instruments by an expert about once a year. In this resjiect, the older 
type of ordinary micrometer theodolite has the advantage, a., it is not 
nearly so liable to get out of order. 

Other advantages of the direct reading as compared with the older 
types of theodolites are : — 

1. They are much smaller and lighter. 

2. All readings can be ijiade from the same side of the instrument 
facing the eye end of the telescope and there is no need for the observer 
to move his position or to walk round the instrument to read the different 
micrometers and levels. 

3. The two diameters of a circle, 180® apart, can be broiiglit together 
or slightly separated and viewed simultaneously in a single eyepiece. 

4. The micrometers are so designed that a single reading gives the 
mean of the readings at diametrically opposite parts of the circle. 

5. The illumination is ]>rilliantly and evenly spread over the field of 
view of the micrometers, and illumination for night observation is easily 
provided. 

6. The instrument can be made watertight and diistproof more 
easily than the ordinar}- instrument. 

The Optical Micrometer. The characteristic feature of the double 
reading theodolite is that, by means of a system of prisms or mirroi-s, 
the graduations of diametrically opposite sides of the circle arc brought 
into the same field of view, and can be read in a single microscope, so 
that it is unnecessary for the surveyor to move from one side of the 
instrument to the other when taking his observations. The observed 
reading is then the arithmetical mean of the readings which would 
otherwise be obtained by using two micrometers 180® apart. In this way, 
errors due to eccentricity of the circle are automatically eliminated. 

In Fig. 80 the numbers (54, 65, 66 and 67 rejiresent graduations on 
the upper part of the circle, as seen through a small window above the 
circle.* Above these are the images of the graduations of the lower and 
diametrically opposite part of the circle when these have been reflected 
to api)car in the same field of view as the others. The vertical line with 

* Noto that the figure is drawn for the case of the Zeiss and Wild theodolites 
where the opposite graduations appear in the reflected images to run or increase in 
opposite directions. In the Tavistock theodolite the graduations on the refloctod 
images appear to run or increase in the same direction. 
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arrows is an index line with reference to which the observations are made. 

In the upper part of the figure the graduation 65^ falls short of the 
index line by an amount x, and, in the lower part of the figure, 245® 
falls short of the index line by an amount y. If the lower reading 
were tak(*n by means of a second 
rnicronu;t(U’, the observed mean 
angle would be taken as 65® + 

X ■}" y 

^(IT' ^ distance 

b(?twcon successive graduations on 
the circle. As the outer gradua- 
tions and figures in the upper 
part of the figure are mirror 
images of those in the lower, the 
245® graduation in the upper ])art 
also falls short of the index line 
by the amount y. Hence, the 

reading is still 65® + - 
2 

()5® r .y wlici'e 2 == or f y is the 

distance between tlie 65® and 245" 
graduations as seen tlirougli the 
window in the upper part of the 
figure*. 

It will be noted that, if we imagine the outer graduations to move to 
the l(»ft, th(‘ 246" and 6tr, and the 247® and 67®, graduations have passed 
each oth(*r but the 244" and 245® have not passed the 64® and 65® marks. 

Fig. SI (a) shows a circle graduated to 26'. 'J'lu* distance l)(*t\veen the 
.‘16® 46' and 216" 46' graduations is seen to be 6*8 of tlie length of a 26' 

' c ^ =r_- ;^o" 48'. Alterna- 
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(a) FlO. SI. 

to 1)0 1*6 (iino.s the tlistaiice between two .successive degree divisions. 

Hence, tJio reading is -\ y — = 30° 48'. Similarly, in 1' ig. 8l (b) 

the distance between the 125° 10' and 305° 10' graduations is seen to he 
1*3 times a 10' interval. The reading is consequently 125° 10' -1 — 


= 125° 16-5'. 



202 


PLANE AND GEODETIC SURVEYING 


It will also be noticed that the index line, shown in the figure by a 
vertical line with double arrows, acts as little more tlian a guide to obtain 
the coarser reading. The finer measurements d('pcnd solely on the 
variable distance between two graduations on the opposing scales and 
not on any measurement made to the index line. Various types of optical 
micrometers differ mainly in the means adopted to measuie the distance 
betw'cen the relevant graduation marks. Jn the case of the Zeiss Universal 
and the Wild smaller and larger theodolites this distance is measured 
by the amount of movement necessary to bring the iniag(\s of the dia- 
metrically opposite graduations into coincidence, and this method is 
also used in the Casella double reading theodolite (Vol. I, pages 78 
and 76).* In the case of the Tavistock theodolite, both small and 
large models, the images of opposing graduations art' not brought into 
coincidence but so that they lie on either side of, and ('(juidistant 
from, an index line which appears in a small window in th ' field of 
view of the microscope. In all these cases the finer, readings are 
measured on the drum of the micrometer which imparts the lU'cessai v 
motion to the images of the graduations, an image of ])art of the 
circumference of this drum also being seen in the field of \ imv of the 
microscope. 

In the Zeiss Universal and Wild theodolites th(‘ two imagi's of the 
circle graduations are made to coincide by means of ecjual and op|)osite. 

displacements of the rays from opposite sides of 
the circle as they pass tlno ugh two ])arallel ])late 
micrometei’s (page 31)!)). Tin* rotations of the 
micrometei*s in opposing directions arc* eombiiu'd 
in a single motion which is ri‘ad on a drum, an 
image of which appeals in the ti(‘ld of view (»f 
the microscope, either abovc^ tlu' imagi' of tht‘ 
grad\iations in the ease of the Wild or lu'Iow' it 
in the case of the Zeiss. Fig. S'2 shows the 
appearance of the images in tJie microscope of 
the Zeiss instrument, the ri'ading in tliis case 
being 358° 21' 55"'7. The appearance of the images in tlie large Wild 
instrument is shown in Fig. 85. page 206 

In the Tavistock theodolite, the line of separation betwi'cn the o])posite 
graduations is parallel to the graduations themselves, instead of being at 
right angles to them, as in the case of the Wild and Zeiss instruments. 
Also, the images of the diametrically opposite graduations an* such that 
the latter appear to run or increase, and wh(*n the milled head of lh(i 
micrometer is turned, to move together, in the same directioji and the 
reading is taken when these graduations appear to be ecpially spaced on 
either side of a fixed index line. The motion is controlled by two 
travelling prisms which are mounted on a single frame*, the motion of 
the frame being measured by the graduations on a glass drum, an image 
of which appears in a small window in the field of view of IIkj microscope'. 

* The Casella and Zeisd Universal as well as the smaller inodc'ls of the Wild and 
Tavistock theodolites are only suitable for use on minor triangulal u^n or on precise 
traversing. For primary triangulation for geodetic purposes the instruments now 
generally used are the larger Wild or the geodetic Tavistock. 
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Figs. 89 and 90 show the optical arrangements of the optical micrometers 
for reading the circles of the Tavistock theodolite. 

Tlie three windows which appear in the field of view of the micro- 
scope for reading the horizontal circle of the Tavistock geodetic theodolite 
arc shown in Fig. S3 (a). Tlie circles in this instrument are graduated 
to 10 minutes of arc. (^oarse readings, to the nearest 10', are taken in 
window I, and the fiiuii* readings, direct to 0"-5, in window 2, the gradua- 
tions which appear in this window being those on the drum of the micro- 
meter w'hieli controls the movement of the images of the circle gradua- 
tions. In th(> centre of window 3 there is a coarse line which acts as an 
index line. This line is really the line of separation betw'een two adjoining 
reflecting [ii isms, the imag(i of the graduations from one part of the circle 
being reflected in the l(*ft-hand prkm and that of the diametrically 
o])posil(^ graduations l)(*ing reflected in the right-hand one. (The two 
prisms concern(‘d are shown as JJ in Fig. 89.) Consequently, graduations 
from one part of the circle only are seen on one side of the index line and 



those from the ()])[)osito part on the other. The rtaiiing is taken when 
the index line a]>pears to li(* ecpially spaced between the images of the two 
giaduations that appear on either side of it. 

In Fig. S3 (a) the graduations SS^ and 2GS^ are equally s])aced on either 
side of the index mark in window’ 3. The reading on the centre of the 

index line for the SS° graduation is 88° + - , where I is the distance, in 

seconds of are, between the two graduation marks, and, for the 268° 

graduation, it will be 268° — ~y Hence the mean reading 

88 ’ + . 5 + 88 “ 

= f = 88’. 

In w’indow^ 1 , how’ever, the graduation 87° 50' appecys against the pointer 
in that window’ and the reading on the scale in w'indow 2 is 0. Conse- 
quently, the reading will be taken as 87° .lO'. 

Let the ui)per part of the theodolite now be turned slightly to the right 
BO that the pointer in w indow 1 comes somew here betw een the 87° 50' and 
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88° marks. As the screw which operates the micrometer has not been 
touched, tile reading in window 2 will still be zero. In window 8 either 
no graduations will appear at all or else they will be unequally disposed 
about the index mark as in Fig. 83 (b). 

Let the milled head which works the micrometer be rotated until 
the index lino in window 3 appears to come in the middle of the space 
between two graduations. The appearance will be as shown in Fig. 83 (c). 
The pointer in window 2 now reads (V while the pointer in window 

1 reads 87° 50'. The complete reading is therefore 87° 56' 58"*5. 

From the system of reading adopted it will be seen that the reading 
of the 88° gfaduation in Fig. 83 (b) may bo considered to be referred to 
an imaginary index graduations to the left of the centre of the black 
index line in window 3, and the 268° reading to an imaginary index H 
graduations to the right of the centre of the black index line. Hence, 
if X be the distance, in scale graduations, of the 88° mark to its imaginary 
index, and ij the distance, in scale graduations, of the 268° mark to its 
imaginary index, the mean reading referred to the centre of the black 
index line in the window will be : — 

1^88° + a; +1+ 88° + y = 88“ + 

where x and y are very nearl}' equal in value. The function of the micro- 
meter is therefore to measure the interval + ?/). As the rearlings of 
the graduations on the circle itself are referred to the pointer in window I, 
the reading to be taken is 87° 50' + + 2/)- 

The relative positions of the windows and circle and micrometer 
divisions are also shown in Fig. 88(a), and, although this particular 
diagram has been drawn to illustrate the arrangement on the small 
Tavistock theodolite, the principle is the same for the geodetic model, 
the only difference being a 10' instead of a 20' interval betw(?en the 
graduations on tiie liorizontal circle, and the micrometer shown on the 
larger instrument is graduated to half instead of one second intervals. 

The Wild Precise Theodolite for Primary Triangulation. I'his instil- 
ment, considering the accuracy of its readings, is remarkable for its 
lightness, the theodolite itself weighing only 22J lbs. and tlio special 
metal carrying case 12 J lbs. Both circles are made of glass, the horizontal 
circle being 5 J in. diameter and the vertical circle 3^”^ in. The graduation 
interval of the liorizontal circle is 4' and of the vertical circle 8', readings 
being made on the optical micrometer direct to 0"-2 and by estimation 
to 0"-02. The reading microscope for reading both circles is ])laccd along- 
side and parallel to the telescope. This telescope has an effective aperture 
of 2*4 in., is lOj in. long, and is of the internal focusing type. Three 
eyepieces, giving magnifications of 24, 30 and 40 diameters, are provided 
with the instrument, the magnification ordinarily used being 30 diameters. 
Fig. 84 shows the general appearance of the instrument. 

Illumination of the circles is provided by light reflected through two 
small prisms, one for illuminating the horizontal and the other for illu- 
minating the vertical circle. Electrical illumination is also obtainable 
if desired. This includes illumination of the horizontal and vertical 
circles, tlie diaphragm of the telescope and the altitude level. 'J'his level 
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i.s read through one of two prisms, one of which faces the observer in 
eith(‘r the face right or face left positions. 

T\h3 optical arrangements of this model are very similar to those of the 
Wild Universal Theodolite which are 
desci ibcd in Vol. I, pages 77-78. 

The micrometers for reading the hori- 
zontal and vertical circles are both viewed 
in the same eyepiece which lies at the 
side of tlie telescope and is clearly scien 
in the illustration. To view the horizontal 
(jircle reading, an “ inverter knob, 
which is to be found on one standard, is 
turned in a clockwise direction ; to view 
tin? vertical circle reading, this knob is 
turned in the reverse direction. Two 
windows will bo seen in tlje field of view 
of the microscope. In the top window, 
the graduations of opposite parts of the 
circle are seen sc‘parated by a horizontal 
line, a vertical line in the bottom half of 
the window s«*rving as an index from 
whi(*h the “coarse” readings arc taken. 

As a gcMieral rule, the two sets of gradua- 
tions «lo not coincide. To read the 
micrometer, the toj» knurled knob on the 
standard which does not carry the altitude 
l(‘vel is turned so that the two sets of 
graduations ai)pear to approach one 
another. Movement is continued until 
(Mpiivalent graduations in the top window' 
arc brought into coincidence. The seconds 
n^adings will then be given by the scale 
and pointer in the lower window'. 

When the graduations in the upper window’ are in coincidence, tlie 
pointer in that window will either coincide with the graduation marks 
or will come half way between them. In the fornua* ease, tlie minutes 
are read direct from the 4' division which eoincid(\s with the index mark ; 
in the latter case, 2' must be added to the nearest 4' division lying to the 
left of the index mark. The reading on the seconds scak' in the l>ottoin 
window is one half of the ]U’oper reading. Accordingly, the number of 
seconds which are read on this scale must be doubled, or, better still, 
opposite graduations in the upper window’ should be brought into coinci- 
dence twice and the two readings on the seconds scale added togetlier. 

The method of reading the micrometer of the horizontal circle will be 
clearly understood from Fig. 85. In (a) the index in the upper window 
in the right-hand figure coincides with the graduation 160° 40' and this 
figure therefore represents the coarse reading. The opposite graduations 
W’ero twice brought into coincidence, the first reading on the seconds 
Bcalc in the lower window being 39''’ 34 and the second reading 39 *39. 
Henci', the reading to be taken is 166® 40' + 39"* 34 -j- SO"* 39 = 
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166® 41' 18'''73. In Fig. 85 (6) the index mark comes half way between 
the 83® 28' and 83® 32' divisions so that the cojirse reading is 83® 30'. 
The two readings on the seconds scale were 45''-56 and 45"*50. Hence, 
the reading on the circle is 83® 31' 31''*06. 



(b) 

Kiq. 85. 


The vertical circle, owing to its smaller size, is gracliiatefl into ISO® 
instead of 360® and the interval between gradual ions is S' insliMd of 4'. 
Hence, the readings on this circle are taken as follows : — 

1. Having brought opposite graduations into coincaleiuc in tln^ upper 
window, book degrees and minutt's. 

2. Take tw’O separate readings of seconds. (Two ini cr.scrt ions of the 
distant mark.) 

3. Add the two readings of the seconds and add the risidt to the 
degrees and minutes. 

4. Subtract the total from 90®. 

5. Double the result. 

To make this clear, the work may be set out as in the follow ing example * 
Reading. Sum — 90®. Anglo doublod. 

90“ 02' 0“ 03' 3r,'’-42 0“ 07' lO'-SS 

If the horizontal circle is to be set on a given reading, the seconds of tin* 
reading should be halved and the seconds drum set to read the ri^sult. 
This is done by means of the slow-motion micromeicM' seconds drum 
screw on one standard* Next set the circle, by means of the fiiu* motion 
screw on the horizontal plate (covered by a hood), so that the rc((uir(‘d 
degrees and minutes are in coincidence with the opposite graduations in 
the upper window. After the instrument has been set, (uiro must be 
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taken to close the hood over the fine motion screw so as to obviate an 
accidental disturbance of the setting. 

The ordinary adjustments of the Wild Theodolite are similar to those 
of an ordinary theodolite. Adjustments of the optical micrometers 
should be left to the makers. 

For setting on a pillar, the instrument is provided with a solid base 
plate wliich can easily be centered by means of a special centering pin with 
circular lev(*l. 

The Wild ‘‘Astronomical^’ Theodolite. Messrs. Wild have very 
rec.enlly (1041) brought out a new theodolite, Model T4, which is larger 
than the ordinary geodetic model and which is specially designed for 



Fio. SO. Wild Astronomical Theodolite. 


precise astronomical observations. This instrument is pro\ided with a 
horizontal (‘irclc almost double the diameter of that on the geodetic 
model, so that not only can horizontal angles be measured but the 
observations pf these angles should also be considerably more accurate 
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than similar ones taken with the smaller instrument. The theodolite is 
of the “ broken telescope ” type ; that is, the imago formed in tlie 
telescope is viewed through an eyepiece placed at one end of the trunnion 
axis, the latter being made hollow so that rays of light proceeding from 
the objective are reflected through it by meiins of a right-angled prism 
placed at the end of the short telescope barrel. The geneial appearance 
of the instrument is shown in Fig. 86. 

One particularly interesting feature of this theodolite is that revi*rsal 
of the horizontal axis and telescope is carried out by a spe(‘ial liydraulic 
arrangement which ensures freedom from vibration. Readings of bolli 
horizontal and vertical circles are taken with an optical coincidence 
micrometer, a single reading giving, as in the case of the ordinary model, 
the mean of the readings on opposite sides of the circle. 

An impersonal eyepiece micrometer, which can bo rotated through 
between stops, so that it can bo used as cither a horizontal o. vertical 
micrometer, is fitted to the instrument and this, of course, makes the 
latter peculiarly suitable for high-class astronomical work. Electrical 
lighting, to illuminate both circles and field, is built into tlie body, the 
connection to the battery being made by means of a ])lug at the base. 

The principal dimensions of the instruiiicnt arc as follows : Diametcu- 
of horizontal circle 10 in. Graduation interval 2' with direct reading to 

Diameter of vertical circle 3*5 in. Graduation interval 20' with 
direct reading to 1". Clear aperture of object glass 2*4 in. and magnifica- 
tion of telescope 65 diameters. Sensitivity of suspending level, and of 
the two Horrebow-Talcott levels which are supplied with the instrument, 
V per 2 mm. Sensitivity of level for vertical circle 5" per 2 mm. 

Geodetic Tavistock Theodolite. This instrument, manufactured by 
Messrs, (boke, Troughton & Simms, now weighs 24 lbs. and the case 
18 lbs. Both circles are of glass, the diameter of the horizontal circle 
being 5 in. and of the vertical circle 2J in. The horizontal circle gradua- 
tions are at 10' intervals and the readings on the optical mi(*ronu‘ter are 
made direct to 0"*5. The aperture of the telescope, which is of 10*1 in. 
focal length and an overall length of 11^ in., is 2*375 in., the telescope 
being of the self-focusing type. Two eyepieces are provided and these 
give to the telescope magnifications of 20 and 30 diameters. Illumination 
is by daylight, but electrical illumination can also be supplied as an extra. 
This electrical equipment gives illumination to the diaifiiragm of the 
telescope, the optical micrometers and the altitude level. Other fittings 
which can be obtained as extras are a striding level, eye piece micrometer, 
diagonal eyepiece and a canvas outer case. A tripod is included with the 
ordinary equipment, but, for main triangulation, the instrument is best 
used set on a concrete pillar. 

Fig. 87 shows the instrument complete with striding level, eye-piece 
micrometer and diagonal eyepiece. The eyepiece micrometer is mounted 
in a conical bearing so that it can be rotated through an angle of fit)"’ 
against stops and clamped in either position. 

It will be noticed tlmt there are separate microscopes or eyepieces for 
reading the micrometers of the horizontal and vertical circles. Th(\s(' 
eyepieces are pivoted and can be swung into any convenient reading 
position, so that the micrometers can be read by the observer when 
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looking at the telescope in either the face right or face left position. 
Hence, it is not necessary to move round the instrument when observations 
are in progress as all the neccsssay observations can be made from the 
one position. 

The principles involved in reading the optical micrometciH of the 
Tavistock theodolite have already been described in pages 200-204 and, 




(h) (C) 

Fio. 88 . Examples of Cmn.E Headings. 

(By permittwn of Mfftn. Cooke, Troughton Simme.) 


from this description, the methods of reading should easily be understood. 
After the instrument has been sighted and clamped to view the object 
whose direction is to be observed, look into the horizontal cireh* reading 
eyepiece (F in Fig. S7) and as.sume that the ein le reading in the largest 
w’indow, with reference to the small index tooth, is approximately 90” 20^ 
(see Fig. 88 (b) ). It is possible that no (;ircle graduations will appear in 
the smallest aperturp, but, if they do, they will generally not be equally 
spaced on either side of the index mark. In either event, the odd minutes 
and seconds must be found by rotating the micrometer millctl head V* 
until two graduations are equally spaced on either side of the index lino 
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in the amallcHt window, wlien the minutes and seconds are read on the 
image of the micrometer drum that appears in the top square-shaped 
window. Fig. 88 (b) shows the apjKiarance in the field of view of the 
eyepiece of the horizontal circle and Fig. 88 (c) the; appearance in the field 
of view of tlu^ eyepiece of the vertical circle. In the first case, the reading 
in the degrees window is 90° .W and in the seconds window it isO' r'*5. 
Hence, the reading on the horizontal circle is 90° 30' 01"*5. Similarly, 
the reading on the vertical circle is 90° 40' plus 7' 35" — 90° 47' 35". 

Fig. 88 (a) shows the relative positions of the windows and of the 
graduations underm^ath them. The graduations actually shown in this 
diagram redate to tlie small Tavistock theodolite, where the divisions on 
the main horizontal circle are at 20' instead of 10' intervals, but, apart 
from this, the arrang(‘m(‘nt of the relative positions of windows and circles 
and mua’omcjter divisions in the geodetic model is exactly the same as 
in the smaller instrument. 

The vertical circle readings are viewed in the eyepiece E, and the setting 
of the graduations on either side of the index line in the small window is 
controlled by the milled head E' in Fig. 87. 

PLANE Of COMBINED CIRCLE 



THKDUOUTt:. 

(Bj/ pemiifion o/Mettrt Code, Troughton 


Tlie i)atlhs of tho rays of light in the inioroineter arc shown diagram- 
inatically in Fig. S!). A beam of light procooding from A is split up into 
two parts by the c'(>n(ral rcllecliiig surfaces of the prisms B in such a way 
that one lialf of the beam travels in one direction and the other half in 
the opposite direction. These halves travel along the paths indicated 
by the arrow's yntil thc^y enter the prisms C. Here they are deflected by 
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the surface D (see small figure at bottom) from a plane ])aranol to that of 
the cii’cle to a direction at right angles to it, and so enter the window E 
which lies in front of the silvered graduated are. Before leaving B and 
entering C they are slightly deflected, and, after being reflected in the 
graduated circle, they undergo a second reflection at the surfaces 1), so 
that they again travel parallel to the plane of the eirele to the surface 
G, whence they are directed to the reflecting surfaces of the prisms H. 
From H they proceed in parallel paths to the prism J, wheic they are 
reflected towards each other, and finally emerge together in a direction 
at right angles to the plane of the eirele. 

Two objectives K are placed between G and II and the combination 
is such that an image of the figures and graduations ap[H‘aring under the 
window E is formed in the focal plane of the ])risms J. Hui parts of the 
micrometer are so arranged that the images from opposites diameters of 
the circle are brought together and appear continuous on eitner side of 
the index line as shown in Fig. SS (a), the index line in the small window 
being the line of junction of the edges of the outward reflecting surfaces 
of the prisms J. 

Tvio deflecting prisms M are mounted on a travelling frame so that 
they intercept the beams on their passage from H to J. The frame 
carries a rack N wliich gears with a pinion altar hed to the glass drum O. 
Movement of the prisms, which is effected by rotating the milled head 
of the micrometer, displaces the images of the graduations formed in the 
focal plane L of the prism J by an amount which is proportional to the 
distance of the prisms from L, and the amount of this displacement is 
measured by reference to the divisions on the drum O, these divisions 
being viewed in the fine reading window of the micrometer. 

The actual appearance of the optical parts of the two micrometers is 
shown in Fig. 90, the top figure referring to tin* micrometer of th(» 
horizontal circle and the bottom figure to the micrometer of the vertical 
circle. 

Adjustments of the Geodetic Tavistock Theodolite. The ordinary adjust- 
ments for levelling the instrument and for collimation, etc., are similar 
to those for an ordinary theodolite, but the following two are special to 
this particular instrument. 

1. Adjustment of width of light gap in micrometer on each side of the 
setting index. 

2. Adjustment of focus of the circle gradu.ations and for micrometer 
run. 

The first of these adjustments consists in spacing the images of the 
graduations in the smallest window in the micrometer so that the light 
gap between them and the central or setting index is of a convenient 
width. This width is about 30 seconds of arc, as r(*ad in the mu*romelcr 
by bringing the circle graduations into coincidence with the index and 
noting the difference in micrometer r(‘ading. 

To carry out this adjustment for the horizontal circle, tighten the 
clamp S, Fig. 87, and, by means of the milled luiad F', set the micro- 
meter so that the narrow gaps on each side of the setting index aie 
equal. If these gaps arc of a convenient width no further adjustment 
is necessary, but, if they are too narrow or too wide, remove the screwed 
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cap L in the horizontal cover plate A. An adjustment spindle will be 
seen in the apertur(^ and this spindle can be engaged with the key pro- 
vided. On turning the key, the width of one gap will be altered. Now 
use milled head E' to equalise the two gaps. If they are still too narrow 
or too wide, the above operations should be repeated until the desired 
width is obtained, when the cap L should be replaced. 




Kkj. ao. N’lr-w OF OrTU’AT. Systicm of (Ieodetio Tavistock Theodolite. 

When setting the light gaj) for the vertical circle, a screwdriver must 
he used to turn the setting si*rcAV at W, whicli is normally covered with a 
clip. In this circle, movement of the spindle alters the width of both 
gax)s, so tliat the adjustment can be made at once and there is no need 
to ecpialiso the ga]Ls a se(‘ond time. 4 his adjustment does not disturb 
the index .setting of the vertical circle. 

The second adjustment is for focus of the circle graduations and for 
micrometer run, and it involves movements of the lenses K in I? ig. 89. 
^riieso two lenses arc shown as B and A in fig. 90, which shows the 
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appearance inside the micrometer boxes when the covers are removed 
according to the instnictions provided by the makers. The lens A 
controls the magnification but has little effect on the position of the imago, 
this position being controlled mainly by that of the lens B. A movement 
of A towards B increases the magniffcation, and a movement of B towards 
A causes the plane of the image of the graduations to move inwards and 
fall short of the plane of the setting index and the graduations on the 
fine reading circle. The adjustment is made by rtMUOving the small grub 
screw clamping the mount of the lens A and then inserting a pointed tool 
through the screAv hole in order to move A away from B. If the movement 
required is rather large, it may be necessary to move cell B in order to 
focus the circle divisions properly. This movement of B may upset the 
adjustment of xA, in which case the operations must be repeated. The 
test for run is to set the fine reading scale to read zero, and then to use 
the fine motion screw to bring the nearest divisions into a position where 
the light gaps are equalised. The circle being kept clamped, the micrometer 
drum is then rotated until the gaps are equalised ovxr the next division, 
when the fine reading scale should read 10' very approximately. 

Correction for Vertical Circle hide.x Setting Error, On account of the 
method which has to be adopted for figuring the circlip the ordinary 
method of eliminating index setting error by taking tin? mean of face 
right and face left observations does not apply when vertical angles are 
observed with a double reading theodolite. Hence it l) 0 (‘omes necessary 
to determine the amount of the error and to apply it to the observed 
readings. The procedure is as follows : — 

Take face right and face left pointings and readings and add the rosidts 
together. If the sum is exactly 180® there is no index error, but, if it is 
not exactly equal to 180®, half the excess or deficit represents the index 
error. If the sum of the readings is more than 180®, tin* eircle readings 
are too large and the error is subtractive. If the sum of tluj readings is 
less than 180®, the index error is additive to each reading. 

Example. Lot the two readings be : — 

Face Left = 30'’ 20' 2S" 

Face Right — 140 30 30 

Slim ISC’ 00' or 

Hence, Index Error = —2* 0 

and corrected readings are ; — 

Face Left == 30° 20' 26* 

Face Right — 140 30 34 

Sum « 180° 00' 00* 

The operation should be repeated a number of times and the moan value of the 
index error taken. 

Watts ** Microptic ’’ Theodolite No. 2. Besides being s\iitablc for main 
triangulation up to and including .secondary work, th(5 Watts “ Microptic *’ 
Theodolite No. 2, wdiich enables angles to be read direct U) 1" of arc 
and estimated to 0"*2, has the advantage that a special traversing model 
can be obtained with .special equipment for trav(Tsing, thus (uiabling 
the instrument to be used with the “ three-tripod ” system of observing 
(page 236, and Vol. I, page 84). 
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inark(Ml H and V to indicato wliiuh fircic is required. Tlio passaj'o of tlie 
rays tiirou^li tiie horizontal circle to the Tiiicromclcr cyejiiecf; is shown in 
• V\^.A)2. 

'I'lui method of r(*a<lin^ I.Ikj circles will he understood from Fi". 

TIk* field of view contains thretj windows. An ima^e of the ^graduations 
of the cirrie. is seen in tluj lar<£e window in the centn? aiifl in the lower 
window a|)|)(‘ars an imaj^ci of thci mi<‘rom(*tcr scab* jrraduatcfl to sinj^le 
seconds and li^^iired every ten sc^onrls. The small winrlow at the top 
shows images of graduations taken from the fliamctrically opposite 
divisions of tlu* circle. From one sid<i sin;.d(* lines at 20' intervals appear 



Hf)Hi ’OrjlAl. 

C'lKlE 


vrRTICAL c:-ci.E 

A : ‘.G 

MAir J 1,CAI \ 

182 

?0' 

MAIN SC A! r 


MK. aoMLira 


r 54" 

MICROMLTCR 

S I’-' 

lOTAL 

1-2 

32' 

total 



Kc.. 


and from lln* other >ide doul)h‘ line^j at the sanu' interv.tls. As thc‘ circle 
is rotated, thc^c appc;M' t«) mo\i‘ in oppo>itc diriM-tioii'-i. hut cnimideiue 
is obtained e\er\ ltf. For any ''cttimr of the < ir» le. the dcLUves and 
nearot Itf ;ire read aL'ain'^t .m index liiu- in the central window, 'fhe 
drum of t Im* miei onu-ter for the circle from w Inch re.idines are to hi* taken 
is then rotated until the doulile lines in the top window .ire M*t 

mmet ricallv ahmit the .single lines, wlu*n the oiM minutes and seconds 
can he re.ul on the M-ale in the bottom window, 'flu* letti*rs 11 and \’ 
below the lare<‘ window indicate whether the micrometer i.> M*t for reading 
the horizontal or \ertical circle. 

'rill* di.splai ement of the im.iiies of the* scales relati\e to one another 
is caused i>v the heiidiim of a ray ot lieht as it ])asses through a jiarallel 
plate ri'tlector on its way from one side of the circle to the other, 'fliis 
refractor can he tilted by means of a cam and le\er operated by the 
micrometer, so that the amount of relative displacemi'Ut of the imaixes 
to secure eoincideiici* can he read directly on the micrometer circle seim 
m the bottom window'. 

Axis Strain in Light-Weight Geodetic Theodolites. As a i esidt of al 
years* (*\perienc(‘ of tiu* use of a number of early moilels of the Wdil 
< leofh*! ie 'rhi*odoli1(\ the (*anadian ( Jeodet ie Survey eame to tlie eonelusion 
that the results ohtaim^d with some of them were disappointing when 
eonqiared with the results obtained from others or from older and larger 
fyjM‘s of theodolite. Hie diserepaiicies, although small enough to be 
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inappreciable in ordinary classes of work, were definitely -noticeable 
when it w'as attempted to use the instnimonts for first order observing. 
Accordingly, an elaborate investigation w'as made in the Physics Labora- 
tory of tlie National Research Council of (Canada and it was established 
that the main sources of trouble were due to phenomena known as 
“ creep ” and “ axis strain,” which appeared to be caused largely by 
defective design of the bearings and by the tolerances between the parts 
of the bearing surfaces being too close. A slight modification in the 
design of the axis system was proposed and tried, and, wlieii this modifica- 
tion had been made, the instrument yielded satisfactory results. A full 
account of this investigation, and of the conclusions reached, which are 
of importance from the point of view of instrument design, will be found 
in a paper by J. L. Rannie and W. M. Dennis on “ Improving the Per- 
formance of Primary Triangulation Theodolites as a Result of Laboratory 
Tests,” which is pul>lished in The Canadian Journal of Research, Vol. 10, 
No. 3, March 1934.* In this paper, tlie authors recommend the ado2)tion 
of the following precautions during observing with a view^ to eliminating 
the possible effects of creep and axis strain : — 

1. The footscrews of light theodolites should be kept much tighter 
than those of heavier instruments. 

2. The position of the footscrews should be changed several times 
during observations. Tims, a j>rogramme for observations might be 
divided into three parts and the direction of the footscrews altered 
through 120® between each part. 

3. Whenever the elevation of pointing is altered the top centre of the 
telescope should be tapped to avoid error due to climb of the horizontal 
axis. 

An account of some tests for axis .strain carried out on Tavi.sto(!k 
theodolites will be found in Hotine^s paper on the “ Re-triangulation of 
Great Britain ” in The Empire Survey Review, Vol. l\', No. 29, ])ages 391- 
395. The.sc te.sts shotted that axis .strain in these instruments was 
virtually non-existent. The uxe.s of the Wild in.striiments have been 
re-de.signed in accordance with Rannie and Dennis’s recommendations, 
and it is claimed that axis .strain is ab.sent in the later models. 

FIELD OBSERVATIONS 

Stability of Instrument. The instrument is .suj)})orled on a scaffold, a 
masonry pier, or upon its own tripod .set on the ground. In the latter 
case the tripod legs are supported on firmly driven stakes, the to])s of 
which are level and at such a lieight that the ob.server can u.se the telescope 
without stooping. 

In first- and second-order triangulation .some form of observatory hut 
or tent must be erected round the in.strument to protect it against air 
currents and to shade it from the sun. On olwerving scaffolds the tent 
must be entirely supported by the outer or ob.server’s tower. It should 
be provided with means for low^ering the walls .Kuftici<‘ntly for sighting, 
or have removable flaps Qn each wall at the level of the tcdescope. For 
tertiary work an umbrella gives sufficient protection. 

• See also Empire Survey Review, Vol. II, No. 13, July, 1034, pagon 424 -428. iiikI 
Vol. Ill, No. 16, January, 1036, pages 2-6. 
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An instrument mounted on an elevated Hcaflold is exposed to the 
vibration of the instrument tower in wind, and the observations are 
• also, subject to error arising from twist of the tower under lateral 
heating. Th(^se effects are sometimes guarded against by wrapping 
the outer scaffold with canvas to shelter the inner. Observations 
from a movable tower arc never of the same precision as those taken at 
ground level. 

Conditions Favourablo for Observation. Irn^gular atm(jsj)h(*ric refract ion 
forms a difficult source of error, ymrticularly in the case of rays which 
are not greatly elevated above the ground. No un((‘rtainty need be 
occasioned by visible phenomena, since work must be suspended w’hen 
irregular refraction causes apparent trembling of th(i signals or when 
Khimmer manifests itself by expanding a luminous signal into a wide 
vibrating sheet of light impossible of accurate bisection. Lateral refrac- 
tion, how(;ver, may exercise the more dangerous effect of cau>ing a slow 
swing of the image of the signal to one .side of the vertical hair, although 
the light may appear of normal size and free from vibration. 

OKservations should therefore be made only under favourable atmo- 
spheric conditions. In densely cloudy weather observing on mast signals 
can be carrii'd on all day. The best results with heliotropes are obtained 
from about 4 till sunset, but an hour or two at sunrise usually permit 
of satisfactory work. Observation on night .signals is generalh' confined 
to the period between sun.set and midnight. To minimise eiTor due to 
lati^ral refraction, a rule followed in some .surveys is that ob>ervations at 
each first-order station shoukl be distributed over at li‘ast two rlay.s. 
Care, however, must be taken not to exalt lateral refraction into a fetish 
or a cover for all ills. 

Relative Merits of Day and Night Observations. Except for short line.s 
on which opaque signals can be sati^factorily employed, the usual practice 
is to observe either on heliotropes or lamps as the weather allows. The 
chief advantage gained by tin* addition c>f night work consists in its 
doubling the numl)er of hours a day available for good ob>cr\ation, but 
in .some rcs|)ects observing can be earried on better at night than by day. 
With heliotrope signals serious delays are ocia.aoned by rioudy weather. 
Night ob.servation can be conducteil with le.'S intenuiUion and .sometimes 
with greattu- accuracy. Further, refraction is much greater at night than 
by day, and, in coii.sequence, the line of sight is farther removed above 
intervening elevated ground, .so tliat towers and signals erect eil exclusively 
for night ob.servation may be rather lower than would be neces.sary for 
day work “ a point of some importance sometimes. 

In the tropics, trouble may be experienced in getting natives employei.1 
as signalmen to remain on i.solateil hills at night . as many of these hills are 
regarded with superstitioii.s awe by the local inhabitants, who regard 
them as “ juju.*’ 

General Methods ol Observation. In precise angle measurement the 
routine of observation must be sjxH ially arranged to reduce to a minimum 
the effect of instrumental and ob-servational errors. Half of the observa- 
tions for each angle are made with the lelescotK' direct and half with it 
reversed, to eliminate errors of collimation and horizontal axis. If the 
telescoi)e does not transit, it must be removed from the standards 
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and replaced end for end with the trunnion pivots placed in the same 
supports as before reversal. Half of the observations are taken from left 
to right and half from right to left to eliminate errors arising in manipula- 
tion or due to t^ist of the instrument and its support causeil by lateral 
heating. Accidental errors of signal bisection and of reading are reduced 
to any extent by increasing the number of observations. Errors of 
eccentricity are rendered negligible by reading all the mieroineters at 
each observation, and the effect of graduation errors is sufficiently reduced 
by using a different part of the circle for each ineasiirernent. 

Observational programmes belong either to the Direction or the 
Repetition system. In the direction, or reiteration, method (lie several 
angles at a station are measured in terms of tlie directions of tlu‘ir sid(»s 
from that of an initial station. The signals are bisected successively, 
and a value is obtained for each direction at each of several rounds of 
observations. The initial or reference station should he that one of the 
triangulatioii stations which is most likely to be always visible. When 
all the sights are so long that one of the stations cannot h(^ preh'ired 
for the puri)Ose, a referring signal, of a form suit i hie for accurate bisect ion, 
may be established not less than a mile and a half away. This practice, 
however, is not advisable on precise work, and it is belter to measure 
individual angles, or combinations of angles, using as R.O. any convenient 
station that happens to be showing even if this means loss of time and a 
station adjustment by least squares (page 2Sl). 

The distinguishing feature of the repetition method consists in measur- 
ing each angle independently by multiydying it miH'hanieally on the 
circle, the result being obtained by dividing the multiple angle by the 
number of rej^etitions. Theoretically, any desired refinement of reading 
can be obtained by sufficiently increasing the numb(*r of re[)et itions, 
the effect being to reduce the least count correspondingly. Ptacti« ally, 
however, owing chiefly to errors introduced in clam])ing, there exists 
for any instrument a limit beyond which the accuracy is not im|)rov(*d 
by increase of the number of repetitions. Tlu‘ systtnn is d(‘>igncd for 
vernier instruments, and may be adopted when these are em])Ioycd for 
fine angle work. 

Vernier instruments, when they are used on main triangulation for 
the observation of angles by the methocl of rep<*liti(m, arc sometimes 
called “ repeating instruments.*' The e.ssfmtial feature of a repeating 
instrument Is that it mtKst have a slow-motion .screw for the lower 
plate. The larger instruments used in geodetic surveying do not 
always have tliis fitting and are thus only suitable for ineasureinents hy 
the direction or reiteration method. Hence, they are called “ direction 
instruments.” 

Although the repetition method was formerly applied to j>rimary 
observations, it is generally confined to secondary and tertiary work. 
The method of reiteration should he employed in yuimary triangulation. 
It is de.signed for micrometer instruments, and in British g(*odesy the.se 
have always hem used for refined work to the exchision of vernier instru- 
ments. Owing to the modern application of micrometer reading to all 
sizes of theodolites, the reiteration method is eq\ially suitable for all 
grades of triangulation. 
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Programme ol Measurement by Reiteration. To mcaHurc ttie angles 
AOB, BO(J, and COD (Fig. 94), A being adopted as the initial station, 
•first .set one of the inicroinctcrs to about O'*, point on A witfi telescope 
direct, and read all rnicrometers. Swing on to B, C, and D successively, 
booking the micrometer readings after each pointing. 

Overshoot D, i.e. move the line of sight a little beyond 
1) to the right. Again point on D, and read the micro- 
meters. Swing on to C, B, and A successively, taking 
the readings at each. Overslioot A, reverse tlio tele- 
scope, setting to about ISO"* the microscope originally at 
0°, and n;p<^at the same observations to D and back to O 
A. This constitutes one series, and yields four measures 
of each angle. The microscope originally at O'* is now 
brought to a nc.w reading, and a second scries is 
observed in the same manner on a different part of the 
circle. 'J'he rc(|uirc<l number of series depends upon the 
([uality of the graduation and the number of equidistant Piy. 
micrometers as well as flu; grade of the work. Six or 
eight scries as above, giving twenty-four to thirty-two measures, each 
derived from the mean of the micrometer readings, are sufficient for 
geod(dic triangulatiou with modern instiiiimuits. 

Instead of each scries . fuisisting of a s\\ing right and a swing left on 
each face, as <l(‘scril)cd, it is a common j)ractice to u.<e one face for the 
swing right and the otluu* for the swing left. The number of pointings 
in a series is thus baUcil, so that to afford the same number of measures 
as before, t wici* as many zenx's are re<piired, and graduation error is likely 
to be reduced. A second modification consists in closing the horizon by 
continuing each swing to finish on the initial station. This ensures 
detection of any (b^turbaiice or twi.-'t of the instrument during the round, 
but it is generally considered that the alternation of right and left swings 
is suflicicnt precaution against error from this source. 

First-order Angle Observations. The average probable eiTor of first - 
order angles in modern triangulation is less than t)"’4, so that, to 
attain the neeeN.sar\ consist «‘ncy between the several measures, the 
utmost delicacy is icquirc<l in m,ini[Milating the iii'-trument and, parti- 
cularly, the micrometers, ('lamping must be lightly performed to avoid 
si less : for t lie .same rea.son t be vert ieal eirele is better left free. In making 
pointings, the line of sight should be brought on to all the signals in the 
tlirection of swing to avoiil j)ossil>Ie error due to friction. Care should 
therefore l)e exercised not to overshoot signals except in order to reverse 
the direction of swing at the end of a set. When a horizontal eyepiece 
mierometer is fitted, the signals are bisected by movement of the vertical 
hair and not by the tangent serew. Several bisections arc made before 
aud after reading the circle micrometers, the mean reading of the eyepiece 
micrometer being applied to that of the circle. In making bisections, 
the observer should examine the image long enough to make sure that 
it is not swinging under the inllueiice of lateral refraction. 

For the eliininulion of periodic error of graduation, the change of zeio 
between scries must be such that tlie microscope readings for each signal 
are made on unifornjy spaced points round the eirele. For a three^ 




222 PLANE AND GEODETIC SURVEYING 


micrometer instrument the interval between these points should be 
60® 

about — , where n is the number of series. When one microscope is. 


set at 0®, the others are at 120® and 240® respectively, and, after reversal, 
the readings are 180®, 300®, and 60®. By reversal of the telescope one 
zero therefore gives, for each signal, micrometer readings at 60® intervals 
round the circle. For a two-micrometer instrument the successive 


difference should be about 


180® 

n 


The zero shift should not bo an exact 


number of degrees in order better to distribute the microscope settings 
over the smallest division of the circle. The following are examples of 
the settings adopted in different surveys for primary triangulation. 

Survey of Imlia, Thrc?©-inicromotor thoodolito : six sorioa, each of three swiiiga 
right and throe swings loft to each face. 

Telescope Direct : 

0^ 0' 70'* y utv r 210® r 28O® 4' 350“ 5' 

Telescope Reversetl : 

180“ 0' 250“ y 320“ 2' 30“ 2' 100“ 4' 170“ 5' 

Ordnance Survey, Test Triangulation in X.t], Scotland, 11)10- 12. Throo-micronmtor 
theodolite : eight scries, partly of swing right and swing left on alternate faces, 
and partly of swing right and swing left to each lace. 

Telescope Direct : 

0“ 0' 45“ 1' 90“ 2' 135“ 3' 200“ 4' 245“ 5' 290“ 6' 335“ V 

Telescope Reversed : 

180“ 0' 225“ P 270“ 2' 315“ 3' 20“ 4' 05“ 6' 110“ 0' 155“ 7' 

Ordnance Survey, Redrianqolation of Great Britain. Goodetio Tavistock theo- 
dolite ; double-face reiterations in two series, each on eight zeroes given l)y the 
following face left readings on the R.O. 

First series ; 

0“ OP 05", 90“ 08' 55", 45“ 02' 10", 135“ 07' 50", 

22“ 33' 20", 112“ 30' 40", 67“ 34' 30", 157“ 35' 3tr. 

Second series : 

11° 15' 05", 101“ 23' 55", 56“ 17' 10", 146“ 22' 50", 

33“ 48' 20", 123“ eP 40", 78“ 49' 30", 16S' 50' 30". 

United States Coast and Oeesletic Survey, 'rhroe-niieroinettjr theodolite (one 
division of circle = 5 minutes) : sixteen series, each of swing right on one face and 
swing left on tho other. 

Telescope Direct : 

0“ 0' 40" 195“ P 50" 30“ 3' 10" 225“ 4' 20" 64“ 0' 40" 57“ 4' 20" 

Telescope Reversed ; 

180“ 0' 40" 15“ P 50" 210“ 3' 10" 45“ 4' 20" 244“ 0' 40" 237“ 4' 20", 

tho same intervals being repeated in groups of four, with a change of 1S“ 56' 20" 
between the groups. 

Two micrometer theodolite (one division of circle -= 5 miniiUvs) : sixteen series, 
each of swing right on one face and swing left on the other. 

Telescope Direct : 

0“ 00' 40", 191“ OP 50", 22“ 03' 10", 213“ 04' 29". 

45“ 00' 40", 236“ OP 50" 67“ 03' 10". 258“ 04' 20". 

Telescope Reversed : 

90“ 00' 40", 281“ OP 50", 112“ 03' 10", 303“ 04' 20", 

135“ 00' 40". 326“ OP 50", 157“ 03' 10", 348“ 04' 20". 

NoU. In tho hrst example it will bo seen that, neglecting minutes. Headings for 
each signal are made by tho different inicrometers at 10“ intervals round the circle. 
In tho second the intervals are 5“ and 10“, in the third 1 1I“, in the fourth 3“ and 4“ 
and in the fifth 11“ and 12“. 
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In these settings the odd minutes and seconds are used to eliminate 
the effects of errors of run of the micrometers. 

• None of the above systems of settings makes any provision for altering 
the positions of the foots(!rews during observat ion, but the recent researches 
of Kaiinie and Dennis on axis strain in theodolites indicate that, unless 
the instrument is known to be free from axis strain, it is advisable to 
divide the obsiavations into series and to alter the position of the foot- 
screws in relation to the H.O. between each series (page 2J7). 

On completion of a seric's, the consistency between the measures may 
be found unsatisfactory, and additional swings are made if the discrepancy 
bi‘tween any two measures in the series c‘xceeds alxuit 4".* Discrepant 
measun\s are not to be omitted from the record, but the results of observa- 
tions which arc known to be not entirely satisfactory are noted as doubtful. 
A decision .as to whether they will be retained or cancelh‘d is made before 
adjusting the. angl<‘s (page 2S0). 

It sometimes happens in the course of a swing that one or more signals 
are invisible and muNt be omitted, \\1ien the opportunity occurs, such 
swings are completed, with the appropriate zeif)es, by sighting the 
omitte<l stations in conjunction with the initial station. If the latter 
is obscured, referenc(‘ may be made to any other one station previously 
included. 

Second* and Third-order Reiteration Observations. Although the 

routine is much h\ss elaborate for ob^Mvations other than fii^t -order, 
measures should in all casc‘s be ecpially di\ ided between the two faces 
and directions of swing. While the ])iogramine to he adopted should 
(h'pend largely upon the character of the instrument, it is generally 
sutlicient in s(*cond-order triangulation to iise two or thr(‘e zeroes with 
two faces to each and two swings on each face, or. altiu natively, about 
liv'e ztu’oes each of one swing on each face. For third-order work two 
/.(‘roes with swing right on one face and swing left on the other are all that 
are m-cessarv. Angles taken merely to tix points by intersection require 
only one zero with a swing on each face. 

^ogramme of Measurement by Repetition. To measure angle AOB 
(Fig. l)4), set one of the verniers to about tF, point on A with telescope 
(linvt, am I book the readings of all the verniers. Itelease the upper 
i lamp, swing clockwise, and bisect H. IU*ad a vernier to ascertain the 
ap|»roxiinate value the angle. iSlaekeii the lower clamp, turn clockwise, 
.ind again .set t)ii A. Loosen the upper clamp, and bisei t IL Release 
the lower clamp, again turn clockwi.se, and point on A. Swing on to B 
as before. This constitutes three repetitious with lt*lescopo direct. 
dcver.se the tele.seope, and, leaving the verniers unchanged, swing rloc'k- 
wise on to A. After making another throe repetitions exactly as before, 
l>0()k the vernier readings. With the verniers unchanged, and the telescope 
-till reversed, point on B, and, maintaining the eloekwiso direction of 
wing, make three ri'petitions on the exterior angle BOA, follow’ed by 
three more with telescope direct. Finally, note the readings of the 
verniers. These six repetitions of the angle with six on its explement 

• Tliia applio-s only to the laUvst iriMti'iiinenU iii which the error of division does not 
\e(*ocl about 1*. In older primary instruinonts the raiutf in a series of measures 
aiouiited to as much as 8 •in aii anglo of tfU'*. 



224 


PLANE AND GEODETIC SURVEYING 


constitute one set, and *additional sets to the number required are taken 
in the same manner from different initial readings. 

A programme for repetition observation must provide for the elimina- 
tion of error introduced by repeated clamping. This may be accomplished 
either by making half the repetitions from right to left and half from 
left to right or by the above method of measuring the exterior angle in 
exactly the same manner as the interior. By the latter routine the sign 
of the error is made the same for both angles, and,. as its magnitude may 
be taken to be independent of their size, tlie mean of the measured value 
of the required angle and that given by subtracting the measured valu<‘ 
of its explement from 360*^ is free from clamp error. 

When the best possible results are required, all the angl(\s at a station, 
including that required to close the horizon, arc observed aei^ording to 
the above programme. Usually, however, the measurement of the 
explement of each angle is omitted, since, in closing the horizon, the 
explement of the sum of the required angles is measured. The amount by 
which the sum differs from 360° is equally divided among all the angles. 

Angles, beside being measured individually, are sonu‘times observe**! 
in various coml)inations, e.g, AOC, AOD, B()D (Kig. 114). While “all 
combinations ” might lead to a better determination of tin* re([uir**d 
angles, the labour of station adjustment is som(*what iner**ased, and, 
where weather permits, it is economical rather to amplify the programme 
for the measurement only of the angles to be used in (.'aleulating the 
triangulation system. When cloud persists tlu*re are strong practical 
objections to measurement in all combinations ; and experience do(‘s not 
show any increment of accuracy. 

In applying the repetition method to tir.Nt -order work, six s(‘ts of six 
repetitions each, as deserib(*d, have been used with S-in. to 12-in. theod*)- 
lites. For second-order triangulation ^\ith 7-in. to lO-in. iiwtruinents, two 
to four sets are sufficient in ordinary eases, ami the same for third-order 
work with 6-in. to 8-in. instruments. 

The Angle Book. Readings must !>** r(*gist*‘red in a permanent mania*!' 
as soon as they are announced. The rec*order should ap|»ly the ia*ce.Ns;irv 
corrections and enter up the individual measures of the angles before 
the observations are completed, so that it may la* d*‘eide*l whether further 
measures are required. 

The tabular arrangement of the angle book may takt^ various forms. 
That showm (Fig. 05) is suitable for observations with a thie(*-microm* t<*r 
instrument without eyepiece readings, and is arranged for run ccarcn t ion. 
The corrected directions or angles are transferred to an alistract in which 
the final average nrsult.s are show'ii. 

Miscellaneous Corrections. Further corrections may hav** to be applied 
to give the final measured values which are to be subse*piently atljustc*!. 
These include corrections for : 

1. Horizontal Axis Dislevelment. 

2. Bisections by Eyepiece Micrometer. 

3. Phase of Signal. 

4. Eccentricity of Instrument. 

5. Eccentricity of Signal. 

6. Reduction of Directions to Mean Sea Level. 



Station Date In.'^trumtnt Ob^iervfr Recorder 


rjp:of)ETic suiiVEviNf; 
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1. Horizontal Axis Dislevelment. Wlien the horizontal axis of the 
telescope is not level, and inclined sights are taken, a coiTcction may 
have to be applied to each observed horizontal direction when its inclina- 
tion to the horizontal is appreciable. The amount of this corri'ction can 
be deduced from observations with the striding level. 

Let e = dislevelment, in seconds, of the horizontal axis, as given by 
the readings of the striding level and the known value of 
its division (page 77). 

a = angle of elevation, or depression, of the signal. 

Then correction to observed direction in seconds c tan a.* 

The eiTor causes an apparent displacement of signals towards the 
side of the higher pivot for angles of elevation and vice verjia for angh's of 
depression. The signs of the corrections to observed directions are 
therefore 

Elevation. Depression. 

Right pivot higher — + 

^Ijcft pivot higher + 

2. Eyepiece Micrometer. The hkmh of tla^ mic'ronu^ter rt^adings for 
several bisections made by the movable hair is inultiplii'd by the angular 
value of one division of the eyepiece micromet<'r, and the result is a|)i>lM‘d 
to the mean reading of the circle micrometers. Th(‘ tt'leseope ))oirilings 
are made suflSciently closely that the amount of eorrei tion need s(‘ldom 
exceed one or two seconds. 

The value of one division of the eyi?pieee mierometiu- mu>l l)t‘ deter- 
mined from time to time. It is most simply obtaiiu‘d by measuring a 
small angle both on the circle and with the mn romcttu-. Hi.M*et a wt‘ll- 
defined distant signal with the movable hair, and r(‘ad the e\i‘pi(‘(‘e 
micrometer and the circle micrometers. ]Vlovc th(‘ hair from the signal 
by giving the micrometer screw, say, 7i turns. Again bis(M t the signal 
by means of the upper tangent screw. Read the circle mirn)ii)(‘ter>. thus 
obtaining the angle through which the line of sight was turned, l/a of 
which is the value of one turn of the eyepiece micrometer screw. A mean 
value is obtained by repeating the same process several limes for each of 
several different parts of the screw. Another method, which is ifaiepen- 
dent of the divisions on the horizontal circle, is to um‘ the movable hair 
in the horizontal position to take observations to a circun4M)lar star 
near elongation, and to note the times on a sidereal chronometer as the 
star travels through intervals corre.sponding to ditF(*rent complete revolu- 
tions of the micrometer dium. If m is the value of a micrometer tlivision 
in seconds of arc, and the interval between successive transits is 1(M) divi- 
sions on the micrometer drum and t .seconds on the chronometer, then : 

j0(^_»inna^8 

Hin r 

Great care must be taken while observations are in progress to maintain 
the bubble in a constant position, or to apply the pro|>er bubble ctorrcc- 
tion. The instrument should be .set wilh one foot.scrcw' ap|)roximately 
in the meridian plane, and a number of different observations made. 

• See Vol. 1, page 225, for proof of ttuH formula. 
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the mean of the values deduced from each observation being taken as 
the accept(?d value of m, 

3.*Phue oI Signal. It has been explained (page ]o5) that the error 
of pointing caused by phase is a definite quantity for signals of cylindrical 
form. When the surface is sufficiently smooth to reflect sunlight in a 
bright line, as occurs with metal cylinders or wet surfaces, the i)ointing 
is made upon that line. With canvas-covered or whitewashed signals, 
the ])ortiun of the illuminated surface as seen from the instrument will 
b(^ bisected. '^Ibe correction is applied to convert the observed direction 
to that of the centre of the signal. 

In Eig. bfi, bit A be the position of the observer, and C the centre of 
the signal, and let the direction of the sun make an angle a with AC. The 



A A 

Fkj. ',Mi. Fio. !) 7 . 


\isibh‘ part f)f the ilhimii^atcd suifacc <*xtcnds fioin R to T). If the line 
of ^iuhf i.'N direete«l abaig AK to biM-et its projection, the value of the phase 
• •(urection is ^ \(h d- d). 

Ibit, denoting tln' latlius of the cylinder by r and the length of sight by 
/>, since b and d are m i \ Munll. ^^e may put 

r . , r c os a , . , 

h y^i»nd d -77 “» circular measure, 


so that 


r(l {- cos a) r cos* 

2j) zr~’ 


coiToetion, in seconds, to bisection of illuminated portion — 


r cos* 

D sin !'• 


If the observation is made on the bright line formed by the reflected 
rays, then, in Eig. bT, let SKA represent their path. The values of the 
marke<l angles are readily deduced, and, with the approximations allow- 
able since c is small, it follows that 

r cos \a 

eorreetion, in seconds^ to pointing on bright line /) sin p* 
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The correction must be applied pa^^itively or negativoly, according to 
the relative position of the sini and the signals. 

4. Eccentricity of Instrument. When existing features, s»ieh as 
steeples, are adopted as triangulation points on account of their visibility, 
it frequently happens that the instrument eannol be centered ovri 
theiu. In such a case, a subsidiary instrunuMit station, call(*d a sjitellito 
station, is selected near the true station, and the values of fim angles 
measured there are reduced to ccuitre, i.c. 
corrected to the values they would have if 
measured at the triaiigiilation point. 

In Fig. OS, 0 represents the true station to 
which observations have been nuuh^ from stations 
A and D, and S is the satellite station, at whicli 
angle s is measured with the same ])recision as 
if S were a triangulation point. The fmtluu’ 
measurements required for tlie reduction arc* the 
distance and the angle ASC — - d. The 
unatljusted values of angles AR(- and BAF are 
already known, and by solving triangle AB(! the 
distances AC< and arc obtained with siifticient precision for tin* present 



Fkj. us. 


purpose. 

Now , in triangle ACS, sin a == 


CS sin (I 

”ACr“’ 


or, since a is usually very 


small, WT may w rite 

а, in seconds, 

Similarly, from triangle BCS, 

б, in seconds, 


( \S sin d 
ACS^P* 

CSsin (d -I- «) 
BC sin 1" * 


But a represents the difTerence in direction between ('A and SA, aiul h 
that between CB and SB, so that, by applying a and h with the appro- 
priate signs, the included angle c is readily deduced from .s. 

To ascertain the signs of the corrections, it is convenient to rc'gard St’ 
as an arbitrary meridian for the observations made at S. Bearing SA, 
situated in the first ([uadrant, would require* the addition of the correct ion 
a to yield the bearing (A. Similarly, SB in the second cpiadrant is 
converted to CB by addition of 6, but lines in the third and fourth quadrants 
would have the correct ion.s apjdied negatively. Jn the case illustrated, 
{s — c) = (a — 6), but w’hen A and B are on opposite sides of CS, 
(8 — c) = (a + b). 

5. Eccentricity of Signal. Correction is required wh(*n observations 
are made upon a signal which is found to bo out of centre or is for s])ecial 
reasons placed so. The value of the correction is obtained as in the 
previous case, the distance and direction between the signal and the 
centre being measured. If, in Fig. 1)K, the signal for station C is situated 
at S, the observed angles JBAS and ABS are to be corrected by a and b 
respectively. 

6. Redaction of Directions to Mean Sea Level. Tliis corr(*ctjon is 
made only in the most refined first-order triangulation in districts at a 
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coiiHiderable elevation above sea level and j)artieularly in low laiiiudeH. 
Owing to the sj»heroidal form of tli(‘ earth the vertical through an observa- 
tion-station A IS not coplanar with that through a signal B, except w^hen 
A and B are in the same riKuidian or of the same latitude. \Vh(*ii, there- 
fore, A and B an? projected nrainally to Aj and B^ upon the? mean sea level 
surface, the plane AAjB, eontaining thcj observrjd direction, dofjs not 
coincide w'ith tlu^ plane AAjBj, eontaining its |)rojcction, aral tlie direction 
AB must b(! eorrect(‘d to yield that of AiBj. 

^I’hc value of tlui eorreefion, applh'able to the observed rlirection, as 
given by ('larke in is, in seconds, 

c = — sin 2 A (L eosee 1'", 

2a ^ 

'vlicue e - (‘ccentrhdty of the eaith (page ‘117), 
a -major semi-axis of the (‘arth, 

h elevation above mcsin S(‘a level of tin; .'igiitd .station B, 
A — azimuth of AB, reckoneil fiom north by ea'^t, 
mean latitude* of AB. 

I'he. sign of the correction is given by that of ^in2A, riz. |) 0 >itive for 
values of 2.1 in the first and second <[uadrants and lugative for the thiid 
and fourth. Its maximum valiu* occurs in azimuth 4.")’ at the <*r|uator, 
wluut it aimaints totr"o;j:b*) j)er l,fM)0 ft. elevation of the ob>erved station. 

PKKCISK TRAVERSING 

In the British ('olonies, precise traversing, in tin* stai'-e now understood 
by tliat term, api)ears tirst to have been undi*i taken 1)\ the Malaya Slates 
Survey Department before tin* (Jreat War f)f 1914 -IS. when it was 
d(*eided to try and replaei* triangulation, in parts of tin* eounlrv that were 
unsuitable for it, by standard trav(»rM*s in which tin* stainlard of accuracy 
ainn*d at wouhl la* of tin* order of accuracy of about 1 lO.lMM). In this 
w'ork, the elo'^ing i*irors at’tually obtaineil. as measured by tin* errors of 
closure* on fixed trigonometrical points, turin*el out on the average to be 
of tin* onh*r «)f about l;.*lt),(M)0. Since* then, tln*metln>el has b(*e*n eh-N eloptnl 
in e)tln*r (^)le)nie*s, notably in the(ie)lel (\)ast and in Nige‘ria. wheie chasing 
i*iTe)rs of the* e)rele*r eif 1/70,000 tei I l00.00i)art* ne)w regularly expect eel anel 
attaine*el. ^leantinn*. in Anu*rie-a, tin* Unite*el States ('oast anel (h*e)eletic 
Surve*y hael e‘e)mmence*el wejrk e)f this kiinl in lOlli and the* work ele>iu* by 
it shows an ave*rage* closing eriw e)f semiewlnie betwt*en 1 70,000 to 
1/100,000. Rre*eise* trave*rsing isalsouse'el in flat forest e*e>untrv in Australia 
ainl in (-anaela, tin* Canadian nu*tlnals bt*ing very similar to tln)se aele>pti‘d 
in the^ Uniteel States. 

The consiele*ratie)ns that genern the eln>ice betwe’i*n triangulatieai 
and previse* trave*rsing have* be*e*n ele*se*ril)e*el at length on page*s 1411 to Ho. 
Briefly, they may be suininarist*d by saying that, unle*ss the highest 
possible degree of ae'emracy is ivejuired, a geunl rule to aele)pt is the 
American one which lays ele)wn the principle* that pre'cise traversing 
should only be adopteel when triangulation we)ulel be like*l\ to ee>st more 
than twice as much as traversing. The eonelitions te) which this rule 
wxadd ordinarily apply are : — 

1. Very flat counfry whi<*h wouhl involve the use of v(*ry high observa- 



230 


PLANE AND GEODETIC SURVEYIN(J 


fcion towers for triangulation, although tlie invention of the portables 
Bilby tower (page 153) has done much to overcome the difficulties of 
triangulation in flat country. 

2. Flat country combined with heavy forest. 

3. Climatic conditions unfavourable for the long sights refiuircd in 
triangulation. 

In addition, in small triangulation schemes, where the lengths of the 
sides of tJie triangles would be very short, a carefully executed sclu'ine of 
precise traverses may jdeld more accurate and more satisfactory results 
than triangulation. 

Classificatioil Ol Traverses. The United States Coast and ({eodetio 
Survey divide their traverses, like their triangulation, into three classes — 
first-order, second-order and third-order — according to their standard of 
accuracy. Tlie following table gives the minimum retpiirements for each 
class : — 



Flrst-Ordor 

SocoiuI-Or(!(T 

Thlnl-Onler 

Closing; error in position, not to exoeoil 

1 : 2.“),()(M) 

1 : 10,0(M» 

1 : r»,ouo 

Probable error of main scheme an^rles . 
Number of stations between astronomical 

1-5 SI'C. 

U-0 M‘C. 

0 U see. 

azimuths ...... 

Astronomical azimuth, discrepancy per main ' 

10 to lo 

lo to Jo 

JO to :\r* 

angle not to exceed .... 

Astronomical azimuth, probable error of 

1 0 sec. 

J 0 see. 

o 0 see. 

result ....... 

O O M‘C. 

J 0 M>e. 

o 0 s(*e. 


In the pages which follow we shall concern ourselves principally with 
the description of the methods used in what, uiuhu' the above classilication, 
w'ould be called traverses of the first-order, and we shall then dc.sciibc 
the simplifications usiuflly adopted for the survey of travel ms of the 
second-order. Traverses of the third-order are of tin* kind that are 
described in Vol. I. 

Differences in Methods of Survey of Precise and Ordinary Traverses. 

The differences between the metluKls to bo used in tin; survey of ])rccist* 
and ordinary traverses are, of course, such as to secure the higlu*st ])ossible 
standard of accuracy in the survey of precise traverses and a less accaiiatc 
standard, and hence a decrease in the cost, in the survey of ordinary 
traverses. Broadly sjieaking, however, the following rej)n‘scnts the 
essential differences between nu^thods of i)recis(j and of ordinary t rav(‘rsing : 

1. The standard of angular observation is much higher in precise 
traversing. This means the use of larger theodolites, more s(*ts of 
observations at each station and possibly all horizontal angular incasuri*- 
ments being made at night. 

2. The use of much longer lines for the main angular observations. 

3. The last requirement generally means an extensive use of “ devia- 
tions ** or “ loops ” — ^that is, cases where the line of the taping follows a 
slightly different route to the line followed by the main angles, the actual 
distances between the main angular stations being obtained by means 
of subsidiary traverses or other measurements. 
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4. More frequent and more accurate azimuth observations are taken 
Oil procise tnivcrseH. 

• 5^ All liiu?ar ineaHurcrnent.s on precise traverses are made with invar 

of with steel tapes, such as are used on ordinary traverses. 

(). More frc([uent and more accurate standardisations of field tapes. 

7. (Jreater care and accuracy in reading tapes and end differences, in 
}ip])lying tension and in observing temperature, heights and slopes. 

5. Lines on precise traverses are often laid out so that thtiy may be as 
closely as possible an exact number of tape lengths long, so avoiding the 
use of odd unstandardised portions of the tape. 

9. Greater care in check taping and in preventing the occurrence of 
gross errors. 

10. Application of more corrections to measured lengths. 

11. ^Modifications in methods of computation, including, if necessary, 
tin* use of formiilic which take into account the spheroidal shape of the 
earth, and the application in certain cases of the method of least 

s(iuai(‘s. 

12. 1;m‘ of “ I^ajilace Stations ** (page 48) where considered necessary 
or advisable. 

Differences between British Colonial and American Methods of Precise 
Traversing. TIic luaiu diffcrt'iice b(‘tween Britisli Cohmial and American 
methoils of precise trav ‘rsing lies in the taping and in the methods of 
computing the results. In American practice the traverse very often 
follows a railway and the tape is stretclu'd along one rail, the positions of 
the (‘lid marks being scra^<‘hed on the rail. In otluu* cases the line may 
follow highways or city stret^ts, when the tape may be either supported 
thrcaighout its length on the pavem(*nt or sidewalk or it may be supported 
on .staki‘s driven along>id(* the road or on portable tripods. Thus, the 
American methods often involve a considerable amount of “surface 
taping." In the British (’oloni(*s, on the other hand, long “straights” 
and flat curves on railways and roads are seldom available and the 
ta]ung \(*ry often has to be taken ovct brokem ground or along lines cut 
through the bush. Hence, in luwrly all eases, taping is done in “cate- 
nary ” in much the same way as base lines are measured with long invar 
tapes. 

Layout of Precise Traverses. Ikdore actual measurements begin it is 
well to make a preliminary reconnais.su ice of the route to be followed, 
and to sch‘ct the stations which will be occupied as main angular stations 
and thoM* which will be used as azimuth stations. In selecting the main 
angular stations, the objivt to be acdiieved is to obtain as long lines as 
possibh‘, at tht» same* time avoiding “grazing” rays and keeping the 
lines as high above ground surface as may be practicable. To do this, 
the lin(‘s which the taping will follow’ need not be the same as the line 
tollowc'd by the main angular line, and “deviations” and “ loo^xs ” 
should be freedy us(*d wlu*n desirable. 

In Lig. 99, A and B are main angular stations which are intervisible, 
and tin* tajiing lin(3 follows the line AahcileJB, with changes of direction 
at a, fc, r, d, e and /. I'he line AabedeJB is measured as a subsidiary 
traverse and the distance AB computecl, the direction AB being taken 
as iv line of zero beating when computing the subsidiary traverse. 
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When laying out the subsidiary traverse it is well, if this is possible, to 
select the different lines up to the point / so that eaeli measures an almost 



Fio. DO. 

exact number of tape lengths. This avoids using unstandardised gradua- 
tions of the tape except on the last leg. This point, however, is not of 
great importance. 

Figs. 1(H) (d) and (6) show examples taken from American practic'c. 
A and B are main angular stations but the linear measurements arc made 
along the line ab which coincides with the surface of one rail, the distances 




:4 
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ft A/} - 


(a) 


(b) B 
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aA and 6B being very sliort when compared with the distances AB and ab. 
The angles a and j8 at a and 6, together with the sliort distances dA and 
6B, are measured, and, from these observations and tlie measured length 
ab, the length of AB may be comj)uted. 

The above are only typical examples, but much ingenuity may be 
employed in planning suitalilc diversions which will ensurt' long and high 
lines for the main angiilaV line and at the same tinu' suitable lines for the 
taping. 

In every case where a deviation is used, a sketch should be made in 
the field book and this sketch should indicate very clearly tlu^ particular 
angles and distances that are measured. 

Joining Traverse to Triangulation. As a geiuTal rule, the principal 
triangulation points will be on high hills which an? usually inaccessible 
or inconvenient for direct traversing. Hence, it becomes necessary to 
devise some means of joining a point on the traverse to the main triangula- 
tion point without having to measure a traverse; directly between them. 
This can usually be done by using a short length of the traverse as a 
traverse base. If necessary, a special length of traverst* running in a 
direction differing from the main direction may have to be incasuriul for 
the purpose. 

Figs. 101 (a) and (b) show two typical connections. In (a) the main 
line of the traverse is AB, but, from B, two subsidiary traverses and 
BD are measured to the points (> and D, the trigornetricul point 'J' being 
visible from each of the.se points. Jt is not essential that C and 1) should 
be intervisible, though it is desirable that they should. 'J'lie lengtii and 
bearing of the line CD are computed from the traverse CBU, and these 
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coin|)ut(‘(l quaniiticH, together with tlic measured angles at i), D and T, 
give all the essential data for computing the triangle CDT. 


D 
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Si^lils to T from one or more inteimediato points siicli as E will 
sfrengtlien tlie connection. 

In Ki^. lOl (b) the connection is made to the two trigonometrical point.s 
K and I), the traverse length BC serving as a base from which to compute 
thc^ (|uadrilateral. 

Combined Traverse and Triang^ulation. Oianci s smin timcs occur of 
combining triangulaiiou and traverse in cases wheue tiiangulatioii or 



(b) 
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traverse would bo diCicult bv tliemselvis. Many combinations are 
possible, but Fig. 102 (a) and (b) show two simple examples. In all cases 
where triangulat ion iiWJomhined with traverse, and the legs of tlie triangles 
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are short, great care should be taken with the centering of both instru- 
ment and signals, but more particularly of the latter. 

Setting Out. Bt^fore distances or angles an' measured, a small ])arl y is 
generally sent ahead to erect pillars, and towers when theses an' used, to 
put in station marks, clear lines, and, when the tape is used in catenary, 
to drive pegs on line at every point where a measuring trij)()d will be 
erected. Lining out is best done with a small theodolite, and care has 
to be taken in placing at the proper intervals the pegs over whu*h the 
measuring tripods are to be erected. Otherwise the main taj>ing ])arty 
will have trouble with the taping, especially when the interval betwt‘(*n 
pegs is too large. 

The setting out is best done with a steel tape graduated in a dilh'it'iit 
unit to the unit of length used in the main tajung, as the chainage of 
the setting out party can be used to serve as a check against gross (‘nor 
in the main taping. For example, if the invar tape is 300 ft. long, the 
setting out can be done with a graduated stc'cl tape 100 metres long. 
In this case, the distances along the setting out tape which cmu irspond 
to midtiples of the 300-ft. mark when the invar tape is us(‘d in catenary 
must be carefully tabulated. It is, of course, inconvenient to set out 
bays approximately 300 ft. long with a lOO-nudre taj)e, hut this incon- 
venience is balanced by the advantage of using the settling out chainage 
as a check on the main taping, and the chances of und(‘tect(*d mistakes 
are lessened if the two measurements are made in ditferent units of 
length. 

The setting out part}" sometimes forms part of the irconnaissancn 
party. It is also responsible for preparing (h‘scrij)tions of all piu inaiu'ut 
beacons and station marks, and it notes the chainag(i when' permanent 
detail, such as roads, rivers or railways, cuts the trav(*rst' lines, as this 
information is oft('n useful for mapping or topographical puri)os(‘s, or for 
finding a station when the detail near it has altered with the ])as>ag«' of 
time. 

ANGULAR MEASUREMENTS 

Signals and Station Marks. In all first-order work it is best to ohservi' 
the main angles at night or on very cloudy days, and this is now' generally 
done, the signals used for both night and day observations pr(‘ferably 
being electrical lamps worked from dry batteries or accumulators. If 
the ground is very flat, the lamjis may be support(*d on low wc^oden tripods 
or quadripods something like the inner tripod illustratc'd in Fig. ol), but 
on a much smaller scale. These tripods also serve to support the instru- 
ment, and consequently, if they are more than about 5 ft. higli, a sej)arate 
tower or scaffold must be built around them to carry an obseiving f)lat- 
form. Tripods or towers of this kind must, of course, be very stiffly 
constructed, and they should be of such a height as to insure that theif? 
is a good clearance between the line of sight and all objects on the ground, 
a minimum clearance of about 4 ft. being desirable. In the United 
States, special towers are'almost invariably erected at the main angular 
stations, the ground mark being a mark in a rock, or a low concrete 
post or pillar built in the shape of the frastrum of a cone. Fig. 103 («) 
shows an observing tower in use, and Fig. 103 (fc) linear measurements 
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being made from the rail to tho ground station underneath a tower used 
:iH a signal. 

'ff^Hjieeial towers are not used, the instrument can be set on its own 



(a) 

Kiiist Ta.vvKKM: W«<inv in U.S.A. TKiroD and Scaffold kok Klkva’iino 

Tin-: Instri'mknt and ()b<i:hvkr. 

{Photo by C.S, Coa$t and Geodetic Survey ) 



Tiiii’on wmi TAiHiKT IN' 1’i.AfE. Measukino the Offset Distaxie. 

{Photo by V.S. Coast and Geodetic Survey ) 

Fio. 103 . 

tripod, provided this is stiff enough, with the signals set on similar 
tri])ods. A better plan, however, is to biiihl a good concrete pillar, about 
4 ft. high above ground surface, at every main angidar station, the pillar 
being sited on the toj) of a ridge or on any bump or elevation that may be 







236 


PLANE AND OEODETIC SURVEYING 


available, so as to avoid grazing rays and to raise the line of sight as 
high above the ground as jiossible. Both instrument and signal can tlien 
be set on each pillar in turn and carefully centered over a nail or b'.ast, 
plug let into the top of the pillar to indicate the exact station mark. 

If a very steep sight of elevation or depression has to be observed, 
readings on the striding level should always bo taken and the correction 
c = 6tana (page 226) applied. Very steep slopes will not normally 
occur on the main angular lines but they may sometimes occur on the 
subsidiary taping lines. 

The three-tripod system of observing (Vol. I, page 84) is particularly 
suitable for use in connection wuth the measurement of subsidiary traverses 
or deviations in which the legs are comparatively short, and the standard 
of accuracy need not be so high as that for the measurement of the main 
angles. In this system, of course, tlie signals are small targets of a typti 
similar to that illustrated in Vol. 1, Fig. 74, which can be mounted on 
tripods that will take either signal or theodolite. 

Main Angular Observations. Tiie main angles of a pn^cise travcMsi' 
should be measured Avith a good micrometer theodolite which should 
enable readings to be taken direct to a second or two. In recent years, 
mucli work has been done in the Colonies with the ordinary 'Javistock, 
Zeiss Universal or Wild instruments, although Jliese are on the small 
side for the measurement of the main angles of a first-order traverse and 
it would be better to use the larger geodetic models of the same types 
such as are used for the observation of first-order triangulation. With 
instruments of this kind at least twelve measurenuMits of the angle, 
each on a different zero and with face right and face left on ea(‘h zero, 
will normally be required, and it ina}" be an advantage to measure six 
of these zeroes on one night and the remaining six on another night. In 
this ease, the discrepancy between the observed azimuth at the (‘iid of a 
section and the a/imutli calculate<l through the traverse* should not 
be allowe<i to exceed ()\/ n seconds, where n is tin; numb(*r of instrument 
stations, including the two azimuth stations. Normally, the* discrepancy 
shouhl be ver}’ much les.s than this value. 

Ill the United States, tlic observations are taken at night with a “ high- 
order ” micrometer theodolite, u.sing eight zeroes, but, if a smaller instru- 
ment is u.scd, the number of zeroes is increasi*d to tw(‘lve. For each Z(*ro, 
a pointing is made on every station in a clockwise diretrtion with fact* right 
and then in an anti-clockwise direction ivifh face h*ft. Ht*n; the ruh^ is 
that an observation on a single zero should be rej(*et ed, a nd t he ob.servat ion 
repeated, if it differs from the mean of all the observations by nion* than 
5 seconds, and, for any set of observations, the arithmetical mean should 
have a probable error not exceeding 1*5 seconds. In addition, the 
discrepancy between the azimuth carried forw^ard through the traverse 
should not differ from the ob.served azimuth by more than one second 
times the number of stations between azimuth stations. 

Some considerations regarding the standard of accuracy to be aimed 
rft in the angular work are irtated on pages 248 to 204, and these considera- 
tions afford a u.seful guide to the number of observations that shoidd 1)0 
taken with any particular instrument to roach a desired standard of 
accuracy for the traverse as a whole. 
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Measurement of Subsidiary Angles. Tluj subsidiary anghis are the 
angles measured on deviations or loops to enable the distance between 
'Tlic-inain angular stations to be computed. These angles need not bo 
observed with the same accuracy as the main angles, and, if a large 
geodetic type; of instrument is used for the measurement of the main 
angles, a smaller tyja; can, if desired, be used for tlje observation of the 
subsidiary angles. For all ordinary cases, a theodolite of the ordinary 
l^ivistock type, or oik; of similar type and performance*, is suitable, one 
si;t of six zeroes b(*ing measured, preferably at niglit, at each station. 
With an instrument of tliis kind, the angular rnisdosure on a deviation 
should not exceed 12\/n seconds, where n is tlie number of subsidiary 
angles in the deviation. 

In tlu' United States, tin; angles of small loops are sometimes measured 
with a 7-in. repeating theodolite, one set of six repetitions, each repetition 
on face right and face h*ft with alternate swings being measured on the 
interior angle and a similar set on the exterior angle. Utliervise, they 
are obs(*rved with a small direction instrument, four zeroes being used. 
When, however, loojis are long and the int<‘rmediate stations are perma- 
nently mark(‘d, the angles are measured with a dir(*etion iiwtrument to 
the same (h‘gree (>f ae< uracy as tin* main angles. 

In all ca>es where deviations or loops occur, tlu* angh‘s should be 
“closed” and tlu; closing error in bearing or azimuth obtained and 
adjusted among the various angles 

Azimuth Observations. Azimuth oi»s(Tvations must lx* taken at 
fre(pi(‘nt intervals along a traverse in order to control tlu* b(*aiings. The 
nuinlu*!’ of angular stations between azimuth stations will depend mainly 
on the average l(*ngth of the legs, but this intt‘rval should m-ver exceed 
about oO miles or 2d traverse legs, whii-liever is the shortc*!’, and more 
frecpK'iit azimuth stations say at every Id to lo instrument stations — 
are desirable when eircMimstanees permit. If ])Ossible. and more particu- 
larly in higher latitudes, longitude ob.sc‘r\ations shouUl aUn be taken at 
intervals of almiit lt)d to loO miles, and a l.aplaee col lect ion (page 4S) 
applied when necessary. 

In American praetiee, the ob.servations an* taken to Polaris at any Jiour 
angle. At (udinary azimuth stations the number of zenH'^i observed is Ui, 
but at Laplace stations this number isdoubleil,theobM‘r\ at ions )»eings]U'ead 
over two or three nights. As the exact hour angle of l\)laris is required, 
tlu; chrononu'ter eorn*ction has to be obtained, the methoil used for this 
being observed altitude's of east and west stars mar the juime vertical. 

The* metliod of e)bse*rving hour angle's e>f Pe)Iaris feir azimuths is not 
suitable* fe>r use* in the* tropk*s, anei here the erne e eimmonly useel on traverse 
w'ork consists of e)bse*rving altitiieies of e*ast and we*st stars at eir near 
elongation, ne^t nee*essarily at or iK*ar the prime* \e*rlie'al. 'I'lie stars chosen 
must 1)0 e*arefully paired feir both altitude anel declination anel a pro 
gramme made out before e^bse'rving e*oinnK'nce*s. If azimuths are not 
more than 2d miles a]>art, twelve pairs of stars, e*e[ually spaceel arounel 
the circle, should sulHce, but, if the azimuth stations are more than 
20 miles apart, it is advisable to increase the number e)f pairs to e*ighteen. 
In either ease, it is well to observe in sets of six pairs, each ])air on a 
dilTerent night. 
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The correction for dislevelment of the horizontal axis of the instriiinent 
(page 226) must be applied to all azimuths observed to control the main 
angular observations of a precise traverse. 

LINEAR MEASUREMENTS 

The lengths of the legs of a precise traverse are now almost invariably 
measured with invar tapes, generally from UK) ft. to 300 ft. long. 'Ihe 
most common practice is to use the tape “ in catenary ” in a manner 
very similar to that employed in base measurement, but, in certain parts 
of the United States and of (\niada where the traverse follows a railway 
or a flat highway the measurements are made with tlie tape lai<l flat 
along the surface of one rail or on the surface of the road. This method 
of surface taping is practicable when the line of the railway or road 
consists of long straights, but, in most undeveloped or ])artially develojicd 
countries the railways are not suitable for surface taping, and, to attain 
any sort of accuracy combined with reasonable speed, the only alternative 
is to use the tape suspended in catenary. 

Methods of Surface Taping. As the method of surface taping is s(>ldoni 
used outside of the United States or Canada the following des4;ription of 
it is based almost exclusively on the system ado])ted by the ( oa^i anil 
Geodetic Survey. 



Fio. 104. Forward Stretcueh for Invar Tape with ATTAriiEi) Si'Ki\(! 
Balance. The Stretcher is made of Thin Sheet Iron and IIi.i 
ON THE Rail by the Foot. 

(Photo by U.S. Coast and Qtodetic Survey.) 

When the taping follows a railway, the tape is laid along the surface of 
one rail, except for short lengths at the end of the traverse log wdieie it is 
necessary to leave the rail in order to reach the main instrument station. 
This station is usually sited at, or near, the intersection of the tangents 
to curves, and the tape is supported on graded pegs betw^een this point 
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and ihe point where it leaves the rail. The tape used is 50 metres long 
and the tension of 15 kilogrammes is applied to it at one end })y means 
»f-a Hj)eeial lever or stretelier to which a spring balance is attached. This 
stref eher works on a shoe which fits easily over the top of the rail and is 
held lirinly on the latter by the tapeman pressing his foot on top of the 
shoe. A similar stretcher, but without the spring balance, is used at the 
other end of the ta])e. Kig. 104 shows one of those stretchers with attached 
spi ing balance as usc*d on a railway ; when they have to be used on a 
road or i)avcment a small y)iece of wood is slipped between the flanges of 
the shoe to provide a smooth surface between the bottom of the latter 
and the surface of the road. 

When measurements are being made along the top of the rail, the 
position of the forward-end mark is scratched on the rail with an ordinary 
glass cuiter, and, in measuring over stakes, the mark is made by a knife 
on the top of the stake. The rear end of the tape is held against the mark 
at that end, so that, with this method of taping, end ditferences are not 
rt‘ad at every set up of the tape. 

Measun mmi of Tfinperature. Temperatures are measured by means 
of special thermometers which are attached to the tajje at distances of 
I metre insid(? the zero and 50-metre graduations. Each th(‘rinomcter is 
read for a full . i-t up of the ta]>e, but only one is read on end bay.s or on 
oITm*! lines .shorter than a complete tape length. 

Miosurn/ifnt of Ildghts and Slopes. TIu^ correction for height above 
sea h*v(*l is obtained from the results of the measurement of a line of 
first-order levels wliich, nule.^s a c(»mpleted line already exists in the 
neighbourhood, is surveyed at the siiine time or before the traverse is 
mea.siired. The function of this line of levels is to determine the heights 
of the main trav(‘rse stations and to establish bench marks to whicli 
the minor h'velling, reephred to determine sIojk* correction, can be 
connected when desin'il. This minor levelling is done by the use of a wye 
h'vel or sometimes by a special track level in the form of a clinometer 
that can be laid along the surface of a rail. During the course of the 
minor levelling, the slope or difference of height of (‘aeh tape length, and 
at interiiUMliate points \\here the slope changes, is determiiH'tl. 

MiOSHntntnl of Odd Linqth Bays. Distances on the main lines shorter 
than a full tape length are measured by u.Miig the o-metrc' graduations on 
the invar taj)e ami mea.suring the dLstance from a suitable graduation 
to flu* mark by means of a steel tape graduated in feet and metres, the 
measurements being made in both units. 

Measurements in Catenary. I’lie methotls of measurement of the 
lengths of trav<*rM* legs with the tape su.spended in i‘alenarv are very 
similar to those used in base line ineaMirement. The lengths of the tapes 
used, tlu* manner (»f supporting them, and the inethcHls of aj>plying 
tension, vary in different countries. In the United States, the ta|K* em- 
ployed is 50 metres long, with one intermediate support at the ‘Jo-metre 
mark, and tlu^ tension is applied and controlled at one end b.y means 
of a spring balance carried on a syH'cial pole or stretcher, a similar 
str(‘tcher, but without the spring balance, being used at the other end. 
Fig. 105 shows a spring balance with its sj) 0 (*ial mounting on the stretcher 
l)ole. 
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Portable Iron Tripou for Tai'e 
SurroRT, Si noli: Joint. 

Tho woodf'R rnurkins table, \\lnV*h 
carries a strip of copper on wbioli the 
mark for tho tapo end is mudo, can Im 
placed on correct slope by tho fiall-aiid- 
socket baso and then clamped in position. 
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{Photo hy V,S. Const and Ccodetic Survey.) 
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PollTAIlI.E Tuf>N TlUPOr* FOR 'rvill.E 

Slpi'ort, Double .Ioint. 

This tripod permits the mnrkinu table 
to be adjust4*(l over a point as \vj*11 as 
plaeerl on correct slope. 


lOG. 

{Photo by U.S. Coast and Geodetie Survey.) 
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llie piids of t.I)c tnpc aro sonietimes supported on stakes carrying a 
piece of nujtal on wliich the end marks can be scratched, but, in other 
- and more specially in work in cities, low movable iron tripods are 
used as tape supports. These tripiaJs, shown in Figs. 106 {a) anrl 106 (6), 
arc! provided with a smalt wooden table mounted on a ball and socket 
joint, so that it can he placed and clamped on the same slope as the end 
of the tape. This table either eairies a strip of copper on which the end 
maik can be str(*tched or else it (larrics an invar graduated scale so placed 
that the zero of the scale faces the dir*“ction in which the line i.s being 
measiin'd. At the rear end of the tape, the zero mark is held agaiast 
the zero of the scale, and. at the forward end, the small difference 
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Kk;. 107. Miinroi) of i ( Oi vik’atkh Invafi Strips os Markin’o T\ble. 

'I'ho inarlviii^ ful»lfs ttf inoviilili* tripotN for trrtvtT'so inoa'suivinont aro frequently 
fitted witli tli»"4e \\ itli tlu' arranp'iiieiit as ■»lio\\n, and the rear «'tr zero mark 

of the tape hi*l<f opposite tin' /«to mark i>f tlu* .'-trip on the rear marking table, the 
reading: of tlie fiuwani mark on the tai>e wouki always be reeorded as a st't-up, or 
addit i\ e (plant if y. 

(By permitsion of the Director U.S.C. ft Q,S.) 

tho oO-mefro mark on tlie tapo ami the zero mark on the scale 
is read and hooked. |07 nIiows tlu* method of reading when a scale 

i.s used. 

The support at the 2r>-metre mark is a nail on a stake or a loop 
or hook held by a lahourer. This support, whatever its nature, is 
eareftdiy aligned, both horizontally and vertically, between the end 
marks. 

Klsewliere than in Aimuu’n, invar tapes 300 ft. long and J in. wide 
art* oft(‘n u.scmI in two or tliree e<[ual spans, wdth supports at the 
loO-ft. or at the lOO-ft. and 200-ft. marks. Tension is usually applied 
at one end either by weight or spring balance, the other end being 
“ anebored ” to some form of suj)port or anchoring trestle or lever. 
The actual measurements are made to marks carried on .stakes or on 
measuring tripods similar to the measuring tripods used in base line 
measurement . 

When long taj)os are used, intermediate supports are necessary and 
ditTerent types an* used. One is simply a hook susi>ended from a long 
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pole lield by a labourer. Another, shown in Fig, 108, eonsists of the hub 
of a bicycle wheel mounted with its ball bearings on a frame which can 

be slid up and down a long pole, and clamy.v^?' 
at any height, this pole also being lield by a 
labourer. In all cases, the intermediate 
support must bo carefully lined in, both 
horizontally and vertically, between the end 
marks. 

In applying tension by weight, a straining 
trestle, similar to the ones used in base lino 
measurement, is often employed ; in other 
cases, a pulley mounted on ball bearings and 
carried on a single pole held by a labourer is 
used. The other end of the tape is gei\erally 
fastened to some form of anchoring poh^ or 
trestle, the trestle in some cases being a spart; 
straining trestle similar to the one used for 
apjdying the weight. Fig. 109 shows a rather elaborate, but “ home- 
made,” anchoring trestle with a special fine motion “laying-on d<‘viee” 
for laying the end mark of the tajie exactly against the mark on the 
stake or measiiiing tripc.d. This trestle, int(‘iHle(l ]>iimaiily fm- 
accurate field standardisation work, is sup|)orted and controlled by a 
labourer aided by “steadying ])oles “ similar to those ofttn iM‘d for 
steadying levelling .staffs, and it can be mad(‘ out of two light angle 
irons, or out of stiff boards nailed togeth(*r to foim a shape like* an 




ENLARGED S\m OF ‘A’ FRONT ELEVATION SIDE ELEVATION 

Simple Anchoring Trcatle 
Fig. 109. 

angle iron. These two angle iion.s or board.s arc sepnrat(*d by a sjuice 
about 1 in. wide, except at points where they are fastened togi'thcr by 
plates or slats, this space forming a groove along which the la> ing-on 
device can be slid up and down and (ilamped where desired. The 
construction of the trestle and of the laying-on device will bo more 
clearly understood from the diagram. A series of notches in the 
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frame serve to hold in position a strut to take the forward pull on the 
trestle. 

"Instead of trying to lay the end mark of the tajm exactly against a 
mark on the measuring tripod, end difftiienccs are often read at both 
ends, generally by means of a metal scale, a magnifying glass being used 
to magnify the images of the marks when necessary. 

On heavy, or fairly heavy, slopes a note should always be made in the 
field book to indicate whether the ten.sion has been ai)plied at the upper 
or the lower end of the tape. This information may be needed to work 
out the sag (!orreetion for a tape on a slope. 

MvAisurcmmt of Temperature. Temperatures are usually observed at 
tNi(‘h set up of the tape by means of two thermometers, lield one near 
each end of the tape. The best type of thermometer is one cased in a 
metal 1 abe with an open slot opposite the graduations in the stem. Each 
th(;rmometer should be compared at reasonably frequent intervals 
against a standardised one, and during taping it should be supported 
near the tape in a horizontal position (see i)age ISO). 

Mrusuremejit of Heights avd Slopes. As all measured lengths have to 
be reduced for slope and for height above sea level, it is necessary either 
to carry a line of h‘vels along the line of the travel se or else to observe 
vertical aiiglet , the latter being the quicker method and the one which 
is most generally used. The angles on the taping line can be observed 
eith(‘r with a theodolite, or, more conveniently still, with a small aligning 
and levelling telescope that can be slipped oNcr the viutical t ylindcr of a 
measuring head (page 17 1). In any ev(*nt, vi'rtical .ingles should also 
1)0 observed at each main instrument station and these angles used to 
control the observations along the ta])ing line as wi‘ll as to give the data 
for working out the heights of the principal stations. The main vertical 
angles should b(* observed on both faces, but, provided the instrument 
is in good adjustment, the slopes along the taping lines may be observ'd 
on one fa«*e oidy. 

In all i*as«-s, whenever bench marks established by |Miit levelling 
exi'^t near the line of the traverse, the trigonometrical heights resulting 
from the me.isurement of the vertical angles should be connect eil to the 
rieaiest beiieh mark. 

Muisf’n Hunt of Odd hvgth Bays. Wluiiever practicable, the taping 
lines are laid out so as to a\oid the use of mid length bays, lait, when an 
odil length oe(!urs, it is measured either directly from the graduations on 
tlie tape itself, when the latter is suitably graduatid, or else by a sjiecial 
graduatc'd tape provided for the purjiose. If necessary, a special tape grip, 
similar to that shown in Kig. IIS, V^ol. I, may be used to ajqily the tension 
at an intermediate point of the tape, although it is better to lay out the 
lattiu’ beyond the end station of the line, exactly as if a fresh bay were 
■to be meaHured. In any ease, the use of tape grips with the main invar 
tap«‘s should be avoided as much as possible. 

For the determination of the sag correction for odil length bays see 
Vol. I, jiage Ifil. 

Chedk Taping- Owing to the risk of error in ta])ing it is essential to 
have some sort of cheek on the main taping. Usually, it care is taken in 
measuring end differences, particularly in the measurement of odd- 
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length bays, it is only necessary to carry out a check taping with sufficient 
accuracy to detect gross errors of a foot or more. Consequently, where 
the traverse is set out beforehand, and the setting out taping is done ^vith*' 
sufficient accuracy, the setting out taping will serve as a check taping. 

The United States Coast and Geodetic Survey makes a check measure- 
ment of each traverse section by means of a 300-ft. st(‘el tape used on the 
flat under a tension of 6 kilogrammes, the object of this measurement 
being to detect gross errors only. The allowable discrepancies between 
the measurements w^ith the invar and the steel tape, after all corrections 
for temperature, slope, standardisation, etc., have been made to both 
measures, are as follows : — 

For sections exceeding 500 metres in length, 1 part in 5,000. 

For sections under 500 metres in length, 1 part in 2,500. 

If these limits are exceeded, a second measurement is made with the 
steel tape, and, if the second measurement agrees with the one made 
previously with that tape, the line must be re-measured witli the invar 
tape. 

In addition to these routine precautions against gioss error, tbe^ chief 
of the party or other senior surveyor measunvs a section of tiaversi', 

1 to 2 km. long between traverse .stations, at the beginning of the woi k 
and at intervals of forty to fifty miles along it during tlu‘ progress of the 
survey. This measurement is made with an invar tape to first -oixh*r 
standards of accuracy, and the discrepancy between the two mea.surcs is 
not expected to exceed 10 mm. ViC, w'here K is the distance in kilometi es. 

Owing to the great risk of error in traverse work it is now* tlu^ practice 
in some of the Colonie.s to duplicate all important mcasurenH‘nts connected 
with first-order taping by separate observers, each obs»‘i vt‘r lecording 
his own observations in a book kept by himself. 

Standardisations of Field Tapes. It is hardly nec^essary to point out that 
during all stages of the survey of a precise traverse it is most essential 
that the field tapes .shoukfbe properly standardis('d, as errors of standardi- 
sation are cumulative in their elTects. The field tapes must tluaefore hv 
standardised at frequent intervals, and, f(^r tliis purpose^, the; party 
should be provided with at least two invar tapes that have been [iroperly 
standardised, and liave had their co efficients of expansion determined, 
in a properly equipped standardising laboratory. These standard t ipcs 
must be used for no purpose other than for standardising the* tield tapes 
used for the actual taping of the lines. The necessity for ke(‘f)ing at 
least two tapes arises from the fact that one tape may sulTer damage or 
undergo a slight change in length, which, in the absence of a second ta])e, 
might remain undetected until the tape was re-standardised at the labora- 
tory. Accordingly, all standardi.siitions sliould he mad(^ against both 
standard tapes, and, if the results are inconsistent, the presumption is 
that the length of one standard tape has changed. In that event, earlier 
standardisations of the field tapes may indicate the standard tape with 
which the fault lies and it sliould be sent at once for re-standardisation. 
If conditions are such that the standard tapes cannot easily he rc- 
standardised wdthin a very Hhoi;t time, the party should be provided 
with a third standard invar tape which can at once be brought into use 
in the event of one of the others having to ])e sent for re-standardi.sation. 
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Tlio Htandardisations in the testing laboratory, and those in the field, 
should he carried out as far as possible under conditions similar to those 
under which the tapes will be used in the field. This means that all the 
apparatus used in the standardisations, including weiglits, cords, swivels, 
hooks, etc., should be those whi(!h will actually be used in the field, and 
this apparatus should be sent with the standard tape when it is sent to 
the laboratory. 

Tapes to be used on the flat should be standardised on the flat ; those 
to be used in catenary should be standardised in catenary with supports 
at the points where supports will be used in the; field. 

When fi(id tapes are to be used in catf*narv with one end anchored 
and the weight applied at the other, the tension should be applied in 
oxa(jtly the same way during the fiehl standardisations. In this case, 
howcvei, it is w'(dl to have .straining tripods and weights at both ends of 
the standard tape when it is being u.^^ed to d<*teiTnine the true length of 
the base against which the field tape will be compared, and to have it 
standardisiMl at the laboratory with weights applied at both ends. 

The field ta])es should be compared again>t the standard tapes at very 
fre([uent intervals, say livery two or thrr‘e days. A fii‘ld standardisation 
does not take long to com[)lete, and invar tapes are ea.sy to damage or 
deform. ( on? <M[u<*nt ly, frecpient standardi>ations may easily avoid 
having to rejieat work which would otherwiMj be of doubtful value. 

Corrections to be Applied to Measured Lengths. The corn ct ions to lx* 
a[>plie<I to measured lengths are exactly the sann* as those applied to 
base measurement an<l have already been de.^eribed in tin* earlier part 
of this ehapter in ])ages ISI to bsfi. They arc as follows : — 

1. Correction for standardisation or absohite length. 

2. (’orreelion for temperature. 

lb ( orn*etion for change of tension if the tensions vary. 

4. Coi reetion for sag, including sag on a slope. 

5. Corn'etion for index eiror of ''piing balanci* if a spring balance is 
u.sed instead of weiglits. 

(). ( Virreetion for change of gravity. Oidy to be applied to correct the 
lengths of the standard tajies if these have l)een standardised in a place 
wliere the value of gra\ity is dilTereiit from its value at the place where 
the traverse is measured. 

7. Correct ion for slope. 

S. ( ’orrei t ion during standardisations for inclination of end readings. 

t). (’orreetion for horizontal alignment. 

10. (orreetion for liidght above .seu level. 

Of the above, (4) does not apply to surface taping unless the tape has 
been standardised in catenary, in wliich ca.se the sag correction must be 
applied to the length in catenary to give the e(iuivalent length on the flat. 

. Ill addition to the above corrections, there is another which is only 
applicable when the traverse is computed in terms of some special co- 
ordinate system, such as the Traii.sverse Mercator system. This is what 
is (Milled ‘‘\s<Mile correct ion,'’ and, for travers(\< not running due north 
and south and computed on the Transverse Mercator system, it varies 
slightly in value for each leg. It is described for the Transverse Mercator 
.system on pages 1178 to 1180. 
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SECOND-ORDER TRAVERSES 

Second-order traverses are used to break down the work between the 
first-order traverses or between secondary or primary trigonometrical 
points which arc not very far apart. Second-order, or secondary, traverses 
are therefore usually nuich sliorter than first-order ones. 

The accuracy specified by the United States Coast and Geodetic Survey 
for a second-order traverse is a position check not exceeding 1 : 10,006 
of the length of the circuit when closure is made on a point of first or 
sccond-onler triangulation or traverse. This is the limiting error allowed, 
but t he inst ructions for survey have been drawn up with a view to ensuring 
that the error of each line after adjustment will not exceed tin* above 
limit and the average error of all the lines will bo about 1 : 30,(K)0. The 
latter figure is probably the average to be expected from the use of the 
methods now to be described. 

The satisfactory closure of a traverse ending on itself as a closed hg\uc 
is not a satisfactory test of accuracy, since compensating and systematic 
errors will not show uj) in the error of closure. Thus, a serious (*rror in 
standardisation, constant throughout the whole traverse, merely alters 
the apparent size or area of the closed figure and does not appear in the 
closing error, which may still remain very small. 

In second-order traverses, long lines for the main angular h‘gs are not 
so important as they are on first-order work, although long legs are 
desirable wlien tliey can be obtained fairly easily. Accordingly, li'ss use 
is made of deviations and loops. Fewer angular observations are taken 
at each station and these observations are generally made by day to some 
sort of non-luminous signal. A greater number of angular stat ions bet ween 
azimuth stations is allowed, and distances may be measured with either 
steel or invar tapes. 

Methods Used in the United States. TIh^ following is a brief summary 
of the instructions for thp survey of second-order traverses in the Unitt'd 
States : — 

1. Distances between main scheme .stations shoiild not exceed W miles 
and an average distance between iwrinanently marked main angular 
stations not exceeding one mile is desirable. 

2. Second-order azimuths should not be further apart than lo to 2;“) 
angular stations, the latter limit only being reached when observing 
conditions are favourable. The allowable discrejKiney between the 
observed and computed azimuth at the end of a section is 2''*0 times the 
number of main angular stations in the section. 

3. The eiTor of a main deflection angle should seldom exceed three 
seconds of arc, whether the observations are made with a rei)eating or a 
direction theodolite. With a micrometer theodolite with 8 to 10 in. 
diameter circle, four to six positions of the circle, w^ith a face-riglit and 
face-left observation at each setting, are considered sufficient ; with a 
smaller circle of 5 to 7 in., six to eight positions. The limit of rejection 
for the larger instrument is five seconds from the mean ; for the smaller 
instrument it is six seconds from the mean. In the case of the subsidiary 
angles, t.e. those on loops or deviations, two positions of the (urcle are used 
when the instrument is a small micrometer direction theodolite and the 
total length of the loop does not exceed a mile. For longer loops, the 
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accuracy of the angular measurements should approach that of the main 
angular stations. 

4. The main linear meaHurement.s are made with invar tapes, 50 metres 
long, used under a tension of 15 kg. (about 33 lb.), which is applied 
by a spring balance attached between the forward end of the tape and 
the front strolcher. The stretchers are of the same type as those already 
descu’ibed for use on first- order traverses. Measurements are made on 
the flat whenever possible, but, if conditions are such as to make surface 
taping inadvisable, tlie tapes may be used in catenary to stakes or light 
tnarking or measuring tripods. If the tape is used in catenary, it is 
supported in the middle, the supi)ort being lined in horizontally and 
vertically between the end marks. 

5. Temperatures are observed at every set uj) of the tape on a special 
(^ased thermometer, the latter being attached by adhesive tape to the 
rear end of the ta])e about 1 metre forward of the rear mark. 

6. Most of the second-order traverses of the United States Coast and 
Geodet ic Survey are near the sea and at low elevat ion. Consequently, the 
correction for sea level is very small and no attempt is made to apply it. 
In otlier cases, it is estimated that it is not ncces>ary to know the true level 
of t he line, closer than to about 300 metres, since an error in elevation of this 
amount would onlyaOect the result by about 1 part in 20,000, and the mean 
el(‘vation of a line can usually be estimated more closely than 300 metre.s, 

7. Observations for slope arc only taken when it is (‘stimated that the 
slo|)cs encountered are such that the introdiiction of slope correction 
would afhvt the measured length by more than 1 part in 20,000. 
Ot h(»rwis(‘, slopes are observed by means of a wyc-Ievcl. 

S. A single clun k taping, to detect gross error only, is observed with a 
steel tape 300 ft. Icaig, used on the flat under a tensuui of about 5 kg. 
only, and with such a light tension taj)e stretchers are not necessary. 
Observations for temperature and slope are not made during the course 
of this taping and con.secpiently corrections on account of t^'ese factors 
are not introductnl. 

0. 'riie invar tapes used for the main taping are compared with a 
standard invar taju* at intervals not exceeding 2U to 25 miles of traverse. 

Further jiarticulars of the United States Coast aiul (leodetic Survey 
methods will be found in the Manual of Stcond and Third Order Triangula- 
lion and Tranrsr, U.S.C. and (bS. SjKrial Publication No. 145. 

Other Methods of Surveying Second-order or Secondary Traverses. 

Exp<'rience has shown that, by u.sing the following methods, an average 
a(‘curacy of somewhere about 1 : 30,(HK) may be (»xpected in tropical con- 
dit ions on t raverses up to about 100 miles in length. Many of the traverses 
on which this averagt) standard of accuracy has been obtained have l)een 
surveyed over rough country, involving lines cut through the bush. 

•1. ])istances between main angular stations seldom exceed IJ miles 
in length and are often less than J mile. As long lines as possible are, of 
course, desirable. 

2. The distanee.s between azimuth stations should not exceed 30 legs 
except in exceptional circumstances, and, where possible, should not be 
more than 10 miles apart. The allowable discrepancy between computtnl 
and observed bearing^ at the second azimuth station should not exceed 
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Wy/n^ where n is the number of angular stations including ouo azimuth l(‘g. 

3. Angular observations are made with a 5-in. or O-in. micrometer 
theodolite or with a small double reading instrument of tlu^ 'J'avistoek, 
Wild, Zeiss, Watts-Zeiss or Casella types. On main angular lines at least 
four readings, each on a different zero and with a change of face betwecMi 
each zero, should be taken, the maximum discrepancy between a single 
reading and the mean of all readings not being allow(Ml to exceed b''. 
On short deviations, two observations on two zeroes, with change of face 
and swing on each zero, will be sufficient, the allowable discrepancy 
between the two observations being 10'". 

The above rules hold for instruments carefully tested at regular short 
intervals for collimation error and the error adjusted wiu*n lUHcssarv. 
The observations may be made in daylight, the signals being eh her 
targets of the kind used for the three tripod system of observing, or, for 
the shorter lines, a plumb bob string suspendc'd from a tripod and i*arrv ing 
a small piece of j^aper to enable the string to be picked u]) in the t(iesco|M\ 
For longer lines, an ordinary ranging pole, very carefully ])luml)cMl and 
centered over the ground mark, may be used wlien targets for the thi(‘i»- 
tripod system of observing are not available. 

4. The main linear measurements may be made with a 300-ft. st(*el 
tape, i in. wide, used in catenary under a tension of 15 to 20 lb., with a 
lined-in support at the 150-ft. mark. Readings at one end are mad** to, 
or the end mark of the tape is held against, a mark on a nail in a stout 
wooden peg about 3 ft. high, or else to the mark on an ordinary nuMsiiring 
tripod. At the other end, the readings are taken to a mark at the centre 
of the trumiion axis of the theodolite in the manmu’ di'scrihed in \'ol. I, 
pages 155-157, tension being applied at the theodolite* (‘ud of the tape* 
by means of a spring balance attached to a long straining pole, a similar 
pole being used at the other end. 

The readings to the theodolite axis are taken to tluj nearest hundredth 
of a foot by means of a steel scale graduated to tenths and hundredths. 

5. Temperatures are observed immediately after the reading of the 
tape has been taken. These readings are takc*n at every set up of the 
tape on a single cased thermometer .suspended n(*ar the ta[)i‘ in a hoii- 
zontal position. 

6. Slopes and heights for slope correction, and for the reduction of 
the length of the line to its length at sea level, are obtained by m(*ans of 
vertical angles observed on the theodolite in the usual way. 

7. Before wwk on actual measurement commences, the? lines are set 
out and pegs put in on line* at every 3U()-ft. length. This s(*tting out 
chainage, which is measured with a 300-ft. tape stretched along the ground 
under a tension of 15 lb., is used as a check on the main chainag(^ against 
gross error. 

8. The field tai)es are standardised at intervals of 20 to 25 miles against 
a properly standardised field standard tape. 

ESTIMATION OF AIXOWABLE ERROR IN TRAVERSING 

In chapters II and IV of Vol. I of this book w^e have used some of the 
restilts of the theory of least squares when discussing the probable errors 
of ordinary taping and ordinary traversing, and, although the description 
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of tile main princijjles of tlie theory is reserved for the next chapter, it 
will be conv(;nient if we use here some of the results already used in the 
prcjvious volume to discuss one or two problems that are of importance 
in their ai)plieation to jirecise traversing. These problems have their 
practi(!al ajiplieation from the point of view of deciding on the methods 
to be adopt <'d, th<^ care to taken in different operations, and the limits 
of error to l)(» allowed in order to o})taiii a given standard of accuracy, 
ff, however, tin? reader is not familiar with the theory of least squares, he 
may, if he so desires or if h<^ finds it moreconvtmicnt to do .so, po.stpono his 
reading of the following pag(‘s until he has read the chapter that follows. 

l"lu‘ ])roblems involved are best illustrated by a numerical example 
based on the disen.ssion already contained in Vol. I, as the .same principles 
aj)j)ly to (*rrors ari.sing from measurements with an invar tape as to those 
which aii.se from mea.surenauits with a steel tape, and the errors which 
arise in prcM;is(‘ traversing are similar in nature, though different in 
magnifud(\ to those* which occur in ordinary traversing. 

Suppose? tliat w(* have a “ .straight ” traverse, 480,000 ft. long, divided 
into ten erjual sections, (ach .section bounded by azimuth stations, with 
It) legs of an average length of 3,t)00 ft. in each section, and it is desired to 
(let(‘rmine the probable error ne(‘es.sary in the angular ob.servat ions to 
gi\e a ])robabl(‘ bne.’.r closing (‘rror in the total length of traver.se of 1 part 
in 100,000. 'I'he linear measurements are to be made with a 300-ft. 
invar tajx*, of section U*12o in. by 0*015 in., u.sed in catenary under a 
ten.sion of 20 lb. in two (xpial s[)ans of 150 ft. each. Weight of tape = 
14 oz. per 100 ft., co-cflicient of expansion =0-000 002 per 1® F., and 
K ' Young’s Modulus of Elasticity == 22,000,(XK) lbs. per .s([uare inch. 

4ii(' first step is to estimate the probable error in displacement required 
at the end of a singh* section. lA^t r, be this jirobable (*rror. It is almost 
(•('itain that thei(» will be a constant linear error of unknown .sign running 
throughout the whole of the ten sections which may be due to errors 
in the standardi-^at ion of tin* !i**ld standard tapes and })ossibly al.so to 
uncertainty as legards tin* height of the datum used in running the levels 
for the com|)utation uf s(*a lc\a*l correction.* Let this constant error 
be estimated to be about : 1 : ‘>tM),t)(M). The probable error due to this 
cause* in a length of 4St),U()0 ft. is !- l-() ft., and the total jirobable error 
b)r tin* whole* traverse* is to be of the* order 1 : 100, (HH) or r 4-Sft. H(*nce, 
assuming that the eirors e»f the te-n eepial traver.se .sections are equal in 
value but of varying sign, and using the .square root rule for the combina- 
tion of ei'i'ors of unkiniwn and varying sign - 

(4-8)2 = I0r^2] 

/. 10r^2 

/. r, - l-4:u ft., 

which, in a .section of 48,000 ft., works out at 1 : :15.000 approximately. 

\Ve‘ have lu'xt to inve*.st igate the probable erren* of the taping, and, \o 
elo this, we |>roce*ed ae-e-ording to the .scheme outlined in Vol. 1, pages 11)9- 
174. Here, in t he ab.sence of any other data or formula, we must e.stimate, 


* 'riin rrmr iu a length / ihio to an error </// in hi*ight above .-^ea level is 

. //// 
e«nial to i . 



250 


PLANE AND GEODETIC SURVEYING 


as best we can, the probable errors of the different factors that can intro- 
duce error into the taping, dividing the resulting errors into throe classes ; 

1. Errois that are always of the same sign for all tapes and lines. 

2. Eriors that are of the same sign for one tape or lino but that vary 

in sign with different tapes and lines. 

3. Errors that are of variable signs for different bays of the same line. 
Using the same notation as in Vol. I but noting that, since the only 

erior that can arise in vertical alignment in a tape suspended in catenaiy 
in two equal spans is an error in the height of the single intci mediate 


2 ( 8 / 0 * 


suppoit, so that the error due to veitical dcfoimation becomes — ^ 


w'here 8h is the error of vertical alignment at the intei mediate suppoit and 
I is the total length of the tape, we form a table as follows : — 


Errors due to 


Errors always of same Errors of saino hI^ii for 
sign though of \ ariable w hole line but of ditferi nt 
amounts signs tor dltf( rent lints 


Errors \ 'triable in sign for 
cath b i> of the line 


Faulty alignment at 
end ol ta]ie 


d* 


d-ilin f-SOOft 

ti, - 0 00001 1 


Error In horizontal 2/)* 

alignment of inUr- 7” 

mediate support j) „ i , /„300 ft 
II, = 0 000040 


Error In vertical align 
ment at Intermediate 
support 

"i 


2(Eh)* 

I 

1 in ft 

0 000046 


Errors in measurpiiu ut 
ot slope 


Error iii iin asiirenitnt 
of tempi r tturc 


Error in stritcli due to 
error in pull | 


I 


Error in sag correction 
due to errors in pull 


I 


1 1 ’ / sin t* sin I' 
I*, - -b 10', t* -- l**, 

I - hM)it 
»i — 4 0 0002'»4 



e 

«■ 


- / N c X , 

IM I UH)!t 
^ 0 U00002 P< r r I 

- J OCKKWOO 


■ ! s a; 

- d: * lb I hM) ft 
A 0l2''>x()0r> 

, Mill in inibis 

' h « 22 ,CMH», 0 (K) It) p. r 

I squart Ini h 

I r, -I t 0 OOonoo 


I 


/ 





" F, 

I2n*f» * 


- 300 ft , n - 2 

- 1 Mb 

m 20 lbs 

- * 0 000072 


r 



I 111 sin 1 * 

i JO", n « 1'^ 

100 ft 
0 OOOJ )t 

I < r I / , 
r 0 'I I I unit 
0 0OOiK)2iirl I 
t 0 (HHi no 

/ s f. 


1 r 


y. ^ , lb / loo ft 

I 0 1 J > X 0 ol > 


sqii in Oil lx s 
F 22,000 01 Ml lb pir 

"quin Intli 
i, L 0 0004)) 


ic 




IU« 


l2n*F> 

10 

300 ft , M - *2 
1 lb 
20 lbs 
^ 0 iMMmO 


Error In standardisa- 
tion combined with 
error in height Bbo\c 
sea le\el 


r, « 

I A, - i 1 aiKXMio 
I « 300 ft 
r, - £0 OUUMK) 


Error due to faulty end 
readings and settings * 


I 


± 0 002000 
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The sum of the termB in the uecond column is 0*0001 ft., wliich, in a 
length of ,100 ft. works out at I : 3.000,000. This is a very small quantity 
and this term can therefore be neglected. Hence, we j)rocecd to form 
the sum of the squares of the probable errors in the last two columns. 



V 

«• 

(U 

! 

1 

O OOO 254 

Ot.fjlO X 10-12 

0 000 254 

G4.5I0 X 10-12 

2 

O OOO <)00 

300.000 X 10-12 

0 000 300 

90,000 X 10-1* 

3 

OOOO 000 

820,281 X 10 12 

OOOO 455 

207.025 X 10-1* 

4 

0 000 072 

451,584 X 10-1* 

0 000 330 

112,890 X 10-12 

5 

0 UOl 000 

1,000.000 X 10 -12 

0 002 000 

1 4,000,000 X 10-1* 



- 2,702,381 X 10-“ 

Scu* 

-= 4,474,437 X IQ-i* 


Thus, for this particular tape and under the conditions allowed for 
above, the probable error at the end of N bays or tape length.s will be 
given by : — 

P.E. iL- [0*000 0027 + 0 000 0045 N]^ 

Hence, for a line 3,000 ft. long with 10 bays, N = 10 and : 

1>.K. = ^ ± [t) 000 2700 + 0 000 0450]* 

= ± [0*(H)0 3150]* 

= ± 0 018 ft. 

— zf 1 : 1G7,0<X) approximately. 

Having determined as above the probable di>j)lacement at the end 
of a single line due to linear <‘rrors only, we see that the total probable 
displacement for the whole section ef It) legs will be in the .<anu; direction 
as the direction of the traverse and will be equal to _r:. O UlS X \/ 10 = 
! t)-072 ft. 


Wti now nviuire the j)robable di>j)laeenu*nts due to the angular circus, 
which, since the travt‘rse is a “.'straight ” one, will be at light angle." to 
the direction of the traverse. Fii."t of all. theie \\ill be a displacement 
du(» to the eiTor in thc» a/imutli at the initial .station. Lc*t the piobai»le 
(‘iror of this a/imuth l)e r. = i: U*t).* Then the probal)le di.splaccment 
Ji. at the end of tlui section due to this error will be _i. l*b X L X sin T. 
where L is the length of the section. L 4S,(X)Ih so that R ~ ii:0*233 ft. 

A.s.‘^ulning that the dilTcreiu*e between the bearing at the end azimuth 
.station as computed through the traveix* .section and that computed 
directly from the observed azimuth is distributed in tlie usual manner 
(‘qually among the angles of the section, the probai>le displacement at 
the end of the section due to the angular errors only is given (Vol. I, 
page 238) by : — 


R. = rjj sin 1 


■[ 


(n + 1) (n + 


12n 


1 .] 


* Tho prohiihlo error of the aziiiuith should iiicluilo aIIowiuico for tho error likely 
to occur through nogloct of tho Laplaco correction if this is unknown, or has not Kvii 
applied. 
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where ?t is the number of legs in the section, in this case 10. and r„ is the 
probable error of an angle.* 

Hence. Ji„ = r„ X 48,(H)0 X sin 1' x 

The total probable linear displaeeinenfc due to tlu» coinbiiuMl liiu'ar, 
azimuth and angular errors will theri‘fore be : — 




± I ( 0 - 072)2 + ( 0 - 233)2 + r „2 x ( 4 S, 0 (H ))2 x sin* I' 


^ 17 X ISl^ 
12 X loj 


and on page 211) we found that we wanted this probable eiror not to 
exceed ± 1'431 ft. This gives the equation 

17 V IS 

r.,2 X (48,000)2 X sin2 J" x = (1-431)2 - (0-072)2 » (0-233)2. 

M)S84 
/. r,2 23-034 

/. r. = ±4''-81. 


It follows, therefore, that, in order to secure the rec^uired degn^e of 
accuracy, the probable error of the angular observations should not lx* 
allowed to exceed _L 4"-81. Owing, however, to there Ix-ing so many 
unknown factors which we have had to estimate, it woidd be ad\isable 
to reduce this figure to, say, 3"-o, or to 4" at the most. 

In order to determine the number of o])servations on dilTerent zeroes 
necessary to secure a probable error of a giv(*n amount, it is nece.'ssary to 
know the probable error of a single observation. Kor any particular 
instrument this is best found from the actual inisf losures of tin* lx*arings 
at the end of different sec'tions. Thus (Vol. I, page 2.32) let : - 


= closing error at the end of a seetion eontaining angular stations, 

gg = closing error at the end of a seetion containing angular stations. 


= closing error at the end of a seetion containing angular stations. 
jV = total number of sections or of closing errors available. 

= probable error of an observed angle. 

Then. r„ = ±0-074oj 71 ^ ' ?^2 

L ^ 

This formula f does not include any allowance for the probable errors 
of the observed azimuths and a better result is obtained if these are in- 



* Foirnuhe for /?„ for travcr.-.cs of cJiffi-rmt .'%liapo.s oilier Ihaii “ .nI an* 
in Vol. I, pugo 2:iS. 

t Compare thi.s eNpns.sioii with the ((piivalenb forniiiln, Uuowii as ln*rreroV. 
which is sometirnos u.«»t.Ml in triangulatioii to (leti-riniiie the preliahlit eiror of the 
observeil angles from the closing errors of the (Jifferent triangles, l‘^•rn*ro’s forimila 
is : — 

r„ =- ± 0 «74.-,/y/^’ 

where SA* is Iho sum of Uio s<|uan>M of tfic rlosing i-rror'’ of tho .V |riiin|;|its (Si-o 
page 2U8.) 
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rliidc<l, ])iii ticularly if n Hiiiial If the probable error of an observed 
aziniuth is aHsumed to ha q tirii* ^ the probable error of an observed angle, 
tlie formula becomes : — 



Hie value of r, thus obtainerl will be the probable error of tJie mean of, 
say, w zeroes ufi the instrument. J fence! (page 277) thc! probiif)Je error 
of a single zero will be and the number of zeroes necessary to 


obtain a prol)able error of r will be given by n = 



With a new' instrunKSit, whi(‘h has not been used before, or one for 
which no values for the closing errors at the end of the different traverse 
sections are availalih*, the above! method cannot be us(‘d, })ut tlie probable 
error of a singhi ol)servafion can be foiiial by taking a large number of 
observations of a single angle. Let 27c“ be the sum of the squares of the 
rt‘siduals, i.e. the sum of tiu* square's of the differences l)etween each 
single observation and the mean of all the observations, and m the number 
of observations, liicn 


r U*G74o 


‘’V w 


and, as before, n 


r/ 
r- ’ 


This method, however, will generally give a lower 


value for r, than the first one, and this lower value will not be so reliable 


as the other since* the conditions of tin* test <lo not ri*produce in the same 
way all tin* varying conditions that are met with in the field. Conse- 
quently, if the s(*cond nictlnxl is used, it is well to adopt a value of n 
somewhat greati*r than that fouinl from the observations. 

It will be not('d that we havi* workeil out a value for r. whii-h is based 


on the assumjition tiiat the angles are ailjusted by distributing equally 
between them the angular miselosure found at the terminal azimuth 
station. Angh*s, however, are not always adjusted in this way. For 
c.\am|)le, the United States ('oast and Geotlctie Survey obtain corrections 
to all bearings and lengths by means of a least scpiare adjustment which 
takes into account the miselosure in position as wt*ll as the miselosure in 
bearing. However, as Yates has shown, the result of adjusting the angles 
by an t*([ual and rather arbitral^ distribution of the closing error in 
bearing is to reduce the probable linear displacement by about a half 
(Vol. I, page 239) and it is doubtful if a least square adjustment would 
reduce tliis further to any appreciable extent. Consequently, it may be 
assumed that the formula we have used above will still give a result 
wliich will be reliable enough for estimating purposes, even when the angles 
have been adjusted by least squares. If, however, it is desired to obtain 
the required degree of accuracy by the use of angles and bearings that 
have not been adjusted at all for miselosure, the formula to be used for 
the probable displacement at the end of a “straight ” traverse, due to 
the angular errors only, will be ; — 
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» r • ,,r(«+ 1)(2»+ 1)1* 

J?, = r„L8ml L 

which, when n is fairly large, reduces to : — 

Ji„ = r,.Lsinr^^ 

Had the first of these last two formulae been used in the example wo 
would have found r„ = ± 2''-54. 

There are several points that strike one about this investigation. The 
first is the large contribution wiiich the angular errors make to the jirobablo 
linear displacement when compared with that made by the linear errors. 
The standard of linear accuracy that has been assumed is by no means 
difficult to realise wuth w^ell-standardised invar tapes w'hen these are 
properly and carefully used. Hence, it follows that great care has to be 
taken to maintain a proper standard of accuracy in the angular measure- 
ments, and, considering how relatively easy it is to attain a high standard 
of linear accuracy, this standard should be maintained at as high a level 
as is conveniently possible. 

A second point is that the ratio of the closing error of a traverse to the 
total length is not an entirely satisfactory method of defining the aceuracy 
of a traverse, because the probable linear displacement at the end is not 
proportional to the length, and, in fact, provided standardisation and other 
cumulative errors are reduced to a minimum, the ratio should be much 
smaller for a long traverse than for a short one. It must, however, be 
said that, although sufficient reliable data from the field which would 
justify any definite law of closure being formulated do not yet exist, 
such data as are available tend to indicate that fractional errors of 
misclosure are now more directly dependent on the length of the travcusc 
than the figures taken above would suggCvSt. Hen(*e, it is possible that 
errors of a cumulative -nature are greater than those that we have 
allowed for. 

It should also be noted that the errors liere invest igateil are probable 
errors only and that the chances of the real error being greater than the 
probable error are equal to those of its being less. Conseipiently, if it is 
desired to make even reasonably certain (but not absolutely, which is 
impossible) that a given error should not be exceeded, the value to b(* 
adopted for the permissible probable error should be at most J to J of 
the given value. 

EXAMPLES 

1. Tho elevation of an instrument at A is 210-3 ft. Fiiul the ininirniiin height 
of signal required at 13, 28-3 miles distant, where the elevation of tho ground is 
296*0 ft. The intervening ground may be ansumod to have a uniform (flm-ation of 
150 ft., and the line of sight must nowhere l>e loss than 6 ft. above tho surface. 
Take h = -5738/)*. 

2. The elevation of an instrument at A is 142 ft. Find the* ininimiiin elevation 
required for a signal at B, 54 miles distant, if the lino crosses an arm of tho sou. 'I'ho 
coefficient of refraction is to ^ taken os 0*08 and tho mean radius of tho tuirth as 
3,960 miles. 

3. The altitudes of two proposed stations A and B, HO miles apart, are respectively 
2,066 ft. and 3,487 ft. The altitudes of two points C and D on tho profile between 
them are respectively 1,803 ft. and 2,216 ft., the distances being AC » 30 miles and 
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ad « 56 miles. Determine whether A and B are intorvisible for k = 0*07 and 
R » 3,960 inik'S. 

4. Describe, in detail, the field operations necessary for measuring a long base- 
line with extreme accuracy by means of a steel tape or wire. Knurnerate the correc- 
tions that must be made. 

A line, 2 miles long, is measured with a tope of length 300 ft., vi hich is standard 
under no puli at 60® F. The tape in section is J inch wide and inch thick. Jf one 
half of the lino is measured at a temperature of 70® F., and the other half at 80® F., 
and the tape is stretched with a pull of 60 lbs., find the correction on the total length. 
Coetlicioiit of expansion = 0 0000065 ; weight of I cubic inch of steel = 0-28 lbs. ; 
E = 29,000,000 lbs. per square inch. (Univ. of Lond., 19(»S.) 

6. A base lino is simultaneously measured with a stiicl wire and a brass wire. 
The length given by the steel component is 31.342-622 ft., and that by the brass 
component is 31,339-144 ft., both referred to the absolute lengths of the wires at 
32® K. 'I he coenicients of expansion of the steel and the brass components are 
respectively 0 0000063 and -0000100 per 1® F. 

Find thi length of the huso corrocto<l for t«,-mperatiire. 

6. The horiiKontal distance between two points on a roadway which is on a slope 
is required very accurately. 

The error of the standard tape at a known temperature and the coeiheient of 
expansion of the standard tape and of the tapo used to inea-jure the line and the 
weight of the measuring tapo are known. 

Having measured the line at a known b-mpt-rature, t4xplain carefully how you 
obtain the correct horizontal distoncu betw'ceii the ends of the hue. 

A line is measured on a uniform slope with a 100 ft. steel tapo pulk-d with a force 
of 10 lb., and is fouiid lo he 1,725 ft. long. The temperature at the time of measure- 
ment is 34® F. The tape is correct at 62'^ F., when the pull on the tape is 10 lb. The 
difference of level of the two eiuls of the line is 30 ft. Determine the horizontal 
distuneo between the two emls of the lino. Coellicient of expan>ion of the tape is 
0-000006 per degree F. (Univ. of bond., 1915.) 

7. The corrected measured length ot the Semliki base in Uganda is 16, ,334 05438 m. 
Its mean height above sen level is 645-4 m., and the radius of cur\ature of t)ie eaith 
computi-d for the latitude and azimuth of the base is 6,3.38,982 m. 

Calculate the length of the ba-^e reduced to si'a level. 

5. Computo the value of the currection duo to changt» f>f gra\ity in the case of 
the Lu-^.-iii'inoiith base line, the length of which is 23,526 ft. The lUO ft. tapes were 
stundiirdised at Southampton, in latitude 50® 54', at an elevation of 76 ft., the U-nsion 
being applii'd by 20 lb. weights. The same weights were used in the field measure- 
ineiit in latitude 57® 42' and at an elevation of 23 ft. The tajH-s stret di -OO208 ft. 
per lb. tension jmt tapo length. Take the radius of the earth ns 21 X lo* ft. 

9. 'I’ho circle of a thcoilolite is graduated to 5' spaces, and 5 turn.s of the micro- 

meter .screw- are reipiireil to carry the hairs from one graduation to the next. The 
forward and back readings to bo appliinl to the approximate reading of 97® 5' are 
3' ^ and 3' 4U-2 respectively. What is the correct reading ? 

10. Tho horizontal axis of a theodolite has an inclination of 5''-4. For a single 
observation in which tho left hand pivot is tho higher, computo tho correction for 
dislovelmcnt applicable to an angle the left hand station of which has an angle of 
elevation of 9® 35' and tho right hand station a depression of 4® 21'. 

11. Compute the value of tho correction to angle AOH for phase of cylindrical 
signals. The observed directions are 0.\ =* 39® 17' 34‘'-2, OH — S6® 52' 07''-4, and 
sun ~ 43® 25*'. The diuineU-r of the signal at A subtends 5' at the instrument, and 
that at H subtends 3', an<l tho pointing.s art> made upon the bright line. 

12. Directions are observed from a satellite station, 204 ft. from station C, with 
the following results • A, zvro ; H, 71® 54' 32'-25 ; C. 296® 12'. Tho approximate 
lengths of AC and HC are respectively 54,072 ft. and 71,2v83 ft. Computo the angle 
subtended at station C. 
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SURVEY ADJUSTMENT 

The following two chapters deal with the computing work which follows 
the derivation of the final field results of extended triangulation. 'Pho 
method of obtaining the final data from the field book figures by the 
application of corrections has already been indicated in the ])rcH*eding 
chapter. Those results are subjected to a 2>roeess of correction to eliminate 
apparent inconsistencies, and finally the triangle sides and the geodetic, 
co-ordinates of the stations are ealculatt'd. 

THEORY OF ERRORS 

Even with the most refined methods of angular or linear measurement, 
errors, however small, are unavoidahle. These arc evidenced by dis- 
crepancies between the results of rei)eated measurements of the same 
quantity and by non-fulfilment of geometrical relationships which should 
obtain between different quantities. Such inconsistencies must be 
eliminated by subjecting the field results to a process of adjustment 
designed to yield the most probable value of each measured quantity 
based upon the observed values and the conditions binding them together 

Classificatioil of Errors. From whatever cause arising, errors can bo 
classed as : (a) AUstakes ; (6) Constant errors ; (c) Systematic ciiors ; 
(d) Accidental errors. 

Mistakes arise from carelessness or inattention on the part of the 
observer. While their occurrence is always possible, mistakes of si^rious 
magnitude should never influence the final result, since the system of 
checking required in every surveying operation should expo.''e them. 

Constant errors arc those which have the same effect, and the same sign, 
for all observations. Systematic errors are those in which the algt^braic; 
sign and the magnitude bear a fixed relation to one of the ([uantilies that 
are being measured. Both con.stant and systematic errors tend, therefore, 
to be cumulative in their effects. In some cases, thoiigh not in all, their 
effects are understood and can be eliminated, some by the adoption of a 
particular routine in measurement, and otliers by the application of 
computed corrections. Such errors do not become apparent because of 
discrepancies between the results of repeated measurements of the same 
quantity. Owing to their cumulative nature, it is very important to 
eliminate their effects by the methods sufficiently emphasised throughout 
the text. 

Systematic errors need not always have the same sign throughout 
the whole of the work but may have one sign for certain j)arts of it 
and the opposite sign for other parts, so that, taken ov(t a very large 
number of measupments, they may tend, as regards their ultimate (‘ffect, 
to behave as accidental errors. An example of this occurs in precise 
levelling where systematic error may occur throughout the whole of one 
line, or throughout part of it, but, when taken over a whole series of 
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lines, or over one lon^ liruj, the diilereiit Hysternatie errors tend to vary 
both ill sign and in magnitude, and so to behave as accidental errors. 
Much the same sort of thing happens in taping and in traversing. 

Accidental errors include all unavoidable and unknown errors whicfi 
are (uitircly beyond the control of the ol)server, their chief characteristic 
being that they vary in sign, positive and negative errors tending to 
occur with ecpial irccuienry. Every observation is subject to numerous 
accidental errors, and, as these haiipen by mere chance, tliei.- algebraic 
sum, represi'iiting the accidental error of tlie observation, can be treated 
by the laws of probability alone. 

Kramples of Different ( loss, s „f Krror. la tin? uf haso inr*asiin‘inoat, ini.stak<*s 
<-on<*c‘iviihly o<mmip ia rea<iia«< tim tapo, t.ipo leiijittis, op booUiiip. 

'raf>iaj' with li tupo that is too or too stiort, o»* witli i>no for which there is an 
tMTor in the starnlitr<lisation, is a ^ood f*xaiiiple of a <.‘oiirttant ^rror. *Syftloinatio 
errors in taping ran arisr* from diffonsa-fs in toiiiperature during ineasnroment and 
the^o can ho ooiiiputod and allowed for when the tompf-ratures anrl coo»ticient of 
expansion nro known. Acridontal errors arise from, .immi^ otln i f-aiHo*. iinpr-rfeetion 
of oyt'sij'ht influencing' the operations of .standardising arul U'^inu the tape, iinporfoc- 
tions in thiu-moineter.s and spring; halaru'es, anrl the effects rd‘ ^rnall ami niornontary 
ehani^es of teni|jeratiire ami ten.-ion. 

in anj:!o im-asureniont, blunders, luivvovrT unlikely, mijht oi cur by •^ij'htiiig tho 
wron^ sij'ual, by n*j>eatiu^ an oiTon<‘ou.s inieroinetci or verrm r icadin;'. or by iisin;: 
the wronijr tanm*n‘ .v. (’onstant and systematic errors are din* to impr*rfcct 
arlju'^tiiu'iit of tho in*^trunu’nt and deff*et.s m the non-adjii-^table part-r. C'uiLstant 
errors may aris4* in tin* inea;,urr*inent of v«*rtjeal .inch throu<:h index error in tho 
vertical circle. 'I’lio errors of ^rarlnation of a circle teml to bo ftVsttmatu* and to 
obey a (h'finitr* law of periodi<*ity but their f‘tTeeis (‘an lie lar^r‘iy ehiiiiimt.'d in tho 
measiirem(*nt of hon/oiital an}.'fes, though not of vertn al om s, by linin': diffeient 
zmoes. .Xeeideiital errors ar(< dm* to sneh canses a^ limited r»‘fiTicin(‘nt of n,*ading, 
iinperft'et estimation of reading-^ and signal biseetioin, tin* etbn’ts nf irrcL'nlap atmo- 
spheric* refrai tmn, iin)M'rfeet inn of the ohs<*rverN sight and toueh in the l“velling and 
manipulating of tho instrument, etc. 

Definitions. A Dirrrt Midsurrmrnt is om* made direct ly «ni the quantity 
being determined, e.g. tlic measurement of a base, the single measurement 
of an aiigh*, etc. 

An Imlirect Mt/hsunmettt is oiu* in which the observed value is deduced 
from the iihnisui eiiicnt of some related cpianiities, e.g. the sides of a 
triangulation, the measurement of an angle by repetition (a multiple of 
the angle lieing measured). 

A Conditioned Quantity as opposed to an independent quantity, is one 
whoso value mu.st bear a rigid relationship to some other quantity or 
((iiantit i(‘s. 

'rbo Most Probable Value of a cpiantity is that more likely than any 
other to bo its triio valuo, and is the best result which can be attained. 

A True Error is the ditb'renee l)etwec‘n the true ami t^bserved values 
of a quantity. Since the true \alue of a quantity cannot bo ascertained, 
tho tru(‘ error is nover known. In the ease, liowevcr, of tlic summation 
of tho angles of triangles or polygoii.s or of jingles to close the horizon, 
llie true error of their sum is known. 

A Itefiidiuil Error or Residual is the dilTerence between an observed 
value and the most probable value of tho quantity. 

Tiic Weight of an observation is a measure of its relative trustworthiness 


r. A u 


K 
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In the course of a series of observations, the personal, instrumental, or 
atmospheric conditions may vary so that a uniform degree of reliabiiitj? 
in the results would not be expected. The results are then said to be of 
unequal weight. Numerical values assigned as the weights of a scries of 
observations are simply ratios indicating the relative precision of the 
observations. Weights are assigned by estimation, or in terms of the 
number of separate observations of equal reliability from which the result 
being weighted is derived, or by calculation from the probable error. 

The Laws of Accidental Error. After all known errors have been 
corrected out, the results of observations contain accidental errors only, 
and these are treated in accordance with the laws of probability. It must 
be understood that these laws are quite inapplicable to constant and 
systematic errors, which arc not considered further. 

Experience shows that for a prolonged sorit's of observations of tbe 
same quantity or quantities, under apparently constant conditions, 
accidental errors obey the follow’ing laws : 

(1) Small errors are more frequent than large ones. 

(2) Positive and negative errors are equally frequent. 

(3) Very large errors do not occur. 

The graphical representation of these laws is shown in Fig. 1 H). in 
which abscissa) represent magnitudes of errors and ordinates their 

respective fre([uencies or probabilities of 
occurrence. The third law as stated docs 
not lend itself to graphical interpretation 
^vith the others, but, if it is expressed in 
the form that very large errors occur with 
very small frequc'iicy, it is represented 
mathematically by making the x axis an 
asymptote to the curve. 

Equation of tbe Probability Curve. It 

may be taken that tin* nn^st probiiblc 
value of a quantity subjected to a .series of direi t and equally 
reliable observations is the arithmetic mean of the sc‘veral nieasiireinents, 
since there is no rea.son why one determination should influence the 
result more than anoth(*r. This ])rinciple being accepted, tin? general 
equation of the probability curve is found to be 

— 

y = ke 

where y is the probability of occurrence of an error x, k is a constant, 
c depends upon the precision of the observations, and e is the base of 
the Napierian logarithms. 

Genial Principle of Least Squares. When a quantity is being deduerd 
from a series of observations, then to every value which may be ado]>tcd 
for the result there will correspond a series of errors or differences between 
the adopted value and the several observed residts. The most probable 
series of errors is necessarily that derived from the adoption of the mt>>t 
probable value of the quantity. It is found from the probability equation 
that the most i)roV)able values of a series of errors arising from observations 
of equal weight are those for which the sum of the squares is a minimum. 
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In this manner is derived tlic fundamental law of least squares, which 
states that, for observations of equal weight, the most probable value 
of an observed quantity is that which maktjs the sum of the squares of 
the residual errors a minimum. It may likewise be dediiced that, for 
observations of unecpial weight, the most probable value of the observed 
(plant ity is that which makes the sum of the vv(*ighted s(|uares of the 
residuals a minimum. 

Most Probable Values of Directly Observed Independent Quantities. It 

has been stated that th<j most probable value of a quantity subjected 
to a series of direct observations of (^qiial weight is given by the arithmetic 
mean of the observed n^sults. This is in accordance with the law of least 
squares. Similarly, when the observations are of une([ual weight the 
most probabhj value is the weighted aritlimetic mean, obtained by 
multiplving each result by its weight and dividing tlie sum of the products 
by the sum of the weights. 

ExampU. — ViwiX tho inu^t prohable valiio of an angln of whirli innasnnMnciits 
unclor ciiil'orciit tMimlii idU'. jin* .OG® 12' weight 2, nrul .00'^ 12' S'-O, weight 1. 

50 12 3 2 x 2 = 112 24 0 4 
60 12 80 X 1 = 50 12 80 

3 ) 108 30 14-4 

Moat probable value - 50 12 4 S 

Most Probable Values of Indirectly Observed Independent Quantities. In 

the general ease of indiiectly observ(‘d (piantities the most probable 
values are dctermiiu'd bv the solution of “ normal e(piations ” compiled 
from “ observ^atiem ecpiations ** expressing the ol)>crvcd results. These 
normal e(juations are formed for each quantity of which the most prol.)able 
value is reipiired, and the latter are oi)taint‘d by simultaneous .solution. 

'ro form tln‘, luainal eipiation for any ipiantity, each observation 
eipiation is multi])lied by tin* algebraic coi*tiuMcnt of the ([uaiitity in that 
observation ecpiation, and tin* products are adtied. Wlu,. :he observa- 
tions are of unccpial weight, tlu' norin.d e(piatit»n for any quantity is 
formed by mnltiplying each obs«‘rvation eipi.ition by tlu* weight of that 
observation as well Jis by the algebraic eiK'tlieient of tlu* quantity in that 
(il)M*rvation e([uation, and the products are addetl. 

ExampU'. Kind the most probnble valutas of tho anglc'^ o, 6, and c at one station 
from tho lollouuu; ohj,orvtitionH ; - 


a = 

40 

13 

J.s 7, woij'lit 1. 

6 = 

34 

4(> 

15 4, 1. 

a -f 6 = 

74 

59 

430, 

rt -f 6 f c = 

132 

31 

07-3, I, 

6 1- c ^ 

92 

17 

42-2, 3. 


Kor the Rake of convoiiieiK’i' arrange' tho equations m cvtluiniiR thu'i 


ti 


40 

13 

2S-7. 

wi'ight 1, 


h 

34 

40 

15-4. 

1. 

a 

-i h 

74 

59 

43-0. 

•1 

ft 

\-b i - c - 

132 

31 

07-2, 

h 


6 -f c — 

92 

17 

42 2 
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To form the normal nquation in a, multiply each equation by the olgebraic coefficient 
of a and by the weight and add the results together, giving : — 

o = 40 13 28-7, 

2a + 26 = 149 69 200, 

a+ 6 + c = 132 31 07-2, 


4a + 36 + c= 322 44 01-9 
By the same process, 

o 

3a -f 76 -f 4c =3 604 09 65*2 = aormal 0411a t ion in 6. 

fi -f- 46 4“ 4'* =: 409 24 13-8 normal 041011 ion in r. 

On solving thoso equations, tho most probable values art* tbiincl to bo : 

o / « 

o« 40 13 27*25. 

6= 34 46 15-63. 

67 31 2600. 

It should be noted that, when the normal equations are written down 
in order and arranged in columns, the coefficients in the first equation 
are reproduced in the first column, those of the second equation in the 
second column, and so on. For this reason, the three normal etpiations 
in the examine would usually be written in tho j)urely ( onvi^ntional 
form ; — 

4(1 + 36+ c = 322^ 44' Or-9, 

76 + 4c = 594 09 55 *2, 

4c = 409 24 13-8. 

All normal equations, owing to this peculiar symmetry, can be written 
in this abbreviated manner, and it will be fouml that, by doing so, tIuTe 
results a saving in copying and writing and that the actual solution is 
considerably simplified and shortened. 

The labour of solution is greatly diminished by assuming a M‘t of 
approximate values for the unkno\vn quantities and then (hdermining by 
normal equations the corrections necessary to give tho most jirobalile 
values. The corrections so found must then be added algcl)raically to 
the respective assumed values to yield the most probable values of the 
unknowns. This method is almost invariably employed in ordinary 
computing work. 

Exampfe, P'or the previous case let it be CLssiiinod that tho approx iinato valiKfs of 
a. 6 and c are respectively 40^ 31' 28^-7. 34® 46' ir)''-4 and 57® 31' 26''-8, taken from 
observation equations 1, 2 and 5, and let rj, r, and represent tho unknown rosiilual 
errors made in the assumption, so that the inoHt probable values of n, h and c an- 
40'* 3r 28^-7 -h rj, 34® 46' 15^-4 -f r, and 57® 31' 26'-8 f r, re.speetively. 

The observation equations are to bo reduced in tf)rms of r,. r, and r, to express 
discrepaneies between tho various observed re.->ults and tbos<5 given by tin* aHsiimod 
values, tho latter being subtracted from tho former. Tlio rodiioed obsorvatioii 
equations then become : — 

r, =3 0, weight I, 

fj = 0, 1, 

+ '*1 *• — bl, 2, 

"h fg "t" Tj = — 3'<, 1. 

f , -f" r, sa 0, 3, 

Tt ^ill bo seen later that it is more convenient to transfer the absolute terms on 
the right-hand side of the equations to the left-hand sidos, the signs, of coiirse. 
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htftiiiK chan^od at tho saiiuj tirno and tho whole of eacli equation put o(4ual to zero. 
When thiH haw hoeii done, and th(3 equatiuriH arrant^ed in columns, Wf3 have : — 

— 0 , weight 1 , == 1 , 

r, - 0. 1. 1, 

ri f- r, 4- M =■- 0, 2, 31, 

Ti -f r, I r, I- 3-7 == 0, I, 0-7, 

+ r, = u. 3, 2. 

H«‘re w<' havn aihirMl an extra column at the ri^rht, tho uso of whifh will bo explained 
later. ProctMMlin^' as bi‘fore, tho normal ef|uation.s aro found to ho : 

4r, -f 3r, r, 1- 54 ) = 0. 8 -- 134) 

3ri f- 7r, 4* 4r, 4- 54) = 0, 4- 11)4) 

h 4r, 4- 4r, + 3*7= 0, 4- 12-7. 

Theso last three I'quations have the same eoetlh ient'. lor the iinkiHjwns as b- fore 
iind exhi^at tho same eharaetoristic form of Hyinrnotry already notieerl in tho previous 
example. Hence, they can bo written in tho conventional form : — 

4r^ h 3/-, 4- r, {- 0 -= 0, « - f 134) 

7^2 I- 4r, 4- 3-9 = 0 4- 194) 

4r3 4- 3*7 -= 0 |' 12-7, 

where it is undt'rstood that tho first term in tho secoiicl erpiation, and tho first two 
terms in tho third erpiatioii, have bc^en omittoii lait thf'ir coefiieients aro identical 
with tho numbers appearin^^ above tho coefiieients of r, and r, in tho extreme left- 
hand terms of th ) seiond and third e«piations. 

Tho solution of those thr* o normal equations gives Tj = — K-45, = 4- 0''-23, 

r, -= — 0''*80. By applying these corrections to tho assumed values, wo have, as 
before, tho most probable values: -n — 40’ 13' 27^-25, h— 34’ 46' 15"'-63, and 
c - . 57’ 31' 2tr 00. 

There i.s an extremely useful elieek on the formation of the normal 
ecjuations which shouhl always he employtMl. To the ri^ht of each 
observation equation in the above example we have written the sum 
of the absolute term and the coefficients of the r*s which occur in that 
eipiation. Multiply each of these quantities by the corresponding coeffi- 
cient of r, and by the weight and add the results. The figure obtained is 
I 4- 1- t>*2 I' ()-7 I' 0 - 1IM>, which is eipial to the Mim of the absolute 

term and the coctVu icnts of the r\s in the first normal eipiation. This is 
tin* check on the formation of that etpiation. Similarly, multiply each a 
by the coefficient of rg in the .M*cond observation equation and by the 
weight and add the results, 'rids gives j- ll)-l), which is the sum of the 
coefficients of the r\s and of the absolute in the second normal equation. 
This checks the formation of that equation. Similarly, for the third 
normal ecpiation, t)*7 I- t) -}- 12-7 ~ 1 + *1 + -^ + 'i*"- 

It w'ill be seen later that the summations wliich appear to the right 
of the normal I'quations not only check the formation of these eipiations 
but also provide most useful checks at almost (wery stage of the solution. 

General Formulae lor Observational Normal Equations. Let the 
observation equations be - 


o,ri 1- ftif. 

+ 

-t- f- . . . 

-}- i'l'',.. 

1- 

- = 0, wt 

= U’,. 

a,ri -1- 6./, 

-I- C 2'‘3 


1- ^*2^,. 

i- 

0, 

JCj. 

-1- ^3’‘2 

-1- Car, 

-i- J3C4 + . . . 

1' 

*i~ I 3 

-0. 

“j. 

+ Krt 

1- c./. 


4- 

+ 

= 0.’ 

w 
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where the r’s are the corrections to be found, the Z*s are tlie absolute terms 
transferred to the left-hand side of the equations, the u;*8 are the weights 
of the different observations and the a’s, 6’s, c’s . . . fc’s are numerical 
coefficients. Then the normal equations which have to be solved to give 
ri, ra, rg, . . . are 

+ fuvrrjrg -f- • • • -h -= 0, 

[u;to]ri + -\- [wbe^rn + • • • + \wbk]r^^^ + [fM] -= 0, 

+ [wcb]ro + [wc-]r^ + [wck\r,^^ + [wd\ --- 0. 

[ivka]r^ -1- [/e/:/>]r 2 [irkc]r^ + . . . 1- -f [wkl\ -= 0, 

where [ ] denotes suinniation,*" so that : — 


[KYl=l 


-I- 

-f -I- . . 

• -b 


- u\n^b^ 


1- -1- . . 

■ 1 1 

[avm] 

= K-ia,ri 

-!- W 2^1 2^ 2 

H- «V»3'’:i -1- • • 

• 1' 


■ . «•,&>- ■ 


-1- 1- . . 

■ ' 

[a*6«] 

-= 

-b lV2h^2 

+ W3*3"3 t- • • 

• ■IkA,.'K 


and so on. 

Since [teba] == [icab ] ; [wca] — [mic \ ; [web] = [wbc], etc., the tcMins 
lying to the left of those containing ; . . . in tlw* 

second, third, etc., equations are usually not written down, so tliat tlu^ 
normal equations are (‘xpressed in the abbreviated, but purely conven- 
tional, form : — 

[wa^lr^ f- \w<ib]r .2 -1- [ic(ic\r^ 1- . . . 1- ftmfcjr,,, 1* \wal\ - 0, 

[?/;6-^lr2 + Mcjrg t . . . t' -\- fa'Wj - 0, 

r^rc^Jr., t- . . . ! 

hri--lr.. \ [wkl\ 0. 

When written in tliis abbreviated form, tlie sec«)nd, third, fourtli, «*tc., 
equations are, of course, not complete, as it must bt‘ underst«)od that 
there are oniitti'd terms in r^, rg, r,. . . . r,„ , wlios(» coetlicients are 
identical with tliose that appear immediately above tlie 1 1*1111 at the 
extreme left of each equation. 

We also note that if 

s,=ci, + b, -\ \ d, I- . . . \ k, l-/„ 

62 ^ (to -r ^2 "b ^2 I' ^^2 b • • • ' ^**2 ' ^2» 

"b b,^ -b + (I., b • • • b b I..- 

Then 

u^^aySi -- \ b b • • • b I 

w/J^S2 -■= ii\A2 b 1“ f t' • • • i f' 


+ '^n^K + • • • 4“ I' 

• The Hyinhol 2 (Oroek capita] siKina) is often used in inathoiiiiitioal work to 
denote summations of this kind, in books on Inast H({iian's iippliod to siirvc^'iiu', 
the symbol [ ], as used hero, is innro conorally omployod. 
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Hence, 

[ims] - [wa^\ 1- [wab\ h [ux/c] + . . . + [^mlc] f [wal]. 

Similarly, 

- \wba] 1- \ wb^\ I \wbc] . i \wbk\ 1 [wbll 

[wks] [wka] + [wkb\ 1- [wkc\ -l- . . . + \wk^\-\- \wkl], 

Thosn relations giv(j the sinninat ion li-Ms for tlio formation of the 
iKu inal cM[iiations. 

Unless eare is taken to eairv out the arithmetical work methodically 
and to apply the summation test for (nicIi erpiatioii as it i-^ formed, it is 
very easy to make a mistake when forming the normal eipiations. A good 
plan is to ])ro(‘eed as follows - 

Fiist form a table giving the weights, eoeflieients, absolute teim and 
tlie sum of tluj eoeflieients and abM>lutf‘ term for each observation equa- 
tion. 'riius : — 


u 

fx 

'• 1 

r% j 

1 

r ^ 

/ 

t 




Cl 

j • • • 








fi f • . • 

'■i 


'U 

‘'*1 

<h 

s 


3 • • • 

A, 


u 

u\ 

a , 

f, , 


/ . . 

1 

1:. 

/ 

i 

It 


X(‘xt form a tal)le giNing tlu* ]»ro<luet'' of tlu‘-e weights and coefficients, 
column by column, U]) to tin* prodiufs of the and by the it;'s and 
and taki‘ tlni '^uni in each column a'^ in tlu* table on pa»i* Jti4. 

In this table, tlu* of the indi\ulu.il ct)linnns gi\i* the eix*fficients 

in the normal ecpiations, and each normal ^‘quation a•^ it is formed is 
cheeked by seeing if the Mims of the dillen‘nl uHllieients atld up to the 
sum in the columns containing the ts's. 


Thus, w'ith tlie example already given r— 
( 'Observation Eqnaiionf<, 


to 

r. 

ft 

r. 

1 

I 

1 

0 

0 

0 

I 

0 

1 

0 

0 

2 

I 

1 

0 

+ M 

1 

1 


1 

-f 3" 7 

3 

0 

1 

1 

0 


1 

1 


+ 31 
+ 6-7 
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Formation of Normal liquations. 


[wab] 

[uae] 

[tval] 

[uHii] 1 


[wbe] 

1 

Md ! 

1 

[ttw-j 

1 [wei] 

Cures] 

0 

0 

0 

I I 

0 

0 

i 

0 1 

0 

1 

! 0 

0 

0 

U 

0 

0 1 

1 

0 

0 ! 

1 ! 

0 

0 

0 

o 

0 

1 2-2 

i i- ‘ 

2 

: 0 : 

}- 2-2 ■ 

f- fi-2 1 

0 

1 ' 

0 

T 

1 

-1- it*? 

-h «-7 i 

I 

1 L 

} 3-7 : 

h 0-7' 

1 

'q 3-7 ' 

f- 6-7 

0 

0 1 

0 

0 ' 

a 

3 

! 

6 ; 

3 

0 i 

6 

1 

; 1 

1- 

1 130 

7 

1 4 

1- 50 

f- 10 o: 

4 

; h 3-7 

4- 12-7 


t 


In addition to tlio ordinary checks given on page 26J, there are two 
additional oiu^s wliich can he formed by adtling three columns (not shown 
above) headed [wi^\, [wls], and [u%s-J to the table for the formation of the 
normal e([nations. Then — sum of the absolute terms in the normal 
(M| nations plus and -= [tvas] + [?f65] -j- + [ivds] + . . . 

|- [yeAs'l. Thes(i additional terms arc set out in the last two rows of the 
ff)llo\v'ing tabulation of the eoeflieients, absolute terms and sum or clieck 
terms in the* normal (‘(piations, the first three rows l)eing the normal 
t‘(piations themselves The whole of the checks are tluMcfore : — - 

4 1- 3 + I h od) -- 13-9 

3 1- 7 -}- 4 -h r>*9 -- + 19*9 

1 + 4 -I- 4 + 3-7 - 12-7 

.•>•9 I- 0*9-1 3*7 + Ifi-Il 31-fil 

13*9 ; llh9 i- 12*7 r 31*61 - 78-11. 


Normal Equations, 


ri 




/ 

i 

\ 


3 

1 

• f- .vy 

+ 13*9 



7 

4 

r 0*9 

f- 19-9 




4 

+ :{-7 

-f ll’-7 





i- Ur 11 

-f 31*61 






+ 7S-11 i 

1 


Solution of Normal Equations. The lal^our of solution of normal 
eijualions, which may ln‘ very heavy if the number of equations is large, 
will be greatly ri'duet'd, and the elianees of error lesMUied, if a sound and 
systematic nu‘tlu)d is followed throughoiit. Very fortunately, simple 
cheeks are available which can be used to cheek the work in all its stages 
and to hx*ate an error when one is made, 'fhe method can best be followed 
by studying a sim[)l(‘ example, and. although the one now to be given 
consisl-H of only thre<' eipiations and three unknowns, a close examination 
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of it should enable the reader to solve any number of equations. The 
actual working is first set out and then follows an explanation of it line 
by line. Another example, with four equations and four unknowns, is 
given on page 276. 

Take the three normal equations which wo have just formed. The full 
solution is in two parts, and the first i>art, often called the “ forward 
solution,” is set out as follows : — 


Lint 

ft 



1 

» 

1 

4 

3 

1 

il 9 

13*9 

2 

- 1 

- 0-75 

- 0*25 

- l*47a 

- 3*476 

3 


7 

4 


19*9 

4 


— 2-2r> 

- 0-75 

- 4 425 

-- 10 125 

5 


-f- 4^5 

-f 3-25 

1*475 

1- 9*475 

6 


- 1 

~ 0-6S42 

- 0 3105 

-- 19947 

7 



4 

3*7 

12*7 

8 



- 0-25 

- 1 475 

- 3 475 

1) 



2*2237 

-- 1*0002 

- 04S29 

10 



4- wnFiis 

i- 1215S 

1 2Tr2i 

11 



- 1 

- 0*700() 

- 1*7906 


Here : 

Line 1 = The first normal equation. 

Line 2 = Line 1 divided by 4, tlie cocllicient of with signs rcvtused. 
Line 3 = The second normal etpiation. 

Line 4 = Line 2 multiplied by 3, the euellu icuit of r, in line' I. 

Line 5 = Algebraic sum of lines 3 and 4. 

Line 6 = Line 5 divided by +4*7."), the eoetUeient of in that liiu', 
with signs reversed. 

Line 7 == The third normal e<[uation. 

Line 8 = Line 2 multiplied by 1, the eo<*fli( i(‘nt of T;, in line I. 

Line 9 = Line 6 multiplied by + 3*25, the coenichuit (;f r.^ in lint* o. 

Line 10 = Algebraic sum of lines 7, 8 and 9. 

Line 11 = Line 10 divided by + bo263, the coefficient in that liiu', 
with signs reversed. 

This completes the first, and by far the larger, i)arl of the solution and 
leads to the value for r^, which is the figure, -0-7966, in the last line of 
the I column. 

The checks so far are : — 

(1) The sum of the figures in the “ r ” and “ I ” columns of lines o 
and 10 add up to the figure in the “ s ” column of the same lines. 

(2) The sum of the figures in the r ” and “ I *’ columns of lines 2, 6 
and 11 add up to the figure in the “ 8 ” column in the same lines. 

If these checks are not fulfilled, there is an error .somewhere, and, if 
this error is not to be found in the additions, it is most likely in one of 
the lines 4, 8 or 9 which can be examined line by line as follows : — 

Line 4 is the product of the entries in line 2 multiplied by 3, the co- 
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efficient of in line 1. But, in line 4 the product 3 X — 1 has not been 
written down under r|. Hence, taking this term into account, the sum 
of the entries in the “ r ” and “ I ** columns of line 4 is — 3 — 2-25 — 0-76 
— 4*425 = — 10*425, whicli is the entry in the “ 8 ** column of that line. 
Again, take line 9, which comes from lines 6 and 6. The omitted term in 
this lino is -f- ;i-25 X — 1 - ;i-25. Then we have — 3-26 — 2*2237 — 

1*0092 = -- 6*4829, wlu(;h agrees with the figure in the “ a column. 

The wholes process, perhaps, will be more clearly understood if each 
ecpiation and the difTerent sle]>s are written out in full as follows : — 


inn ( 1 A) 

! ir, 

{ .‘i-COUOrj 

-1 lOOOOr, 

+ 

5-9000 = 0. 

.. (-’-A) 

- n 

0-7ri00r, 

- o ^soar. 


1-4750= 0. 

(:«A) 

1 :{/■, 

1- 7 0000r, 

4 U000r, 

1 

r 

5-9000= 0. 

.. (lA) 


- 2 L>r»00r, 

— 0*7. '/OOr, 

— 

4-4250 - 0. 

.. (■*A) 

0 

! 

1 ir2500r. 

i"” 

r 

1 4750 = 0. 

.. (*iA) 

u 

- lOOUOrj 

- U <3S42r, 

— 

0-3105= 0. 

.. (7A) 

1- 

i 4 OUOUrj 

1 4 000l>r, 

■1 

3-7000 = 0. 

.. («A) 

- 

- (J-T.lOUrj 

0-2r>O0r, 

— 

1 4750= 0. 

.. (-'A) 

u 

- ;{*2.''iUUr. 

- 2 2237r, 

-- 

1-0092= 0. 

.,(I"A) 

u 

0 

i l-52a3r, 

f 

1-2158 = 0. 

..(IIA) 

0 

U 

- lOOOOr, 

- 

0-79»)e = 0 . 


If will lie seen liiat ilie 3rd and 4th lines lead to the elimination of 
Tj, and the 6th line to an e(|iiatioii in rg and rg with minus one as th(‘ 
cornieient of rg. The 7th, Sth and 9th lines lead to the elimination of 
rg, and the 11th to an equation in rg with minus one as the coefficient 
of r-j. 'fhe e(|uations repress ‘nt(.‘d by the 2nd, 6th and 11th lines are 
called the “ der ived noimal e<piations/* 

So far, \M^ have obtained the value for /'g hut we also want the values 
for ro aud r^. The arranmmieut of this part of the work is as follows : — 


r. 

1 ChiM’k 


Check 

1 , 

1 Check 

- 0 

i 

(1 3I(»5 
i- U 54.70 
f TP/alT) 

1 

I 1)947 
-f I 2292 
- 0 7055 

- 1-4750 
f 0-1992 

- 0-1759 

- 1-4517 

- 3-4750 
f- 0 4492 

4- 0-5741 

- 2 4517 


giving rj ^ - - r*4r) ; rg -- + 
values a 40’ 31' 27 "*25 ; h - 
In this it will l>e notieerl that 


0"*23 ; rg : - — 0^*80 and the corrected 
-- 34^ 46' 15"*63 ; 57^’ 31' 26"*00. 

— 1 added to each of the summations in 


the r,, ro and rg colnmns is equal to the Miinmafion in each of the respec- 
tive cheek eoliiinns. 

In this ]>ai‘t of the solution, whii*h is often ealled the back solution, 
we morel V substitute the value i»f rg, found in ec[uation (11 A) above, in 
the dtM'ived normal ecpiatioii (6A) to get rg, and then the values of fg and 
rg in the dvrWrd normal equation (2A) to get r^. Thus, in the third and 
fourth (U)hinins of the hack solution, the quantities — 0*3105 aud — 1*9947 
in the first line are the “ I ” and “ a ” terms in line 6 of the first part of 
tile solution. The <piantities | 0*5450 and [ 1-2292 are the values of 
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Ta and its check multiplied by — 0*6842, the coefficient of in line 6. 
Similarly, in the last two columns of the back solution, — 1*4750 and 

— 3*4750 come from the “ I ” and s ” terms in line 2 of the first part 
of the solution. +0*1092 and +0*4402 arc e<iual to ~ 0*7066 and 

— 1*7906, the values of and its check, each multiplied by — 0*25, the 
coefficient of in lino 2, and —0*1759 and + 0*5741 aro t' 0*2345 and 

— 0*7655, each multiplied by — 0*75, the coefficient of Tj in lino 2. 
Normal equations are most conveniently solved by using a computing 

machine, but logarithms may also be employed. If logarithms ar(* used 
it will bo noticed that’ many of them occur more than once. Hcncc, the 
logarithmic work should be preserved as it proceeds. The best plan is 
to work on a definite organised scheme, and such schemes for logarithmic 
solutions are given in most text-books on least squares. A convenient 
scheme for use with a machine, as devised by Daubrasse, is described by 
E. H. Thompson in the Empire Survey Review, Vol. Ill, No. 20, April, 
1936. 

The final check, both on the formation of the reduced observation 
equations and on the formation and solution of the normal equations, is 
to apply the corrections to the assumed approximate values of tin* un- 
knowns and then substitute the corrected values in the original obs(‘rva- 
tion equations. The latter will not be entirely satisfied but will leave 
small residuals. The check then is to take the squares of these residuals 
and multiply each square by the weight of the corresponding observation 
equation. The sum of the quantities so obtained should then be equal 
to the sum of the quantities formed by multii)lying th(‘ square of each 
absolute term in the observation equations by the weight of that e(iuation 
plus the sum of the products of each coiTcc'tion and the absolutt^ term 
in the corresponding normal equation. Symbolically, this may be (‘X[)re>sed 
as : — 

\wv^^ = r^[wal\ + rj^whl] + . . . + r,+ci*/J 1- 

where \wv^] is the sum of the. weighted squares of the residuals found by 
substitution of the corrected quantities in the original ohservatiou 
equations, r^, rg, . . . are the corrections and [mill [wht\, . . . |/cA7J 
are the absolute terms in the normal equations. 

In the example : — 

Sura of weighted squares of the absolute trrrns of tiu' obMorvati(iU 

equations = Ix0-flx0 + 2x (M)* 4- 1 X (.'l-T)® f :i x 0 h I b) 

Sura of the products of each correction and the absolute terms in the 
corresponding normal equation = — 1-45 X 5 U -f- U-23 X 5 U - U su 
X 3*7 ™ 10 l.is 

■f 

Sum of weigh ted squares of the residue Is — 1 x (1-4.'))* 4- 1 X (0-2.'l)*4- 

2 X (0*12)» 4- 1 X (1*68)» 4- 3 X (0-57)* - f 5 1)11 

The small difference of O-Oll is due to dropped decimal places and 
hence the work may be assumed to be correct. 

Most Probable Valaes o! Conditioned Quantities. When the quantities 
of a set must fulfil rigorous geometrical relationships, the mo.st probable 
value of any one quantity is influenced by the results of observation of 
the others. The problem is to ascribe a most probable set of values to the 
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unknown (quantities and not those which, if no conditions had to be met, 
would aq)pear from the observation equations to be the most probable 
for each. 

With conditioned quantities, therefore, there are, in addition to the 
observation equations, one or more equatioas of condition, which are 
always fewer in number than the unknowns, and which exhibit the 
conditions to be fulfilled. Thus, if a, 6, c, and d are angles closing the 
horizon at a station, the equation of condition to be satisfied is (a+6-fc+d) 
r-- 300°. If this is written as d ~ 300° — (a -|- 6 -f c), it is only necessary 
to find by tlie iirevious nujthods the most probable values of the indepen- 
dents a, 6, and c, and then evaluate the dependent d. Grenerally, if 
there are n unknowns connected by m independent conditional equations, 
the number of independent quantities is (n — m), the remaining un- 
knowns lieing expressible in terms of these independent quantities and 
obtainable from tliera. 

'ibis method of dealing with conditioned ([uantities is suitaVile for many 
of tlui simj)lc cases which may l>e (uicountered by the civil engineer, and 
is illustrated by the following examples. 

Example 1. The observatioim closing the horizon at a station are : — 

72 30' 42"‘2, weight 1, 


b ^ 01 07 20 -4, 2. 

c = 75 45 12 *8, 3» 

d = 42 23 3S 0. 2, 

e = 108 13 08 9. 1, 

fi -I A -= 133 38 04 -7, 1. 

c -f d -^ 118 08 48 -9. 3. 

e \ a 180 43 53 0, 1. 


( fjccitioti : fi i- 6 •- c j d e ^ 300^, 
t'lrul tin* 111 *'"! 

'1’Im* iniinl***r «>i it'inii nt «piantitu-> i'' 1. l.ft * Im* tin* ili'p^iulrnt and 

1 ft tin* mi'^t I u'nl ».il )li* Nfiluf'* of rf. h, r .iinl </ 111* : 

72 3n 12 -2 f ^ til 07' JtJ" 4 - r, : 

I 7:. i:» 12 S r, ; d 42 23’ 3s'' n - 
'rin-ri tin* iMrn-. t n.iIih* nt’ » 3*ie i*/ b r / r^ r^) - 

Ins' 13' tui'O (ij /•_, /, .ind tin* n*diiM*d nl»M‘r\ at ion cicMtiuit.^, 

Wllttfll Ml t.lliuliir tnllM, lu'inMn* 1 

,r /-J /, r, I •> 

I I M M n M 1 

n I n n n I 

M 11 I n o I 

•j n M o I e 1 

I I I I I 2 3 0-3 

I I I n 0 21 - 0l 

;i n M 1 I 10^ 3 0 

I M I I I 4 2 - 7-2 


ci\iii^ tin* normal I'liiiMtioMs 



''i 

I 



I 

tt-2 
\ 4 
12-2 
12-2 


15 4 

2S.2 


'4 

I 
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Solution of these equations gives : — 

rj = 4- 0'*89, r, = - 0'*45. r, = - =« - 118. 

Henoe, the corrected values are : — 

o= 72® 30' 43''09; 6= 61“ 07' lO'-Ofl; 
c c= 75 45 12 01 : d » 42 23 36 -82 ; 

9 » 108 13 08 13. 

In this example the final check is : — 

[wl*] = 4 38- 17 

rj[iwiZ] 4 r,[M;6Z] 4 r,[wW] 4 rJ[w>IL] ^ — 25-836 


Sum = 4 12-334 

[ttJW*] = I 12-385 

The small difference of 0-051 is due to dropped dociinnl pli\cos, os may bn verified 
by working to throo or four, instead of two, decimal places. 

Example 2. The angle observations of two triangles ALK^ and HCl), having a 
common side, gave the following results of uniform weight. 


bag (I = 

48 

01 

17-0, 

AHC= 61 - 

56 

34 

02-4. 

OBD= 6, = 

67 

12 

00 - 8 . 

ABD - 6 

123 

46 

05-6 

AGB = c, 

75 

24 

42-1, 

BGD = c, = 

42 

50 

07-0, 

ACD=- c = 

118 

14 

46-2, 

BDC= (1 = 

69 

57 

50-1. 

The conditional equations are : — 




bi 4 bg 

= b. 



+ C-, 

^ c, 



a 4 bi 

■h Cl = 

^ 1 S 0 \ 

d 4 - bg 


^ 1 SU“. 


The number of independent quantities is 4. Let thoM* bo h^, and c,. 

Using reduced observation oc|uations with assumed vadues for the indi-pnnd>>nt ^ 
as given in the 2nd, 3rd, 5th, and 6th observation equations, airid li'tling r^, r,. fj, 
and represent the curreefions for /^j, Cj, and c, respi*ct iv»‘Iy, wo have, on 
eliminating the dependents, the reduced ob^M-valion eqiiatiorn. 



h r. 

f 15 

n. 



- 

0 . 




0 , 

'■i + r, 


-21^ 

0 . 


^3 


n. 



Tg 

0 , 



4 r. 1- 2-9 - 

n. 

»-| 


d- rg - 2-1 

0 , 

yielding the normal o<|untionH : 




3ri 4 r, 

r rg 

- 0 9 = 

0 . 

3r, 


1 rg — 4-5 

n. 



1 r4 4 11 

0 . 


3r4 4 0-S O. 

solution of which gives fi = d (^-29, r, — -j K-49, r, - U 17, 27. 

On application of these, the mo.st probable valurw .u-c ; - 


a .. 48 

01 

16-68, 

6, = 50 

34 

02-69, 

6, = 67 

12 

02-29, 

Cj 7a 

24 

40-63, 

Cg ^ 42 

50 

06-73, 

d s=s 6!l 

57 

.50-flH. 
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Method ol Correlatives. When there arc several conditions to be 
fulfilled, the most probable values are usually obtained by the use of 
undetermined multipliers, called “correlatives.” 

Taking the common case in which the observations are direct and 
equal in number to the unknowns, let there be n observed quantities, of 
wliicli the most probable values are ar|, x^t etc., and the observed values 


iHV Oj, 02 » 

The n observation equations are : 

Xi [- ^ 1 , weight 

Xi --= Og -f- rg, weight etc. (1) 

bet the in conditional esjuations be 

a t- • . . = qi, 

f b^rcjj 1- . . . = qj, etc (2) 

Substituting (1) in (2) \V(‘ have 

1- . . . a,.r, ==qi -[ao] -= — Uj, 
bjr| f- by., \- . . b/, — q.^ — [bo] = — Wg.etc. ... (3) 

t\)r the most prcdMble values c»f flu» residuals, 

I' • • • = a minimum, 

or t n\r/ir.^ f- . . . w rfh\ — t) (4) 

Ihit, dilTeu*nti,itiii<r (3), 

ay/rj + a odr., f . . . a//r, 

hy/r, ! b//r.j [> . . . \\dr ~ 0, etc (5) 

Forming the in e([u;itinns (o) into a singh‘ ecpiivaliujt (‘quation, wc have 

iti(ay/ri ;• ao^/r., t- . . . a//r,) b A*..(by/r, p b.,dr.> }■ . . . b.drj f- . . . 

-0, ( 6 ) 


wlirre /t*p .../.’ arc independent e<)n>fants or correlatives. 

iMpiafing (ti) and (1), since the vahies of r/r,, (*te. are sirnultaneou.s, 
we ol)tain, on reariMiming tljc terms, 

(i'rh !■ r . ■ . k .m, - dr^ -f (/j^a.^ i- k.h., h . . . ^..mj 

■ ir,rn) dr.y 0 (7) 

in whieli the eo(*ttieifnts <»f the dilTereniials mu.''t eaeli l>e zero so that 


i-iUi I- A-oiq t- ... A- VU ^ u*,ri, 

A-iUo \- k.yhn h . . . A*,.in.^. -= etc (8) 

Substituting these values (»f r^, rj, etc. in (3) wt* (d»iain 
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Equations (9) are solved siinullnnooitsly for k,, . . . k „, ; and Vi, 
fj, . . . r„ are then obtained from (8), wlience arj, x^' . . . x„ from (1). 
As in the case of the normal equations derived from observation 


equations, we observe that, as = [*S]’ 

t ebn rbcT 

“ = ~ , etc., equations (9) can be written in the conventional 


and abbreviated form : — 




It will also b|? observed that, in the normal equations formefl from 
observation equations, each absolute term in tlio observation (‘([nations 
is multiplii'd by the weight of olxservation and by tlu* eoeflicii'iit of one 
of the unkno^\^ls, and the results me added together to gi\e the 
absolute term in the normal c(iuat ions. In tlu* above (‘qiial ions, wliieli 
are called the “correlative normal equations, “ the absolute terms are 
not the result of similar summations, but are simply the absolute^ tmins 
in the conditional (equations themselves. Anotlier difTerenee betwe^en 
observational and correlative normal equations is that, when forming 
the observational normal (‘q nations, the cwfficients that an* to lu* 
multiplied together occur in the same equation ; in forming the 
correlative normal equations, the coi'fFiciints tliat are to be multiplied 
together occur in the different condifhmal (‘quations. Hence, in the 
table used for forming the observational normal equations, the coeffiei(*nts 
in each observation equation arc written in horizontal lines, ])ut, as will 
be seen later, those of conditional equations are nujst conveni(‘ntly 
tabulated in vertical columns. 

Note also that in forming observational normal equations the squares 
and products of coefficients arc multiplied by the weights thems(dv(‘s ; in 
forming conditional normal equations these squares and j^i’oducts are 
multiplied by the reciprocals of the weights. 

Corresponding to the summation checks in the formation of ordinary 
observational normal equations, there arc similar checks in the case of 
the formation of the correlative normal equations, but in the latter case 
the absolute terms are not included in the chock. 
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Let Sj — -(- bj + Cj 4" (Ij ... 4" 

= Hiim of (5oefIi(4(*ntH of in tin; conditional equations. 

^2 — **^2 t ' ^*2 I ' ^*2 I ” ^^2 “ 1 ^ • • • *^^^2 

^3 ” **'3 I" ^^3 1“ ^*3 H *^3 "h • • • "1^ ^*^^3* <^‘tC. 

Then 

^ .L L ‘ilia L ^jlLl + 4 . 

= -‘A + *‘.*'’2 .J. <*^2 .,. -^^Az 

W 2 IV2 W 2 W 2 W 2 W 2 

and \v(» have 



Similarly, 



.sum of coeflieicuits in the first correlative normal equation. 
— sum of eoeflieients in second correlative normal equation. 


In addition, we have; 


‘1‘li 

. "'±> 

s,l., s,t^, s4, 

M,', 

U'l 

' // 1 ‘ 

S .,S 0 

S 2« 1 2 

S oh <) S oC 0 Sod.] 




Wo 

^ U'o 

‘ Wo Wo W2 


SilUi 

“r ~ 


SollU 

, etc. 



The method (»f forming the* ei>rrelati\e normal equations and n[ cheeking 
them at) tlu’V are formed will lu' .stvn from the following example in which 
all the weights are unity. 

/•.’./ f/ /// /i/* . Fiiiil tlu» iimst |)rol>ii])li* vahu*'; of the aiiLrl»'«< of K.c. 2, liTU, by the 

inettioil of uorrrlativos. 

Lot Tp Tj, . . . Tg b(} ihi' uurrei-tioiis to tho aiiiilos (/, . . . »/ irj the order given. 

Hen* the \veiglit>i are all unity uri-l the coiiditnmal eipianoii>. (iJ) are 




Tg - rj 

- <•, + -y-i = 

u. 





^7 - '•s 

r, - 2 •!* - 

u. 





'■j 

i r, (- 1 •.) - 

u. 





''a -f- '•a 

f- r. - 2 1 = 

0. 



tlie coc'Hh 

i('iit'4 in w hieh 

in.iv !m' tabulated n^; follows 

: - 



r 

1_ 

(1 

b 

e 

d 

« 


«' 






Ty 

1 

U 

0 

1 

u 

f 1 


1 

- 1 

U : 

1 

0 

u 

Tg 

1 

^ 1 

U 

U 

f- 1 

t) 

fg 

1 

1 1 

0 

0 

t) 

f 1 

Tg 


u 

- 1 f 

1 

u 

u 

Tg 

1 

0 1 

- 1 

u 

h 1 

u 

Tj 


u 

h 1 

t) 

1) 

■f 1 

Tg 


0 ; 

0 

0 

+ 1 

1 -f 1 
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Tlie coefficients in the ronvlative normal equal ions are then found by 
tabulating : — 



Here all the cheeks arc fulfilled since* we* have - 



The correlative neuinal e e|uatie)ns, ^\Jle•n uritfe ri in e e»n\ ml iemal fnnn, 
are therefore : — 

I 0 - A’., /. j ! 

- L, h, 

;i/.-3 '• o i 

:u-, 

solution of which ^ives : — 

/*, r- -o oi;} 

- I j 

- - o :iL>o 
k\ - -I- 0-8S0 

In obtaining r,, rg . - . r^, the eoe*fTie‘ie;n1s in e*(|uatie)ns (S) are* those* 


2 -A U 

2 b n 

lo 0 

21 0 
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jrivi'ii ill tiic I able eii |)agc 27H wliieli was used in foniiiiig tlio correlative 
normal (jqiiation.s. 'rinni 

"•= + ^ j -- -- 

rjj = - A, + *3= -f. {) .29 

^3 - /‘'i h *4 = + 1 -49 

^4 -= — 0 *01 

'■ft -= -- ^-o I- lc.y-^ - 1 -^7 

r, - + --0 -27 

^7 = + ^*2 = - f - I * 1.7 

^ g = "I” ^4 = -f” 0 *88 

On ai)i)l>'ing llicsc convctions tot ho observed values, we have the most 
|)rol)a])le values. 

a = 48*^ or 17'-() - (r-32 = 48^ 01' l(r-G8, ete., as before. 

Wlien tlie.se values are .substituted in the conditional equations, the latter 
should be .satisfied to within one or two units in tlici la.st decimal place, 
'riii.s is the final chock.* 

Solution of Correlative Normal Equations. solution of Die corre- 
lative normal equations is carried out in i‘xactly the same manner a.s in 
the case? of normal equations derived from ol>scrvation equations. The 
coefiieients of the eoi relativ(‘S and the absolute term in each normal 
equation an* abided together to give a sum term and tliis sum term is 
used as a check in (*xactly the same manner as before. The solution of 
the four correlative normal e([uations found in the last example is given 
on i)ag(' 27t). 

decision of the Most Probable Value. Wlu ii the most probable value 
(»f a (plant ity has be(*n obtained, it is d -'.iraiile to have some index of 
the pn'ci'^ion of the rc'sult. Thereby the relative accuracy of different 
.series of ob.s(*rvat ions may h) a.seertained, and, for purposes of adjustment, 
weights based on the value of the index may be ascribed to each. The 
number of iiidi\ idual measures of tin* ({uantity and t heir consi.stency afford 
data for e.->t imat ing thfj probalde pri‘eision irf tlie n‘sult. Tliree criteria 
an* em])K)y(‘d, viz. probable erior, nn* in .'^([uari* error, and mean error. 

The Proh/ihln Error (|[>.e.) is of such nngiiitude that the probability of 
the true t'lror bi*ing larger is (*qual to the prol)al)ility of tlie true error 
being smaller than the probalile error. In other words, in a large series 
of observat ions t In* probability is that there arc as many errors numerically 
greater tlian the yirobable error a.s there are smaller. 

The Mmn Square Error (m.s.t*.) equals the square root of the arithmetic 
mean of the .squares of the individual true errors. 

The Mmn Error (m.e.) is tlu* arithmetic mean of the individual true 
errors without r(*ganl to .*'ign. 

.As tin* dctm iniiiation of tin* valui*s of the.se errors is based on the theory 
of probabilities, it must again lie emphasised that the employment of such 
.standards pivsuppo.ses the entire elimination of all but accidental errors. 

When the number of obsv‘rvations is large, these errors have the 
relationship 

p.e. = 0-0745 m.s.e, = *8453 m.e., 
so that it is comparatively unimportant which is adopted. 

* Another oxnmple of an inljmtriinnt by oomlitioiml eqiifttion.s, hut with weights 
*>th«r tbiei unity, is giv*n on pnge.s -llJS 42.J. 
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Probable Error. Probable error is the criterion generally employed in 
British and American practice, and the formulae for its evaluation in 
the simplest cases are quoted below. As the use of the word “ probable ” 
is confusing, th<; Header is cautioned at the outset against attaching any 
significance to the term other than that contained in the definition. The 
probable error is not the most probable error, as this is shown by the 
probability curve to be always zero. Many authorities prefer to use the 
mean square error as a measure of precision. 

In giving the result of a measurement from which constant errors 
are eliminated, the value of the probable error is written with a positive 
and negative sign after the most probable value. Thus, the standardised 
length of a taiM3 obtained from repf‘ated comparisons miglit be stated 
as 100*00042 ± 0*00005 ft., indicating that the true length is as likely 
to lie within the limits 100*00037 and 100*00047 ft. as to have any value 
outside them. 

FormulsB for Probable Error. 

Li‘t n = the number of measures contributing to the most probable value, 

[r^J ~ the sum of the squares of the residual (Trors, 
w = the weight of a measure, 

[w\ = the sum of the weights of the measures. 

[tvr^] = the sum of the weighted squares in the residuals. 

For Direct Observations of Equal Weight on a Single Quantity, 

]).e. of a single m(‘asun‘ — - 0*0745 \/{ [r2]/(n — 1)}. 
p.(*. of the arithmetic mean 0*0745 \/ { — 1)}. 

For Direct Observations of Unequal Weight on a Single Quantity, 

p.e. of a single measure of unit weight = 0*0745\/( [aT*]/(n — 1)} 

p.e. of the weightc»d mean = 0*0745\/{ [uT®]/(7i — l)[i^]}. 

Tliesc formuhe are strictly applicable only when n is indefinitely 
great, l)ut are commonly used for ea.ses wlu'ii n is small. In such cases 
tln' result does not truly repre.s(*nt the ju-obable error, hut neverthele.ss 
s(‘rv(*s to indicati' th<» relalivt* j»reei.''ion of similar .s^ts of ohst*rvations. 

Hjdtnple 1. Ki^jht iiu'iisiiri's of uii aiijzlo .»ri» »is tahuliited. (’oinpi>to tho p.»\ of 
thn arithmetic nu*an, the observations t)einp of ujnfnrin weight. 


MoH.sun'. 

o * 

r 

r* 

f>7 34 14-2 

- 1 04 

2 60 

IS 1) 

+ 300 

9 30 

13-2 

- 2-64 

6 97 

ITS 

+ M)0 

3 84 

ItM) 

-f l-OO 

M2 

ISfi 

- 0-34 

0-12 

140 

- 1-84 

3 39 

10 2 

0 36 

0-13 

8) 126-7 

ir> ^4 

- 0 02 

rr*l - 27 62 
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p.e. of arithmetic mean = 0-C74>y/ 1 27 02/(8 X 7) | 
- ± 0"-47, 


p.e. of a sitiglo nituisiire ™ 0*674 27*62/7 J. 

= ± r*:u. 

Example 2. If the hist four measures ahovo are given a weight three times that 
of the first four, compute the p.e. of t-ho woiglited moan. 


Measure 

0 f m 

W 

wm 

m 

r* 


ivr‘ 

67 34 14*2 

1 

14 2 

l*ri4 

2*37 

2*37 

18*9 

1 

18*9 

3*16 

9*99 

9*99 

13*2 

1 

13*2 

2*54 

6*45 

6*15 

17 S 

1 

17*8 

2*06 

4*24 

4 24 

16*9 

3 

50*7 

1*16 

1*35 

4 05 

m*5 

3 

46*5 

0*24 

0 06 

0*lS 

140 

3 

42 0 

1*74 

3 03 

90!» 

16-2 

3 

48*6 

0*46 

0-21 

0 63 

M = 

16 

) 261*9 

15*74 


[ter*] - 

37 00 


p.e. of weighted! mean = 0-674y^ I 37*00/(7 X 16) } 

= ± 0*30". 

For Coniputfjl Quantiliea. 

Let R = the result computed from tlie most prohahle values, 
n, etc., of one or mon* in(h'i>endent (piantilii's -- 
f{m, 71 , etc.), 

Cj, Cji prol)al)le errors of 7/t, /t, etc. 


then p.e. of iZ = 



+ . . . 


In the common ease where / (77t, 7i, etc.) is linear, it follows that, 

if /Z = the sum or ditTereiice of a constant and an ohst*r\ed 
quantity vi, having a j).e. of rq, 

p.e. of iZ = Cj. 

If K = the sum or (lifTeivnee (jf a numhei- of oh.scrvc*! quant itic s, 
77i, 71 , etc., 

p.e. of /Z = V -i- 62“ + . • . 

This re.sult has been used in the previous chapter in connect ion with tin* 
propagation of error in base line m(*asurement and preci.se trave rsing and 
also in Chapters II and IV of Vol. 1 in connection with tlu* propagat ion of 
error in linear mea.surcments and in traversing. 


Example 3. If the most probable value of an angle is 48'’ 12' 32''*24 + 0**2H, 
that of its explemciit is 311® 47' 27''*76 ± U''*2.S. 


♦ Since the most probable -value to be obtained from ii number of indepemleiit 
measures of a single dirc*ctly observed quantity is the weightcfi mean of all tlie 
observed values, a ** residual error** i.s the difference between an indivhhial m«'>isuru 
and the weighted mean of all the measures. 
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/'Uamphi t , Th»' nK»sb proha bio valim of iiu angle AOC in 84'* 40' 21^*20 ± 0**90, 
niid that of iIh part AOIi ia 30'" 14' 08''-o2 i l''*30. Find the nrobablo error of the 
valuo of HOC as ofdainod by subtraction. 

p.o. ofHOC== \/(^d) “} (1-30)2 -- ± 1^ 58. 

JC.rftinple o, ImiwI tin* probal)lo crior of tho aroa cif a nsitanglo tlio sides of which 
uro in b'ot, ‘JlO r)."} I OOl and 372-40 J: 0 02. 

H -i mn. 

dn , an 

7 — -- w, and -r- - m. 


p.O. of R- yj (' + {««j„ ) - VC'l ")* + («! '»)*■ 

- ini io)» + (pj = ± s Risq. ft. 

Application of Probable Error to Weighting. Jf (In; rc-.siilt.s of two or 
mon* sfi'irs of obscrval ioii.s of a tpiaidity an* available, and the probable 
(‘iror of eaoh is known, the mo.st probable value may be obtained from 
tli(‘ indivitlnal resnll.-i by giving to l aeh a weight ba.M‘d on it.s probable 
error. Il may be shown that weight is inversely proportional to the 
square of the j)r<d>al)le error, and, in tin* ah.sence of oth(‘r data, the indi- 
vidual n-siilts an m> wcightc'd. 


Hrdnxpl''. 
fellow mg rc-'Ults . 


rapine louL'ituilM ivnc«*-. l)ct\vocn two 

b. in. 

U 4 lU- is i: tj <;u, 
leTiO 1 0 3 n, 
s-.'ii) ± U-7."), 

I I ut) 0 .'in, 

!» 12 :: 0 -n.', 
in n»> :r u -72 


stations gave the 


('ahMiI.il*- tlh* pidiiabli' saint* .ind ii*-> probable i-rror. 


'I'In? wi-igbt'-. arc piuntjrtional to _ 

^ ‘ «»U-, -. 10 -, dU-'. -tL'-'. - 1 2 -, 

t.r tt) 2s. Ill, is, 40, .">7, lO, 

wb«*m*i* 


in 

u' 

nn 

r 

7-2 

JiT* 

10 Is 

2s 

20.3 i 

n 7.3 

0 ."a;,3 

i:. 7f. 

'» .'Ml 

1 1 1 

l.or,!.-, 

0-2.3 

• 1 • )i>.3 

.■) nS 

s rai 

Is 

I,-)4l 

1 17 

I-.IOO 

2 4 04 

1 1 Of) 

in 

142 I 

1-.33 

l-7fi'J 

70-70 

012 

'tl 

oHfs 

0 f)l 

0-372 

21-20 

lo Of) 

10 

101 1 

0-33 

Oh >9 

2-07 

['-•1 

273 

) 2,ii.‘).7 .3 


[icr-] ^ 

^ 140 31 


0 73 

.. .1 .*"• . / 140 31 , 

!).•*. of WfiLditcd mean <o4 V/ -- -- — _ - i; 0- — s., 
* ▼ 273 \ a 

and ddfeieiiCG of longitndo f*b. 4 in. '.'•73 .s. 0-22 s. 


Probable Elrror of Indirectly Observed Independent Quantities. When 
.III imlin-Hly ((l»s<‘rvt><l ([naiililv i.< ilrrivoil from observation equations let 
f/ ite tile mn’nlK'r of observatioiw, n the luiiiiU-r of indejx'iident unknowns 
and let [«w*] = uixt),‘i 1 - U i + • • • "here Wj, t>„ etc., are 
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the residuals found by substituting the corrections in each original 
(unweighted) observation equation and Wi, W 2 , Ws, etc., are, as before, 
the weights of the different observations. Then the avcTago probable 
error of an unadjusted observation of weight unity is given by : — 


1..C. = ± 0-6745v/-!^?^' 

\ q — ?i 

and the average probable error of an adjusted observation of unit weight 
is given by : — 


p.e. 


± 


0*6745^ 




Probable Error 0! Conditioned Quantities. When the quant it it s to be 

determined are related by, and the corrections are obtaiiu^d from, equa- 
tions of comlition, the residuals are the corrections themselves. Let n, 
be the number of condition equations and q the number of ob.'erved 
quantities. The probable error of an unadjusted observation of unit 
weight is then given ap[)roximately by : — 

p.e. = ± 0-6745 v/ ^ \ 

^ \ 71 


and the probable error of an adjusted observation of unit weight is 
given aj)proximat(*ly by : - 

p.e. = ± 0 - 6745 . ,' (? - 

V n, [joJ ’ 

in which, as l}efore, [wv^] = -f . . . and [?/;] u’j -f- iCg 1- 

Wa + . . . 

In all the above ca.ses, the probable error, r„, of an observation of 
weight w is obtained from 

where is the probable error of an observation of unit weight. 

Rejection of Doubtful Observations. In a series of ()b.scr\ati(»ns it not 
infrequently happens that one or more measures differ eonsiderably 
more than the others from the mean. This may he cau.sed by a rnistakii 
or by some external influence which does not affect the t)tber ol).serval ions, 
and, if so, the discrepant measures should not lx* ii.scd in computing tlu? 
final result. Since, however, each observation is sul)jt‘ct to an indefinitely 
large number of very small accidental errors, it is in accordance with the 
laws of probability that these should occasionally combim^ to form a 
large accidental error, and this circumstance would not just ify tluj reject ion 
of the measure afft eted. It is therefore a matter of considerable' ditliculty 
to decide whether an observation at v«ariance with flu* others should lx* 
discarded or retained. 

In the field an observer should not canc**! an observation merely 
because it differs rather widely from the others, iinl(*ss tin* <liserepanc\ 
is so great that a mistake is obviou.s. Wlu'ii be is of ojiinion that an 
observation will not prove as trustworthy as usual, be should n*<'<»rd the 
full circumstances affecting its accuracy. Such notes form a valuabk* 
guide to the computer, who may either ^IS(^ bis own judgment as to 
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wlutlici ciiiy o})s( ivatjons sliould bo rcjcdod oi be giijd(d by d ruk based 
on inatluinatical piinciplcs Many such critdia have been proposed 
That i( (ominc mlcd by Wiight and Hayfoid * is as follows 

111 jc(i < ath obseivation for whiih tin risidiial exceeds five tunes 
till piobablo iiior of a single obseivation as derived from all the 
nil asuK s Examine i ai li olisc rvaMon for whii li the residual exceeds 
[\\ tiinis ihe ])iobabl(‘ iiroi of a single ob-»f rvation, and rejfct it if 
an\ of till* (onditions iindi i whiih the obs(i\ation was made wire 
siiih IS to pioduii an> lai k of eonfidinee 

Ihi Ill’s iiitiiion his bdii largily used for the same purpose Iho 
mil and till t ibli of i onst«ints ii ipiiiid in its applitation will bi found 
in 'Ihi Ko\al (h ogiaphital Society’s Hints to Traidlers, OiauM net’s 
\stronomy, Wilson’s Topographic Surveying, etc 

\I)JUSlMENr OF TRIANGULATION 

Ihi oil til ill\ , all the <ingli s of a tiiangiilation m should bi treated 
togithii b\ li isl sipiins to Mild their simiiltanoous ino^t probable 
\ ilui s Ihi • ihoui of sill h i solution is so \trj gii at that i \ in in piimai\ 
work it IS usu il to (liMiii the s\stim into sictioiis, which in sipuatih 
adjiiNtid M' ii ^ niiill\,itis sufhi n nt to adjust the ingli s of lach 
tiimgli OI vjinph sNsti Ml of til in^li s undi r till hi ids, ( 1 ) st itioii adjust 
mi nt, ( 2 ) hguii idjustnn nt 

^station Ail)Hs(mnit is diiutid to hnding tin must piohihli \aliiis of 
till ingli s It istition V itho it nfiniui to tin u suits of obs( i\ itions 
at othi 1 st it ions 1 hi oiiK gionntiii il eonditions whiili ma\ ln\e to 
hi fultillid oil 111 whin tin lion/on is closi d, so that tin injlis must 
sum to iiid whin iidli s an nn isuud m eombiintion, so tint 

(lit nil obsi I \i d n suits should i qu il tin sums of otin is 

Fvjhh \fi)ii'^t?nmt iinoUis tin adjustnunt of tin in^di s of euh 
tiiingli oi simpli sN'.ti in of til ingli s M» tint lln turun''nn\ hi gnmietii 
< ill\ I oiisisti nt '1 In luiiditions to bi sitistnd in (1) r the ingli s 
of i. ii 11 1 1 nngli oi poll uoii should slim I oin ( tK , mil (2) lint tin Inigtli 
of in\ sidi Is I oniputi d fiom in\ otIn i should m a s\ sti m of inte rlaetd 
tmnglis, 1)1 mill |)i mil nt of tin louti i host n 

Station Adjustment. Vun i isi nn\ In sohid b\ ippln ition of the 
niithodofh istsipnns indtln nunn iii il i \ampli s m\i n on pi^i s 2 mil 
2 t)'l in I \ampli s of st it loll fidjustmi nts Foi nun h onliinn work how 
I Ml it IS mini 1 1 ss u \ to liaM n loiiist to i li ast sipnii adjustnn nt Whtn 
tin hoii/on is i Iom d b\ mi asiiiing i ach angli indi ]H ndi nth , tlu i nor of 
(losun IS distiibutid to the angles b\ apphing iipial eoriectioiis, if the 
wi ights of tin obsi nations an tipial, and m amounts niMisih piopor- 
tionil to the wi mhts if tin si aie uni qual In the else while two or 
nion *mgli s ind tin ii sum foiin the st ition obsi n it ions, a ilisinpme\ 
hitwiinthi obsi i\( d \ ilui of the tot il angli aniltlu sum of the obsi m d 
\aluis of tin jiiits I distiibiiti d to all the ini isuii mints in imounts 
iiiMrsi Iv piopoilionil to then lespi'ctne wiights, and with the opposite 
sign foi Ihe loin i lion of tin total angle to that of tlu paits 

♦ \ of Ohsrntttton^ Jiid iMlition p «)0 
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Example 1. Adjust tho followiiii; aiicrles olosiiii; t)io horizon at a station. 


a = 

124 

(».■> 

58-0, weight 

•2, 

b ^ 

88 

43 

10-3, 

1. 

C =3 

70 

52 

31-2. 


f/ == 

70 

18 

10-7, 

1. 


:ioo 

00 

02*8 



The excess of 2* S falls to ho distrihiitod in tho ratio ^ : 1 : ^ : 1, or .‘I : t5 : 2 : (5, 
so that tho negative corrections are : 

jiL X 2'-S= 0'-r>. ^ X 2'-8= C O. 2'-8^ 0' 8, un.l 5^ X 2'-8 - C O, 
1 i 1 i 17 1 I 

givinjr the adjusted values. 


a — 

121 

05 

58 I, 

b - 

88 

43 

15-3. 

c - 

70 

52 

300. 

d . 

70 

IS 

15 7, 


300 

00 

00-0. 


Example 2. Adjust tho angles a and b ohNi>r\ atiuns of whitdi gi\o 


a — 51 

28 

17*1, woight 1, 

b 03 

51 

41*3. 2, 

a US 

19 

55* 1. 2, 


Tho di'tcrepancy of S^'O mu'^t ho distributed in tho ratio 1 : A : or 2 : 1 : 1, giving 
corrections of — 1*-S, — 0" ‘.1, and j- 0" tt, and yit'Miiig the adjiisttsl values, 

u t m 


n 

54 

28 

150, 

h ^ 

<i3 

51 

40 1, 

a r b — 

IIS 

19 

50 0. 


Figure Adjustment— Spherical Excess. In giMKlrtie tiiingulation tin* 
triangles nr |)()l>g()ii.s may, for all practical ])ui poses, Is* taken as 
t-plierical, and the sum (;f the angles exc(‘eds that of the emresponding 
plane tignn* hy an amount termed tin* .spherical exee.ss. On .i tiiie .spheie 
spherical excess is given hy : — 

_ A 
‘ “ rs.siii I" 

wlarc € -= sjiIk ric-al excess in .seconds of arc, 

A — area of figure, 
r = radius of sphere. 

For the terre.siiial s[)heroid the exis'^s for a given area \aii«‘s with the 
latitude*, decreasing from the ecpiator to tin* poh s, and for l.iigc* liguii*.'* 
the sphf'Toiflal (‘xcc.s.s is giv(*ii more* jne*e*i.seiy hy 

A(l ^f^sin2 0)2 

' a2(i ‘~ c*-)’sin 1" 

^ A 

" yf.Vsin r 

where ^ = mean of the latitueie*s of the houneling stations. 
a = the e*artJi’s e*quatoriaI semi-axis, 
e = the* (*arth’s e*cceritricity (page 
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11 -= tlio radius of curvatun? of a meridian section, at latitude 
aV = the length of the normal, or tlie radius of curvature of the arc 
cut out on th«5 surface by 21 normal section, perpendicular to 
the meridian, nt latitude ^ (pag*‘s 317 318). 

If b ;iiid r. arc the two sides of a triangle, and A is tluj included angle, 
A \bc . sin .4, and 


^ be sin A. 
* ^ * liNstn r' 


Most g(‘odetic tables give valu(‘s for the h)g;uithins of or for 

different latitude's, and henetj tlie value for 
2RNnmi 2/^iVsinl* 


Ctin easily Ixi obtiiined.* The Viiluc* of the excess for f riangles of moderate 
size is very small so that for UN we can use tlic square of the mean 
radius of I he <‘arth (3,903 miles). For many purposes, spluuieal excess 
may be, taken with sufFieient accura(!y as V for evny 70 square miles of 
area. For primary work, of course, tind for large* 1 riangles, the sphere)klal 
formula should be used. 

Adjustment of Single Triangle. The only requirement to be satisfied 
is the summation of Ilje angl<‘s to (180° + e). To obtain the angles 
required in computing the sules (page 312), the observed value of each 
angle is first redueerl by J €. The difference l)(‘twec‘U the sum of the 
resulting angles ami 180° is tluui distributed as equal corrections if the 
obs(*rvations an* of unifoiiii weight, or in amounts iiiverst‘ly proportional 
to the weights if tlu*se an* iim'qual. The values r(*quired for tlie eomputa- 
lion of azimuths an* not r<‘dueed for spherical exe(*ss, and are similarly 
jidjusf(‘d to sum to (180° c). 

Adjustment of Quadrilateral. If observations have hm\ tak(*n along 
oiu* diagonal only, the tigure consists of two triangles havini: a eommon 
side, and, after reducing, if neeesNary, for spheiie«il exei*ss, tie* e»)nditions 
to he met and metlu>fls (;f st>lufion liave 
b(*en shown in L'x. 2, page 27* > and the 
evample on jiage 273. 

In the ijtoilitii' (piadrilateral, obM*r\ati()ns 
are made* along bolli diagonals and the angl<*s 
letlt‘r(‘i| in l*'ig. Ill are measured. I’lie 
obs(*rv(*d values iire first reduced for sphericiil 
t‘xcess as recpiired in computing tlu* triangle 
si(l(*s (pagt* 312). In the most refined work 
the exei'ss is (•omputed for eaeh triangle ® 
form-vd hy tin* intersection of the diagonals, Ku;. 111. 

and oin*-third is deciuct«*d from each «)f the 

two appro|iriat(; iingles : otherwise, all eight angle.•^ aic reilueed hy one* 
eighth the (‘Xccss for the whole tigure. 

The angle requirements are that : (1) the sum of the observed angles 



• A table giving the Io;»jirithin of tlio factor y .snVT' ** gi^’cn ns I able II m 

1111(1 \Vmt(M'lM>( liatn’s '/’(.(/ bnttk 
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should l)e 300® ; (2) the sum of the angles in any of the triiiiigl(*s forfued 
should be 180® ; (3) the opposite angles at the interseetion of the diagonals 
should be equal. These conditions are not independent, and fulfilled 
if three independent angle equations arc satisfied. Several sets of thri^^ 
equations are available. 

That used below is 


a + 6 + c + (f + c +/+(/ + /i- :U)0®, 

a + h — d — c 0, 

A + c— / — 0. 

The requirement that the evaluation of one siili^ from anotiu'r siiould 
yield the same result through whatever triangles tin* (alciilat ion is 
carried gives rise to one side equation of condition. If, for example, C^) 
is calculated from AB through triangles ABl) and Al)( the n*snlf is given 
by 


CD = 


sin a sin c 


sin /sin h 

and if through triangles ABC and BCD, 


AB, 




For consistency, therefore, 


sin 6 sin g 


or, more conveniently, 


sin a sin c sin e sin g 
sin 6 sin (/sin /sin A 


(log sin a + log sin c + log sin e + log sin g) (log sin h ( log sin d 1- 
log sin / -f- log sin h) 0, 


which is the side equation. 

It can easily be seen from consideration of Kig. 1 12 th.it tin* angle s may 
V’lose satisfactorily but tlie sides may in)t. 



Here 

{a + h + g -\- f) ISO®, 
(6 + c + (/ -1- e) --- ISO®, 

so that — 

a + 6-{-c + r/ + c-f/ \ g \- h 
and we also have : — 

a h — d — e = 0 
b + c - f -- g -- t) 




Thus, all the angle equations given above* an* satisfiecl, but tin* |)oints 
E and A do not coincide. Other angles may lx* chosen, but they will still 
satisfy the angle conditions. Even the angles r/, />, c and h in the figure 
BAEDA, which is not a triangle, add up to ISO®, bet anst*, in tlu* triangle 
BDC, (/ + e + / -|- ^ = 180®. Also, for the angles opposite* the inter- 
section of the diagonals, a -f- A = d + candA -|- c -- ■ / | Hence, 
a -{- A -f" ^ “b A = 180®. 

Adjustment of Geodetic Quadrilateral. This is best ])erform(Ml by 
means of correlatives as illustrated below. 
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Example, Adjust thi* following observed angles lettered as in Fig. 111. The observa- 
tions are of equal weight, and are already corrected for spherical excess. 

• ' • • 0 m 

a : :i0 1>7 ()7-2 c ^ 44 01 2:i-2 

b -- \M 10 :i2 0 / ^ 30 50 45-3 

c - 4S 20 00 0 g -= 54 .‘10 48*8 

d 50 21 54 0 63 50 14-5 

Denoting the corrections for a, b, h by r^, r„ . . . r„ the angle conditional 

eipiations are : 

^1 -i- f- '■4 -I- ^4 + r, + r, -f r, = -f 4-8, 

ri -h — ^4 - ^4 = — 3*9, 

rt h rj - r. - r, = - 7-5. 

The logarithinic form of tlw5 si<le equation in terms of the corrections becomes : 

~ djjrj | . . . - 'Vg }- log sin Oj — log sin o, -f- . . . — log sin Og — 0, 

giving 

,l^r^ - </,r, t- . . . - <V,= u., 

where Oj, Oj, etc., are the ob'^erved values of the angles as given above, dj, dj, etc. 
are the tabular dilfereiice.s for V for the log sine.s of Oj, Oj, etc., and is, as before, 
the amount by which the observed values fail to satisfy the side equation.* 

In this case, tiiUing the unit as the 6th place of logarithms. 


An^le 1 

f \o^ sin. j 

d. 

Angle. 

— log hln. 

d 

a 

9-70!.s.o06 

3-58 

/, 

9-7812249 

2-78 

c 

9-874U253 

1-87 

d 

9-8865616 

1-74 

e 

9-8410526 

2-18 

] 

9-7111563 

3-51 

9 

9-9115677 

1-49 

h 

9-0534283 

1-03 


9-3323962 ‘ 9-3323711 

711 


Uj -- -2.1-1, arnl the side oc(imtion is 

3-5Sr| 2-7Sr, f- 1 sTr, — l-74rg -f 2 lSr 5 — 3-51rg -j l-IIV^ — 1 0.3rg == - 25-1 

Writedown the coellioients of the conditional equations in veitical columns and 
fnrm tlie sums of the horizontal lim‘s, thus: - 



• Thi.s equation follows by taking the side equation found on page 254 and 
writing log sin a =■ log sin Oj + ^ ** ^ The 

d’a are easily written down from the values of the common diSerences given in 
most tables of logarithmic sinos. Thus, in Shortrede s Logarithmic Tables the 
Common difforonces are given at the bottom of the minute columns in units of the 
7 th place. 
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(KX) N-OC. -^4 U + 2-11 -f (i ll ~ 4 I -r Ml -f 0-11 i + 47-42 ' -r 50-702 j + 69-981 



SURVEY ADJUSTMENT 


287 


Heiico (ho noiinal (‘qualioiis uio: — 

8*, -I- 0 0<W*4 - 4 S ^ 0 

(*1 + 21U-4 f. 31» = 0 

■U, I- 1-11*4 + 7-5 -=0 
47-42*4 + 251 = 0 

when CO, 

*, I- 0 (>034, 

*, - -0-7:i42, 

*, ■= - 1 -748:1, 

*4 - 0-15(55. 

flo that 



- k, 

|- km -p .J’oSA:. -"= — l'7S, 

rt 

Ic, 

“h Atj — 

2-78*4 ^ f (J l-.>. 

^3 


b 3 b 

1-87*4 - — 2-()i), 

»1 

*. 

-- A-, — 

1-71*4 = 1- 2-i;t. 


*. 

— A-j -f 

2-18*4 --- -1- () ;t», 


- A-j 

— A* 3 — 

3-51*,=. + 3-;i.7, 


*4 

— A:, f- 

1-1!(*, ^ 4- 1(57, 

'■i 

-- *4 

b ^•■*2 

1 -0:1*4-^ 1-0 31. 


Applicatmii ol' tlu-sn to tln! oli4cr\(-<l valu<-s civot tho mljuitt-il valtK-n: - 

<i ■= :il) 27 0.7- H e -= 41 Ol 2:i.")l 

h :i7 10 :i2-72 / 30 5i5 l-|-2.'> 

0 = H •'(1 07 00 51 30 .50 47 

7 ^ 50 2 i . 7 ( 5-73 A (53 5(5 1 4 81 

Adjustment of more Complicated Figures. When more complicated 
ligurcM are involve'^, it Is vrry important that the nimiljrr of equations 
chosen to fulfil the geonu*tric«il eoiidithui.s should be no more and no 
less than tliose that are essential for the* purpox*. If toe) few conditions 
are taken, tlie c‘.ssential ceniditions will naturally not be fidtilhd and 
this will not be found out until the final solution of the triam^les. If too 
many conditions are insert eel, and the number of conditional cMiuatioiu^ 
is toej large, tlie r(‘sult will Im* an unnecessary waste? of labour. This will 
^how itself eluring the solution e)f the normal equations by the coeffi- 
cients above and to the right of eine diagonal b i m bece>min'' * pial to /.e‘ro. 

In choosing the? cemditions, and judging the number nece>.-aiy, proceed 
as follows. Draw the figure triangle by triangle, u>ing a single new 
triangle to fix a new point, and continue until all points are fixed. Each 
triangle ho drawn gives one angle equation, or equation to satisfy the 
closure of the triangle, or, if all triangles are not fully observed, the 
number of angular equations will be equal to the number of triangles 
that are fully oliserved. Next draw all other rays sighted in one or in 
both dir(*ctions. These lines may Iw drawn in dotted, but lines sighted 
in a single direction should be differentiated from those sighted in both 
directions. The extra equations introduced by the.se lines will be (1) a 
side equation for each line and (2) an angle equation for every line 
oUserved in both directions. To these ad<l a condition equation for every 
internal station where tlie sum of all the ob.servetl angli'S must equal 360*^, 
“r, if the figure is only an addition to an old figure, for each set of angles 
which must have a fixed simi. 

If <)ne or more stations is unoeeiqiied. that is. if the jn)int is fixed by 
inl(*rseetion from otIuT points and no observations at all have been taken 
from it, tin* condition equations will contain no corrections for the 
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unobserved angles. Approximate values for (*aeh of tliesi' angles will 
be obtained from the two observed angles in eaeh triangle wliieh has 
the ])oint as one apex, and the eorreetion to tlie unobserved angle will 
be minus the sum of the eorreetions to tlie otlier two angles in tiu' 
triangle. Henee, there will be no eondition ecpialion for elosurc' of all 
triangles whieh have the unobserved j)oint as one apex, but at acc'ntre, 
]>oint there will still be an equation expressing the I'ondition that the 
sum of the angles at the uiUH‘eu])ied ])oint must (‘i|ual 

Thus, in Kig. 1 13 the points (\ I), K and K an' lixed in turn from the line 
AB by the triangles ABC, BCD, DCE and KCK, and, providc'd tin* triangh*s 
are fully observed, Le., that all three' angles in 
^ eaeh are measured, each triangle introdnee's an 

angle equation. The dotteil lines A I), BK and FA 
are extra lines. Kaeh introdiiec*s a sidt* equation, 
and, for each line observed in both direetions, 
an extra angle equation — ^say for tin* elosnns 
of the triangles ABD, ABF and ACF. In addif ion, 
the angles at C must add up to 3t)()’, and this 
introduces an additional angle' equation. Henec', 
there are 3 side equations and 4 f 3 -(- 1 - S 
angle equations, or 11 conditional eipiations in all. 

If tlic side FA had only been sighted in one direction, thi' angle CFA 
not having been observed, there would be one less angle ('([nation. 

The number of condition equations required may also be elucked 
from the following rule : — 

The ?iumber of conditions is equal to the number of observed qmintitus 
for which corrections are required^ minus twice the number of mw points to 
be jixid, plus (he number of unoccupbd stations. 

Thus, in the above example, the number of observ(*d angk's for wliieh 
corrections are needed is 19, and there are 4 lU'w 
points to be fixed. Hence, the number of con- 
ditional equations is 19 - 8 = 11. If tluj angl(j 
CFA was not obs(.*rved, the number of conditional 
equations is 18—8=10. 

As another example, take the case of a secondary 
point E fixed from an existing and finally adjusUd 
quaflrilateral ABCI), Fig. 114. I'lu' obM-rved 
angles are numbered 1 to 12. The number of 
corrections is 12 and the number of new j)oints 
is 1. The number of conditional equations is therefore 12 
these arise as follows : — 



Kiel. 111. 


- I(), and 


Triangle BEC to fix E . 

Lines AE and ED ...... 

Sums of angles 1 and 2 ; 3 and 4 ; 5 and fi ; 7 and 8 ; 
9, 10, 11 and 12 

Total 


Alible 

1 

2 

.6 

8 






«T ; FU' K V A I ). J I 'S'P M KM’ 


2S9 


In lliis last example, if llie point K in Kig. JI f is not (jccupied, <lm 
nnniher of ol)s«>i v<-<l (piantilies for wliieli eorieclions aie recpiiied is now 
S, tlieu' is I new j)oint to lie lixisl, an<l this also c-ounts as an iiiioeeupied 
station. Heiiee, flu* nnndxT of eondition etpiatitms is « 2 -11 7. 

Men* the sidi> t‘(|uations reinuin as before hut there are no eh)sing errors 
tor the triangle UKC or for the triangles involving the sides AK and KI>. 
'Pile angular eondition eipiations aie h>r tlie sinns of tin* angh-s I and 2 ; 
:{ and 4 : o and ti ; 7 and X ; !», 10. II ami 12. In the ea-e ol this la.st 
.Slim \V(‘ have 

iSO (i> ! :\) \ \S{) (4 I A(’l) } i- ISO" (<5 I ADH 

I)A(^ I 7) i ISO (S i Alii) i I) :m\ 

and. since the an^lc.s A(’l). ADH, I)A(’and Alii) arc fixed, no (MUi'cctinns 
to them aic involv<‘d or appear in tin* eipiations. ( \ms(*iiiiently, tlio 
d(*iived eoinlition eonatifiii is of tin* form 

^*1 i i : ^*4 • t ^ ^ ■ '•s *7 

and t he eoiieet ions to t In* an^If‘s maiked 0. lO, I1 and 12 aie (r.» • r^). 

(r^ i /•,). (/-ji • r-) ami (r^ : r,). Similarly, \\lien formin^^ tin* 

side e(|nations. if the an^h* ‘4 enters into tin* (‘(piation. tin* sim* to Ik* 
Used in n\oi kin;; out t In* ahsointe t ei m is sin (Iso 2 .‘i) sin (2 f- 'i) 

ami th«* eorie<por’4i?i^ roneetion term to la* iivcfl in formin;; the sich* 
eipiation is (/^ • r.^) . wheie tl is tin* tahuiar iliffeienee for 1" for 
l( ;!:sin(2 ; li). 

If the niethod of directions (page 2fll) is used, the above rules refpiiro 
slight inodilieation. In this ea.'C, tin* condition for tin* closure of tin* hori- 
zon or hu* the lixed sums tif eeitain angles is not r(‘(|uired and fin mnnhtr 
(ff rninhfHm ifiHttftnn-s ts nuir tin nunihir of to ir ithsnnd dm t fonts tttttfits 
flint fitiit.s flo tniitiht r tf tit ir jtonifs. 

If this inie is ap|)lied to a figuie whieli has no sulr that is to l>e held 
li\e<l in diieetion nr length, the forwaul and ie\er^e diieelitniN along 
one side and the tN\o station> at tin* f*ml of tliat sifle aie not to he eon- 
sider»*d to l)e Hew ohsi*iN('d diieetioiis or iiew points, as oi'»* side must 
sei\e as a ha-e for computing the figme. 

Appl\ ing t his rule to h'ig. I l.’k if all sidi*s a: i* olw(‘i \ ed in l)ot h diri*et iiuis. 
im lmling tin* side Alt as base, there aie 22 new ol»ser\e»l tliri*etions and 
t new points to be ti\f*<l, the din-etions Alt and It.V and tin* points A 
ami It not being ri*ekomd as iu*\\ diieetions or m*w ])«Mnts. Hi*me. 
the number <if condition eijiiations is 22 ’{ 4 Hk Ibis is tin* 

same as the number found i>y tin* rule for ailjustment by angh*s after 
subtracting 1 h»r the eipiaticiii for <'losing tin* Innizon at (\ In the ease 
of Kig. 114, tln*re aie s new din'ctious [AK. K-\. ItK. Kit. CK. KC. DK 
ami KD) and 1 new point, so the numb(*r of eoinlition (’(piations is 
S .4 X 1 o. or .”) less than are i-eiMlefl for tin* in(*thod of angles. 

Formation of Side Equations. The following simple rule is useful for 
forming tln^ side* ('ipiations. C'hoose as a ]K)K* a suitalik* point (»n the figure 
fixing a m*w lim* and wiitc* ilown the siiles on the tigun* which radiate 
from that pole in order of azimuth. Write the second line under the first . 
tin* thinl under tin* seeoinl, i*te., until the first line eonn*s under tlie last. 
Uepla(*e tln*se sides by the .sim*s *»f the angles ojipositi* them and put the 
resulting expression (’qua I to unity. 

1*. A iJ. s. 
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When using this rule, it is not necessary that the point chosen as a 
pole should he an actual station. Any point where two lines cross will 
s(‘rve as a pole ; for instance, the point of intersection of the diagonals 
of a quadrilateral. 

As an example, take the case of the aide equation for the lino AD in 
Fig. 1 13. If D is chosen iis pole to fix this lin(», tlie lines are : — 

DA 

DA • DC • DB* 

and the side equation for tiie ([uadri lateral ABIX* is ; 

sin DAB sin ACD sin DHC 
sin ABJ) ‘ sin l)A(.- * .sin DCB 

Similarl}’, for the lines FB and FA with poles at B and C : — 

BA m BF 
BC • BF ‘ BA “ 

and 

^ ^ CD CF ^ 

CB • Cl) • CE • CF • CA 

giving 

sin AC’B sin CFB sin FAB 
sin CAB • .sin BCF ‘ sin AFB ' 

and 

sin CBA sill CDB sin ('ED sin CFFi siuCAF 

sin CAB * .sin (JBD * sin CDE ‘ sin (10 F ’ sin CFA 

Choice of Conditional Equations. Angle and sidi^ equal imis m.iy hr* 
ehosen in s(*V(»ral alternative ways but nearly always then* are .some 
that arc better than others. The triangles to bt* irhoseii for tin* angle 
equations are preferably those which have oiu* or more sides on the 
exterior of the figure, aftd triangles with small angles are to be avoided 
wherever possible. In addifion, it is well to avoid a triangle which has a 

side in coniinon with orui that has small angles. On the* other hand, 

when choo.sing the pole for forming a side equation, ehoose that in which 
the more acute angles enter into the equation. This is because the 
differences in the log .sine.s are greatest for small angles, and, in the 
condition equations, the.se differences occur as coefBcients of the un- 
knowms. Each small angle, however, should not be used for forming 
more than one equation. 

It is often advisable to divide a side equation throughout, including 
the absolute term, by 10 .so as to reduce the order of magnitude of the 
coefficients. This is because it is desirable to have the diagonal terms 
of the normal equations of about tin* same ordiT of magnitude, .so that as 
many as possible may lie between 1 and 10. If a side equation i.s diviil*‘d 
throughout by 10, the effect i.s to divide the diagonal ti rm in the original 
corresponding normal equation by 100 since this term eoiiu's from the 
squares of the cot*fficient8 that produce it, although all the other terms in 
that normal equation will be divided by 10 only. This fact may Ik* u.sed to 
reduce the order of magnitude of the coefficients in a normal equation if, 
after this equation has been formed, it is found that the magnitude of the 
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co(*fficieiit of tJio diagonal term is too gitjat. When dividing the ordinary 
terms by 10, liowever, it must not be forgotten that the co(*fficiciits lying 
above the diagonal t(jrm must bci divided by 10, as well as those which 
lie to the right of it, the diagonal term itself, of course, being divided by 
100. In addition, if the corrections arc found from the coefficients of 
tli(^ conditional equations as originally written, the corresponding corre- 
lative must also be divided by 10 wljen working out these corrections. 
All this, of (bourse, should not b(‘ done if the coefficients of tin; corn spond- 
ing conditional equation are divided )jy 10 before tlie formation of the 
normal (‘qua! ions is Ix^gim. 

it is also advisable to make the absolute terms in either conditional or 
observational equations of th<^ same order of magnitude as the coefficients 
in the equations themselv(‘s. This can be done by altering the unit in 
which I lie absolute term is c‘X pressed, using a hundredth of afoot 
instead of a foot as the unit of length. In the adjustment of triangula- 
tion, however, this ])oint does not arise as the ab>olute terms are aln*ady 
uf th<‘ right order of magnitude. 

Adjustment by Method of Directions. In tlu^ rules for arlji^ting angles 
alr(‘ady given the eorns-tions have beim appliisl to the measured angles, 
hut even an observecl angU* is not n directly observed quantity. In 
misisuring it, l\\o ..i iuMate pointings c»f tlu* tel(‘sro])(*, combined with two 
separate sets of nsading^ of the circle, an* neeesNary. TIu* value oldained 
for tlie angl(* is, in faet,d<*ri\cdasthediiTer(*nee b<*tw(‘r*n the im asurenientS 
f)f two directions. Hence, it would ajipear to be mon* logical if the errors 
ill the ob.servatifuis were consideri d to lie in tlu* observed directions rather 
than ill the derived angles, and for the corrections to be applied to the 
diri'ctions rather than to tin* angles. Tlu* method of coriecting the 
directions inst(*ad of tlie angles is fairly exten>i\ely u.^^ed in first-cla.ss work 
since, in general, it tends to (*liminate mon* completely the accidental 
errors, such as jiIuih* of signaN*, (acciitricity of signal and instrument, 
horizontal refract ion, etc., that are iniH reiit in the* difTt*r(*nt pointings. 
'The meflM:d. which ^^a'^ that ii'^eil h\ ( laike for tin* adj»’ i-ieiit of tiu* 
Principal 'Ti ianguI.U inn nf (lii*at Ib itaiii. is aUn |)aiticuuii ly suitabh* 
fnr tin* adjustment nf tiguics in which ccit.iin anglc>^ m in*aiings and 
sides ha\c In lx- held ti\c<l a^s the icsult nf 


a |»ie\ iniis adjust incut . as in this l a^c t lu ic 
are. in geiieial, fewi i’ ennditinn eijuatiniis 
than tli«*re aie if the metlmd «»f atijustiiig 
the angles used. Hence, it is<»ften Used 
fnr the ad ju.st iiM'iit nf .secniidaix tri.ingu- 
latinii tn priinaiy ti iangulation, nr nf 
tert iary tn sc emidai \ . 

In this metlmd angles are expressed as 
.ditT(*reiiees between dinx tinns nr bearings, 
and tin* enrreetinns are a])plied directly, 
not to tlu* angles, but to the directions, 
'rtius. in Kig. Mo. in which the triangle 
AH( 'has alread\ beiui fixed fnun a ]>revious 
adjust meiif , as indicated by tlu'thii-k lines, 
ha.s Imm'Ii taken is ^markeil with an arnnv 



each line along which a sight 
and a iiimiber. Denoting 
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directions by numbers in this way, angle (^Al) is tlie (lifTerenec* between 
the direct ions 2 and 1 and may be written |2 - - 1 ] ; angle A(M) is |!) S | ; 
angle .1) BP is [t> — 0 ) and angle 1)(M^ is |9 7|, and so on, the angles 

being wiitten down as if the directions were bearings on the wh<tl(‘-eircl(* 
system. The fixed sides and angles of the triangle AB(^ an* : - 



BAC 1 

:i -2] 

- = .•17'' 

10 

' .‘52''-7 

; l.)K BC 

4;uo 

2220 ; 


AB(* -= 1 

(5 - 4| 

. })S 

48 

o;j -7 

; l'>« A( ’ 

4-002 

So.4.7 ; 


ACB = 1 

S -71 

44 

01 

2:1 (5 

: h'f? AB 

4-400 0500 : 



Beating AB 

- 221'' 

I.}' 47"(5. 



niul tli( 

obsei ve 

d angl( 

i\s are 

- 





AHD 

I'* 4| 

4S^' 

2(5' Oil" 

•0 

(M)H 

Ill I0| 

.74’ 

:5o' 4s 

DHC 

|(i 

.70 

21 

*7 

ADH 

|I2 III 

0:1 

5(5 14 

ACD 

[.!> ■•'<1 

;io 

0(5 45 


DAC 

|2 i| 

.40 

27 07 

Here 

the angl 

es f;7 

4] and [0 

.7J do not add u]: 

1 to [0 

4| a, 




[5 - - 4| 

4S^ 20' 

00"0 






|(5 5| 


71) 21 

. 7:1 *7 






1 '1 4] 

OS 4S 

02 *7. 




But the value of [() 4| fix(‘d from th(» triangle ABP is 9S 4S' o:r'-7. 

Hence, the difference is T'-O. Aeeonlingly, \\(* split this diffennici* 
between the two angles so that, adding t)"*o to eaeli, these become 

fo 41--4S^ 2t)' Oir'-o, 

[() o] r >0 21 .74 -2. 

and these are the values to be used in th(‘ adjust immt .* The re\ isrd 
observ(‘d angle's are tln'n»fon‘ : — 


l-l 

-4| 

4.s^ 

20) ' 

00"-.7 ; 

111 

- 10| 

.74' 

.40' 

4s''-s 

l‘5 


.70 

21 

.74 -2 ; 

112 

III 

0.4 

.70 

14 -.7 

fo 

-81 

.40 

'.70 

4.7 -.4 ; 

1 

IJ 

.40 

27 

07 -2 


In this figure there an* six new din*etions for which enin*etinns an- 
required, namely .7. It), II, 12 and I. and then' is om* new point, I). 
tobefixerl. He'Uee, the number of eeindition ecjiiat ions is li ;{ - I .*{. i 
\V(' sliall take these a< the conditions for eh»snre of the tiiangh-s l)B(' 
and At 4) aiul f<ir eepial valne*s of the* h-ngtli of Bl) as < ompnle<l fmm 
the sides AB and lit 

Denote the corrections to the various din'ctions by the numixT of eac h 
direction enchased in round brackets, so that, for instance*, (I) is the 

* "I’tuM form of jin liniiriiiry -station iidjiist merit is iM*jT*.",nrv lioeaiiM* we Iuim* t«» 
iissiimu tViat th»' ilireetioiis liave ili-tinite valiu*s. ami th»* ol»>^er\e«l aiiv^Ies |»i\«* «liflrn*iil 
valii€‘H for tlif flireetiori of lili aet-oolinj^ as to whether tins ilirei tmn is riim|Mite«i 
from the* fixerl clin-etions H(’ or HA. In a»l#lili<»n, if (4). (.“») ami (ti) represent cor- 
rections to he applied to tlie directions 4, .7 and tj, w'e could not use* the condition 
that AHD — DHC — AHC bficaiise this condition would hi' written ( 0 ) -- (4) ■ 
(6) — ( 5 ), giving (6) — (4), bo that there w'ould be no term for the correct ion to 
the direction 5 in the condition equation, which woulci then merely heeorne an 
identit5^ 

t If the method of adjustment of anglcH were used, there are wix ohsf'rved angles 
and one new' p<nnt, so tfuit the number of conditions would }»e 0 2 I )• 

Thus, in this case the metluxl of dirertions saves one condition eqimtioii. 
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(•ori(*c<i( n to <liM*cti(in I, (9) tli<! coricdtion to dirc'ct ion 9, vie, Th(*n 
\v(* liavr for tin* closiin* of tin* triangle 1)B(’ - 

">l I Oi) rd I l^^ 71 1 (9) (7) 1 III JOJ i 

(II) (It))- jsir. 

'riir diirrlions 9 and 7 an* lix(‘d lu'cauM* tliry an* paits of tin* fixed 
tiiatij^le AB(\ and so there will he no eorreftions for them. ifene(* we 
must <iio|) t he corrections (9) and (7) from tin* (*(|uation. as their numerical 
\aluc is zero. Ac<*ordin^ly, we have for the first conditifjn crjiiation, 
I7!> .79' .")r'*!l (.7) i (9) : (II) (19) ISO , 




(■») i 

(!*) i 

(II) 

(10) N-l U 

. . . (1) 

For till' (iiaii>'lc ACI) 

\\i- «rt 

similarly : 


(1) • 

(12) 

(10) 

i (9) 4-2 9 

. • . (-’) 


and for the si<lc f*(|ualion \sv have : 

locAB 1 lo^sirr|3 1| • loc.sin[|l |9| Icjr B(' 

Io^rsin|9 7] lo^rsin|l2 IJ| (1)^/, rfdl) (H))}^/, 

(9)<, 1(12) (ll)}^/4 9. 

w here </,. d., and d ^ art* the differences for I" in the Icjn .sines of tin* angl(‘s 

|3 I]. Ill 9>1 |!) 7) and |12 - 11]. This ^.dves 

S-ti7(l) I U-9:{|(l|) (19)} .7*9.7(‘t) - 19*2S{(12) (llj) 

l!t 9. 

where the numerical c«,»*tlicicnts arc in units of the 7th placr* of decimals. 
After adding toj'i’thcr* al-chraically the co(‘flicicnts of the c(»rtcction (11) 
which occurs twici* in tire c(|uation, thi*' simplilics to 

S"-97(l) ,7fi.7(9) l4!t:Hl9) ; 2.7-21(11) l9-2S(12) • 19 9. 

or. dividing thr«iU^hout hy 19. and, as a matter’ of convcnicnci*. chanjzing 
all the si^ns. 

; 9-s7(l) ■ 9-.7t)(9) ’ l-4f»(l9) --2-.72(ll) ; l-9:i(I2) 

1-9 tt (3) 

r.sin^ i*(|uatiorrs (I). (2) ami (.3) to com|)iIc «i corrclati\« table for the 
formation of tin* norm<»l c<imlitional equations, we A\ritr* 



II 


f 




(1) 

_ . 

1 

• 9-S7 

-()13 

(•■') 

I 

- 


1 

(0) 

• 1 

: 1 

; n-oti 

-• 2-.7t) 

(10) ' 

1 

1 

- 1-49 

tt-.7I 

(II) 1 

i 1 

; 

2-.72 

1-.72 

(1-*) 

- 

; 1 

i 1-9.3 

; 2-0.3 


o iioriiial t'<|ua1i<>iis tlu-ii arc 

: - 



i U-, : '2k-., 


S-1 

9 

-kk-t 

0-77A', 

4-2 

9 


10-70IUA:, 

l‘». 

- 9. 
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Wlionco. tlie ronvlatives are -- + 3-217, k,, - 0-329 and 

^*3 = + 1’19L and the eorreetions are ; — 

(1) -f r-3r): (9) \ :v-ry:y ; (ll) | 0"-22; 

(")) - 3-22: (JO) 1-10; (12) [ 0-90. 

The eorreetion to any angle is now the dith-renee of the e(»neetions 
to the directions containing the angle. Thus, the correction to tlie 
angle (2 - 1 1 is 0 (i) l"-3<) and to 1 12 lllitis(l2) (II) - 

4- 0"*90 - ' 0"-22 - ) 0"-()S, etc. In this way, we get the c*)in*ct(‘d 

angles : — 

[.1 4| 4S^ 2(5' Otr-3 ; |M I 0 | .->4 3!^ oO' I : 

|0 ol r>0 21 .->7 -4:112 1 1 1 03 oO IT) -2 : 

[9 sj 30 M 4S-9: |2 l| - 3t) 27 03 -S ; 

and it will be found that these values satisfy all the (-onditions. 

In practice, it is wt‘ll ti> work witli detinite bi-arings and tc) s<*t out tin* 
data and n-sults methodically as in the table b(‘low'. Starting with a 
lijie <»f known bearing, or with an assunuMl lusiring if the real Ix-aring 
of none of the lines is known, W(' compute tiu' unadjusted bearings of 
the different lines frmu the observed angles and set thi‘sc out in ixdumn 4. 


1 



4 


.*» 

a 


7 


, StatioM" 

J.in* •* 

1 

Hi .llitm 

1 

i 

j III* III 

; 

j ''f.iiiMii 

1 A.ijii'l- 

\'ljM'«ttiI 1 

’•t .iiiii'4 

Frniii i T'» 





j Mailt 




A 1 1) 

! 1 

! 133 

31 i 

07*7 

-i- 14 

i 

133 

3ti 

0!M 


•) 

IS4 

03 

14-9 

' 

1 

IS4 

03 

I4!» 

i ii 


221 

13 

47(5 

' 

1 

221 

13 

J7li 

B A 

4 

41 

13 

47*t) 


, 

41 

13 

I7t» 

: 

.) 

'S9 

39 

37 1 

3-2 



3!> 

33!» 

! (’ 

i <* 

I4t) 

01 

31-3 



140 

nl 

31-3 

V : B 

i 7 

1 320 

01 

31-3 

1 

1 - I 

320 

to 

31-3 

1 A 

I S 

4 

03 

14-9 

; 

i - ' 

4 

03 

14-9 

: 1) 

I !» 

! 33 

00 

00-2 

• ; 3 t) 

■ 

33 

00 

(»3*S 

1) i (• 

; 11) 

! 213 

00 

tM)-2 

: M 

■ 4-7 i 

213 

(H) 

03S 

' B 

1 ii 

i 2fi9 

3!) 

4tH) 

! : t)-2 

' : 4-7 ! 

2t»!) 

3!» 

33-9 

: A 

i 

: 333 

30 

03-3 

! r 0-!» 

1 

* : 4-7 

333 

3<i 

09-1 

Iti the oihr 

f)f thf“ 

fixed 

liiK- 

s, the 

forwaid 

and icvef>e hearings will 


differ by ISO' exactly, assuming that we are working with |)lanc bearings. 
Wht-n w(‘ come to a station, su<*h as I) in the e\am])le, which is not at 
the end <4 a fixed line, w(* must assume a lx*aring for one line from that 
station and then work out the other unadjust(-d bearings from that and 
from the unadjusted angles. In the table, W'c have* taken tin- reverse 
bearing of the line (4) as the a]>proximate beaiing of the lim* DC. and the 
unadjusted bearings ol the lines DB and DA aie worked out b-oin the 
unadjusted angles. As a result of tin* adjiistiiK-nt of the figure, however, 
the forward bearing of CD will be altered and a collection will have* to be 
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.a|)i)lie(l in llio bearing; of ihv lino IK.*. Thus, tho iinadjiislod bearing of 
(!|) is 00' OO''*^ and ib(‘ adjusted value is .‘bV 00' (KV-H. The figural 
adjustment. lin<‘ l)(J is I"* I, giving a new bearing of 214^ 59' 59"* 1, 
which differs in the seconds by 4"-7 from tho bearing (d). Renee, to 
l)ring the bearing of DC to ditbT by ISO'^ exa(;tly fnmi tin? beaiing of (T), 
w<‘ must add | 4"*7 to the - of tin* figural adjustment. This 
figure* is insertesi in the* eohinm ln*aded Station Adjustment and it will 
liave the* same value for all lim*s fr(»m station I). After it has b(*en added 
to the* (M»rieetion fur ligmal adjiistmc‘nt of the* lines Dli ami DA, we get 
tin* final adjusted beaiings of tln‘se lines, and it will now' be s(‘en that 
tln‘S(* elilfer liy iStC (*xaetly from tin* forward bearings of tin* same* lin(‘S. 
This sinews that tin* angle* (*e|iiations in tin* aeljiistment an* satisfied. 

Adjustment by Method of Differential Displacements. By simple 
(Iinei(*ii1 iation of tin* e*\pression 


and usinL^ tin* I’urmnla* r , r, / eus 7.. /sin 7. w he*i(‘ / is tho 
h'lnjlh ami 7 tin* Ix'ariinj ed'tln* Inn* jeiiniinr tin* point I to tin* jeeiint 2 . we* 
obtain 


^/7 


•'/Vj d//,) eos 7 (Ir^) s\\\ 7 

/ “f 


wlii»h. when d 7 is ^•\p|•^•^'^^*d in se*eomls of are. may be* wiitte‘n 
tl y. p p • 7 .^///> . 


w In'le* 


P 


sin 7 

/ Nin 1 


, ami 7 


I’OS 7 

/sin I" 


(1) 


This e*\per.s>ion m.i\ hr us<*el to aeljust t liangeelal iim figure-s. Feer. if 
pn*liminar\ appieeximate* cee-orelinate" of the in‘w points to he ti\i‘d are* 
eom|Miteel fnuu tin* iinaelju>te*el angle> ainl l^•nLUhs. we* ea** eomj)Ute‘ an 
approximate* he*aiing 7 tor eaeh line* fnun the* a))pro\imatr eei-onlinate‘s. 
Starting with a line* id keiown he*arinir ami the* ohse*r\e*il anglt*s. we* can 
also ealeulate* an ohser\e*d hearing 7. fe»re‘aeh line*. When the* he*arings at 
the statioiiN to he* li\e*d are* eomputi'el from the* ohse*rNeel amjile's. however, 
the* tine* he*aring of tin* line* from whieh the* «)tht*r hearings are ealenlate*d 
is not known until tin* tiirnie is aelju.''te*d ainl eemse'ejue*nt ly we* must assume* 
t hat t he*re* is a stat ion adjust nu’iit d 7, w hieh is e ommon to all the* ohse*rve'd 
he*a rings from that statiem and whie*h must heapplie*d to all these* he*arings. 
riiis adjust me*nt is similar to the* statiem aeljust ment \i.M*d in the me*thoel 
of adjust nu'iit hv he*.irings ele*se’rihi*d in the last si*etie)n. ('onse*e|ue*ntly. 
we* ge*t an oh.se*r\ at ion ei|uation of tin* form 

7. • dx 7.. : r/7. 
or 

7 . 7 „ e/7, : yi.i/.i'i - q.dtf^ pdx., : 7.1/7., h t-t 

If the* initial |)oint is a li\e*d peeint, e/7,, e/.e*j, and e///i for all lim^s starting 
from that point must e*ae*h be* put e*e|ual to zern. 

Ill this wav, an ob.s(*r\ atiem eMjUatiem is fbrme*el for eaeh line' observed 




and normal (Vjiiations formed u ith thor/a/s, r/.r's and r///'s as tlu‘ unknowns, 
there bein^ a new for eaeli new station to be fixed which is common to 
all lines from that station. Solution of the normal e(|iiat i(»iLs ^iv(‘s tin* 
unknowns, the rAr's and r///'s are then applied to the preliminarv assunuMl 
co-ordinates, and the C(>rrected bearinixs found from 

a a,, r q-fij/i !- (’1) 

This metluxl of solution is often used for the adjustment of lower order 
trianixulation to that of a higher order. 

In a similar manner, if the (‘o-ordinates uscmI arc i>:(M)^raphi('ai <•<>- 
ordinates in terms of latitiulc </>. lonixitiidi* ij. and a/.imuth .1, \\r can, bv 
usinix th(' first terms in Puissant's formuhe (paixc* vi/.. (c/^, 

B./. cos A and (L., /.,) A./, sin .1 s(‘c in which .\ and B ha\c* the 

meaninixs assitxned tt) them on paixe .TTb obtain 

(lA p-fl<hi q.fliji - pjlJy.^ r q.flL.t ( t) 

w here 

sin J cos c( )s . I 

lO.inl-""''/ Al'smr ■ 
and the observaticui e((uation then becomes 

.4. - - .4.. r/d, : , tl6i 7 . ' 7 . '//-.j . . . (.*)) 

Approximate Adjustment of Geodetic Quadrilateral. lo>r obse rvations 
ifl equal weif^ht, an approximate adjust nuuit, s\ifli(‘i(‘nt for minor woik, 
may be performed as follows. 

(1) Satisfy the first anj'le equation (pa<x<* ->'1) by disti ibiit iuLX the 
error of suinmalion of the observed valui's as ccpial corrections to all 
the anjxles. 

(2) Satisfy the .second an<^lc equation by distributin*^ onc-fourth of the 
discrepanc}” to each an^xle tlKU’ein. 

(3) Satisfy the third angk* (‘quation in the same way. 

(4) Adjust the values so obtained to suit IIh‘ side c‘quafion by the 
following method. 

Let n, ft, etc. ~ values obtained after the angk‘ conditions ar(‘ met, 
r,, Tg, etc. = corrections to a, ft, etc., natuirccl to satisfy the sidi* 
equation, 

dj, dg* <4c. = tabular difTcrenccs for 1'' for log sin a, log sin ft, etc. 

Ah in tfie rigorous adjustment, the side (‘cpiation may be exjuessed is 
d^Ti — rfgrg +•••-' ■ '^ 4 * 

This equation i.s now independent of the angk* e(piafinns, ami the most 
probable set of values for r^, fg, etc. is that in W'hieh rg, etc. are numeri 
cally jiroportional to dg, etc., or 




APrK(>XIMAn: ADJI STMKNT (H- r.EODETir QTADllILArERAL 




298 


PLANE AND GEODETIC SURVEYING 


Tho final adjusted values in the table on ])age 2!) 7 do not satisfy the angle 
equations : a second adjustment gives results very nearly tho same as those 
previously obtained hy the rigorous method. 


Since those corrections have been (leteriiiincJ without r(‘fer(‘nco to the 
requirements of the angle equations, their applical ion is likely to disturb 
the former adjustiiKuits. If the discrepancies thus caused are greater 
than is desirable, the results obtained may be treated as observed values, 
and the complete adjustment is reix^ated by the same proe(‘ss. 


Example , Apply the approximnto motliotl to tho iidjiistment of the last cn.se. 

(1) Tho observed angles sum to 4^*S .short of 360°, 

4^*8 

correction to each = -h =: (- 

8 

( 2 ) a -f exceeds d -f- c hy 3^-9, 

3'0 

/. correction to each — — — r,, O^'-OS, -- for a iiiul //, -|- for <l and e. 

4 

(3) 6 + c exceeds / + .7 by 7 *-5, 

correction to each = I ^- 88 , — for b and r, {- for / and 7 . 


Tho values obtained on application of thcst» corrections are as tabiilntisl mi pai:e 
4!17. 

(4) Tho algebraic sum of the log sines of the angles as adjusted is 21-0 in units 
of the 6 th decimal place of logarithms. 


t/4- 
and rj = 


2 10 . 

21 0 X 3-08 
47-42 


P-.)9, etc., as tabulated and applied on page 297. 


This method of approximate adjii.stment can he extended to other 
simple figures be.sides the quadrilateral, and, for several of those that 
occur fairly commonly in practical work, .McCaw has worked out emi>irical 
rules for the corrections to be apjdied to the angles to satisfy the angle 
conditional equatioas. Other simple methods and rules, also due to him, 
which are based on the metho<l of successive approximations, are given 
in the War Office publication Thu Approximiit Rigorous Adjustment of 
Simple Figures, 

Ferrero^s Formula for the Probable Error of an Observed Angle in 
Triangulation. Let there be N triangles and let Aj, A3, . . . A„ be 
the individual closing errors. Then, if the observations of the angles are 
assumed to be of equal weight, the probable error of closure of a single 
triangle will be given by : — 

• p t'. = ± V V + ''o* 4- ^ ± V 

in which is the probable error of a single angle. But, tn^ating the various 
closing errors as residuals, the probalile error of closure of a triangle 
will be : — 

p.c. = ± 

[am = A,* + A,* + A,* + . . . + A,*. 


where 
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Hence, 


aJid thiTi'fonj : — 




± 0(>74r, 


V N ' 


^0 - 




fA^J 

\\N 


This forinnla is gciiierally known as Ki rroro’s formula. It is only to be 
used for calculating a])proxiniatc; probable errors from unadjusted 
lesults, as it only takes into account the angular equations and ignores 
the side equations. 

Probable Error of an Adjusted Angle m Triangulation. Wlicn the 
angles of a figure have been adjusted by least squares the probable error 
of an adjusted angle may be found by using the formula for the probable 
error of eonditione<l quantities given on page 2S0. I^*t S be the total 
number of new stations in tlu^ figure and n the number of angles to which 
corrections have been appli(‘d. Then (page 2.SS) the number of conditions, 
a., is given by n, = As.suming that all the angles are of equal 

weight and put^inir q ^ n in the formula of page 2sth 


± 0-G74.5y 


in which [v^] is the sum of the squares of the corrections to the angle's. 

Propagation ol Linear Error in Triangulation. Tf tiu' angles of a triangle 
ABC are a<ljusted UiV el<».suri* it can be shown that tlie probable error in 
the length of tin* side a is given by : — 


r 2 r sin- 1 * (col - A f cot* B + cot .1 . cot B) 

in which r,, is the prol)al>le error in the Ic'iigth of the side h an<l r^^ is the 
probabK* error of an Uflju^stnl angle. Ft is easy to extend this formula to 
th(‘ ease? of a chain of single triangles wlu*n it will be foimd that the probable 
error in the computed length of the .side q is giM'ii by - 


rr — 


’(-O’ 


' K|^(eot* A {- cot* B + cot A . cot B) | 


where is the j>robable cTi’or of an adjusit'd angle and the square brackets 
r ] in the second term (hmote summation ovc*r the distance angles used 
in computing the length of the siile q from the ba.se 6. This formula 
moans looking out the co-tangents of tlie angles, as these quantities have 
not Ikm'U found in any previous eom])utation. If the elTeet of the probable 
error (»f the* bjise line is neglectt'd, or is assuineil to be zero, it is more 
eonvenieiit to use the formula : — 


r.- - 5rr[d..- i- d,* !- (/.rf,] 


in which is the jyobablc ern»r in the Unjarithm of the length q, and d|. 
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are the differences for one second in the logarithms of the* sines of t h 
distance angks that were used in the formation of the side or loufii, 
equations, and, as before, the square bracket d(»iu>teH siiinmalioii. Tli 
formula is derived from the otlier bv rt*im‘mlMTing that cot .1 

d(logsin .-1) 

^ • 

Adjustment of a Chain of Triangulation between Fixed Bases and 
Azimatbs. When a check base nnd a check nzimiith are uhserved nt the* 
end of a chain of triangiilaf ion, it is necessary to adjust the latter so that 
the length of tlie se(‘ond base and the check azimuth, as coiujuited tlirough 
the triangiilation from the initial bas«' and azimiitli, agnn* with tluir 
measured values. If the chain is adjusted as a whole, this can easily be 
done by adding two additional conditional equations, one for clusun* 
between bases and the other for closure between azimuths. To adjust 
a long complicated chain in one single solution would usually mean a 
very great amount of labour and it is thendore a common ])raetiec to 
divide the chain into a series of single figures, sonu* or all of which may lx* 
relatively complicated, and to adjust each figun* indcp(‘ndently for the 
ordinary geometrical condititais of closure of the sides ami angles. After 
this has been done, a chain of well-shaix?d single triangles to connect 
the two bases and the two azimuth stations is chosen, and, with the 
adjusted values for the angles as obtained from the figural solutions, the 
second azimuth and the length of the second base are computed from 
the initial azimuth and base. These computed value's will not agree 
with the measured values. The chain of single triangles is now adjustc'd 
as a whole, the conditional equations incbiding one for the ch>s\ire c)f 
each triangle, one for the closure in azimuth and a length equation b)r 
the closure of the bases. As the triangles have all been adjusted for 
closure during the adjustment of the different figures, the absolute terms 
in the ordinary angle conditional equations will be zero and the only 
equations in which absolute terms apart fiom zero will occur will be the 
azimuth and length equations. 

When the terminal side is also fixed in position as \Nell as in length and 
azimuth it uill be neces.sarv to add <‘\tra coialition !*quations. one Ibr 
closure in latitmle and the other for closure in lonuitudi*. I'hesc* cijuations 
are rather complicated when stated in a general form and w ill not be given 
here. If requirerl, they will be foimrl in Wright and llayford's Afljustwt nt 
(tf Ohftfrrationfi, pages (.secoiul edition. IlMMi) or in tla* (iold (’oasi 

Survey Professional Paper No. I Xotfnon fhr A /tp/lratlon of t/n Mtihod of 
Lmni Squrmoi to the AdjuMmf nt of Trlanfjtilfition and ijt n I (ind Tranrst 
XHu'or/cn, pages 51-04. As an alternative, if the triangulation is «*(»mputed 
in terms of rectangular co-ordinates, tin* method of differential displace- 
ments de.scribed on page 295 may be u.sed, the r/a/s, ^/.r’s and r///\s of all the 
fixed stations being put equal to zero. 

The adjustment between bases will naturally disturb the figural adjust- 
ments, and each figure will therefore have to bo re-adjusted to hold 
fixed the new values for the angles in those triangles that occur in tlic 
chain of single triingles u.*>ed in the adjustment just described. 
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ADJUSTMENT OF PRECISE TRAVERSES 

Travi*rsfH may hu computed either on a sy.stcra, or modified system, 
of rectangular co-ordiimteH or else directly in terms of latitude and longi- 
tildes on lli(i spheroid, the latt(!r being the method used by the United 
Stales (?oast and (Jeodetic Surv’(?y. Whiehev(;r method is used, the prin- 
ri[)l<‘S a|)j)lieable to tin; adjustment will be the same for each, although 

iglit variations in the fnrmiihe will naturally be necessary. 

'I'lie most eonimoii ])roblem in the adjustment of a traverse is that in 
which tlui traverse* begins and ends on trigonometrical points whose 
j)ositions an* considered to be without (‘rror and which tlierefore liave 
to be held fi-xed in the a<ljustment. lh(*re are tlaui three main conditions 
to bi^ fiiltillisl. I'irst, there is the (‘f>nditic)n for the closure in JC, or in 
latitude if g«‘ograi)hic‘al co-oidinates are used, and secondly there is the 
similar cimdition for the elosun* in V, or in longiturle. Finally, there is 
till* condition for the clnsure of the bearings or azimuths at the azimuth 
stations. '1 ht* s^stc*ni of adjustment may then involve corrections 
applied din'ctly to tiu* <'o-ordinates ()r else t(j the observed lengths and 
angh‘S. In all s\st(‘ms <jf adjusting traverse s one *jf the main difficulties 
is in estimating and assigning the relative weights of the linear and 
angular measunM 

Wh(‘n ml works of t inverses are involved, the problem becomes more 
com]dicat(‘d, because oikj or both of the terminal points of an indi\idu£j 
traverse is no longer fixed and the ])ositions of the junction points of 
dillercnt traveives hav<* to be found. The conditions then include closure 
in X and }\ or in latitude and longitude, for the different closed circuits 
whicli comprist* the network, and for the closure of the angles *)r bearings 
on dins tly ob.MTved values, ih-re again, the main difficulty is one of 
assigning suitable weights to the angular and linear measures or to each 
single* traverse as a whole. 

Adjustment by Means of Corrections Applied Directly to the Co- 
ordinates. The most common t>f tin* methods of ap])lyim^ corTcctions 
<lircctly to the co-ordinates is the* eonventional Bowilitcli i ide wliich is 
d(*scnhed in Vol. I, page 272. This rule, although it ean be derived directly 
from l(*ast s([uar(*s, is basi'd on various assumptions that are not altogether 
sound ovt*n \vJi(*n applied to ordinary traverses, and much less so when 
applied to ])recise travt*r’S(s. These assumptions imply that bearings, 
and not angles, are the dircetly observe«l (quantities, and they in\(»l\e a 
system of weighting whieli is hardly consistent witli the actual conditions 
of mea,sun*nieiit. 

For further details of the Fowditeh rule reference may he* made to 
Vol. I. Proofs of the formulae involved, and of various moditieations of 
them, an* given in dilfen'iit text-books, such as Crandalls ItxUbook of 
Ocodtisy and Squares or Janu*M)irs Advanced Surveying. Ihe rule 

'is also very fullv discussed in a series of articles which liave ajn>earcd in 
recent issues of the* Empire Survuj Jhvinv.* 

Adjustment by Means of Corrections Applied to the Measured Angles 
and Lengths. In Vol. I, iKige 231), it was j>roved that the displacement 
in the X co-ordinate of a traverse, due to distui bailees S/j, S/2, S/3 . . . S/„ 

* Hwpire AVk/,//*, Vol. IV. No.«. 29 and 30; Vo). V, Nos. 31. 32 and 38. 



302 


PLANE AND (5EODETIC SUIIVEYING 


in the lengths, and Stf j . . . B0„ in the angles, is given by ; — 


8X = 


[ 


8^ , 8/j , 8/3 , 

/ T"’* ® + • . . + 

*2 *3 




•i !h + l/a - 1 - . . . -I- y.,) -f- 80,(//3 I J/a I- • • • -I- Vn) 
-I my 3 + • • • -I- Vn) I- • • • -I 8«..y..]. 


where /j, /g, /g 


the latitudes and 
The similar expression in 
■8/i . hh . hU 


/„ are the lent^ths of the le^s ; Xy^y x.^y x^ 


their departures. 


X,, are 


Y is 


sv , 8^0 , s /3 , , 8/.. "1 

SJ - + T^ya + -^//a + . . . + 7-y.,J 


+ [^8yj(j-, -I- J-, -I- X3 -f- . . . I- a-,,) + 86/j(a:j + 2-3 + x,.) 

+ 8y3(j-3 -h . . . H a:,,) -I- . . . •{■ 8y,.j-,.J. 

If (Xj, Tj) ; (A'a,}^); I'a) • • • • , n 1^'. , i) the ee- 

ordiiiates of the different traverse statioiis, (aYi,)^) and (A'„ 
being the co-ordinates of llie terminal points of th(» traverse, these 
expressions may be written : — 


SA’ = 

rSI. 

‘.I’l + 

8L , 

SL 


, 8/, I 



[-; 

1 •*'2 !' 
‘2 

*3 

-i- . 

• • 





-1 

'sy.i i'„ 

-1 1 ” 

>'.) 1 

'■ sdo( 1 ,1 1 1 - 

- } .>) 1 ^ n I 1 

- r,) 







1 . 

• . I ^ 1 

)■«)]. 

BY = 

rS/, 

yi + 

SI. , 

SI., 

-f- 

, 8/, 1 




*2 

7 y3 
‘3 

• • 





+ 

[sy.iA, 

»♦ 1 

A'.) 

( oy2(A nil" 

— A 2 ) 1 A „ 1 1 

— A'g) 







-1- . 

. . i ■ 80„(A ,1 1 1 - 

A'»)]. 


If, instead of considerinj' tliem as errors, as we did when deriving these 
expressions, wc consider 8 /j, S/j, 8/3 , . . 8 /, ; Sflj, 80^. 8^3 . . . 8 tf„ as 
corrections to be applied to the olj^-ervtd lengtiis and angles, wir ean 
regard the above? formulai as conditional equations in which 8 A and 87 
are the closing errors (fixed minus computed values) in A' and Y at the 
terminal point of the traverse, which is supposed to l»e fixt d. The linear 
and angular observations, however, will hardly be of the same weight 
as regards the probabl(3 errors in linear dis[)lacement produced at the end 
of a line of given length. L(?t tin? probable error of an angular olwervation 
be the same for all angles and indc[M*ndent of the length of the legs, an 
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ansuniption whiuli is jusiifiablo wlien logs are long, and let the probable 
error of the incaHurctnent of /i,oxi)reHsed as a fraction of fj, be y/piUmca 
the probable error of an obsiirvcd angle. Then, taking the weights of 

the angles as unity, the weight of the measurement I, will be — , that of 

1 

^2 will be — , and so on. When the Sd’s are expre.s.sc«l in seconds of arc, the 
P2 

conditional (‘(juations Iwconu' : — 


[ 

[ 


1 

Pi -J- P 

8 /, , 

Pij !h \ P 


81 ., 

2 / 2 
/ ij 


8/.. 


I ^^3 1 . 1 r 

! !-- t dO^Q, 

-I- ^ 0 . Q. 1- 60 ^ Q,, f . . . + Q,^ - 8X = 0 

! /^»/ ^3 I . . • ! f od^P^ 


1 ! 8(^3/*3 ; . . . i 8/?., /^J 87-0 

when* /\ ( V«., P^ (Xn .] -'Xo) >in 1 "; /^3 = 

(Xn^\ -V 3 ) .sill 1" ; . . P„ I . I X„) >\\\ 1 " • V, — ( )"„ f I — 7i) 

sill 1"; Q 2 ( >'„M - >'.) 1"; V3 ( ^ ' - ^’3) I'' ; . . • . • 

y»i “ ( ^ n M ^ ,») 1 • 

fjut the traviTsi* he s])lit up inlo, miv, 7 .si utioii.^, l ai h s(‘t tiou beginning 
and (Midiiig at an azimuth station, ^o that for t‘aeh soetion there is an 
('({nation bjr tin* closun* of tin* licarings. I’lieii wr ha\e f/ angular condi- 
tioiial tM|ualions of tiu' form : - 

; 8(^0 I 8t^3 J- . . . ! 8#^ - 8x1 - 0 

^Oan 87.3 --0 


^K+i 4,.j . -r 8 ^/„-- 8 x,“ ' 

wliere Sxj, Sa^ . . . Sa, are tin' closing i iTors (fixed minus computed) of 
the bearings at the I'lids of the ditTcrent sections. 'J'hcse equations, 
togetb(*r with the two ecpiations f(»r miselosun' in jiosition, will give 
(g + 2) conditional ('({nations and (g -j- 2) normal equations, the solution 
of whi(di will yield {g -j- 2) I’orri'Iatives. and, fn>m tlu' latter, the individual 
eorn'ct ions S7j, S/o. 8/3 . . . 8/. ; S(^,, 8(^3 . . . 8f^„ can easily be 

obtained. From the eorri'cted angles, the corrected bt*arings can be 
computi'd and corrections to the latitudes and departures can then 
be obtaiiu'd from - 

8x = hi cos jS - /8/^ .sin K sin *3 - ^8/ i/S^Ssin K 

8y = 8/ sin 6 - j- ZS/J.sin l'eos3"'- 8/ j- .r 5/3 sin 1". 

where j3 i.s the bearing of the line and 5/3 the dUTeetion to the bearing. 

The noriiicil equations from whi(*h the corn'latives i'j. ^'s • • • ^V+2 
are found are of the form : — 
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ire thi' suin-sof tiler's* i' 


over the whole traverse, H, an* tin* < 

►actions a, 1) . . . g ; ['iH; • ['■], an* similar s 


summalmiis 


for the P's and 7i,, 7\,, . . . aro tin* nnmlM*r of angular stations, 
including one aziinuth station, in the different s(*etic)ns. instead t>f using 
these formula?, however, it is better to form the normal eciuations in 
the usual way, taking full advantage of all the usual summation tests. 

The above is the general statement of tlu* probh'in ft»r a long tnuorsi* 
in which there are more sections than one, or more than two et)ntrol i>r 
fixed azimuths, this being the case that oeeiirs very frequently in aetual 
practice. The formula? have been deriv(*d directly from tlu* fundamental 
formulae for ordinary plane rectangular eo-ordinates, but, in practice, 
they will still hold for any other system of rectangular eo-ordinatj*s- ' 
Tran.sverse Mercator, Lambert, Cassini, etc. — lu'causc* tin* lirst terms in 
all of these are of the form z ~ I . cos )3, ?y - - I . sin /j, and the.'ie are much 
greater in magnitude than any (»f the succeeding terms. Jolly, in the 
Empire Survejj Review^ Vol. IV, No. 2S, has di.m-ussed tlu* s])(‘eial east; 
of a comparatively short traverse, with er)ntrol or fixerl azimuths at the 
end stations only, and he assum(*s that the factor p is tlu* same for all 
legs, which is equivalent to assuming that the j)robaI)le error in tlu* 
measurement of a length is pro]){jrtional to tlu* length of the liiu*. In this 
ease* the normal equations becouu* ; — 
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H(* tht‘n iisrs a modification of thii formula to make the third correlative 
disappear. Before, tins co-ordinates are computed, the closing error in 
h(‘aring is distiil)iit(*d e(pially among Uhj angles in the way that is usual 
in the adjustment of the angles in an ordinary traverse, so that the 
eorr(H;tions o))tained from flu* solution are to be applied to the angles 
after this pn*liminary adjustment has been made.* This gives zero as 
thi* al)solutc t<*rm in the thirrl normal erpiation. The co-ordinates 
A\, A^2» • • • ^^nfi ; y^f • • • ^n+i i^sed in obtaining the 

/^’s and (/a are now ret(*rred to th<i “ c(‘ntn* of gravity ** of the treaverse, 
that is to a i)oint whose co-ordinates are -J- An-n), i(ri + 

Wh(*n til is has been doiu*, and [Q\ vanish and the third cornjlative 
becomes zero. Kenee, tlu,* number of correlative's and normal equations 
is re'iluciMl from three if) two an*l the work is correspondingly simplified 
anel reeiiiccMl. 

Adjustment of Angles and Lengths when the Traverse is Computed in 
Terms of Geographical Co-ordinates. Whcui the.* travc'rse^ is ccjmputed 
(linutly in t<‘rms of geMigraphical co-onlinates, the first terms in the 
relevant formula* an? (page; 333) : — 

----- 

ill/ A see if) . I sin a 

in which. I and fM" and e//>" arc the* <liffcrenci.45 

A sin 1 l{ sin 1 


in latilinh* and loiitritnd'* between the ends of the line, 
j liariLjcs in // A and t/L, dne to chango dl and dy. in z, arc - 

66 H . 61 cos X — 116% . sin 1" . / ^in % 


- i!<!i . 6% sin 1 

I ‘ .1 see 


A/ 




6 . il<l ^ . 6% . sin 1 


Heiic(*, the 


y. lu'ing the a/.iinnth oi the line. Broceediiig as in the I'asi* of reet angular 
co-ordinates, we the two I'oiidit ional eipiatioiis of pi‘sition : 




Vi 1 ■ '/'A j I IH V* i 
« *1 


<S/,. 


. . f />„ 7 - - 


[ 


dO ^ - -- {/.III- 1 "I'll 2 i 1 \''W-f 

seei/),Jj ^ \sec 02‘‘2 


A.,)-! 60 


sin 1* ^3 
^ see ^3 -4 3 


i l-n \ \ ■ ^':i) i 


.s(*ev\ A„ 


] 


8 (f> = ib 


• Tt is easy (e show (hat this pivliiniiiary ailjusl merit does not atTeet the values 

oIiIjiiimmI for the finally adjusted aii^le.s. 
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+ Pi -^^^2 + Pa -j-dLa 4- . . . t- P«~' 'I' 

I^S^isin rsec^i^^^(^„+i — ^,) + hd^f^in 1* kc>c (<^„^. l - ^j) 1- 

S^jBin 1 'soc^j-^(^„+i —^ 3 ) + • •• + S<?„siii l*soc0„ . (0«+i — ^„)J 

- SL ■-■-■ 0. 

and, as befoi'c, wo Iiave tlio angular conditional (-([nations for closiiro on 
fixed azimuths : — 

8^1 -f 80J 8flj -}-...+ S0„ - 8ai r-. 0 

+ l "4“ S^a + 2 4" • • • ^*2 

8^6+1 4“ 4" • • • 'f~ 80,. — 803 = 0 


80 +1 4- 80/+O + . . . 4- 80,. - 8a.. = 0. 

If, n« is usually done, the angular cdosing error in a/.iinuth is distrihutetl 
evenly among the angles before the preliminary eompiitation of co- 
ordinates, the absolute terms in these angular conditional equations 
become zero and the corrections have to lx* applied to tlu* [Jieliminary 
qprrected angles. 

In the above equations dLj) ; d/^o) ; (d<^3, dL^) ; . • . 

(d^n+ii dLu+i) are the differences in latitude and longitude between tlu* 
terminal points of the respective legs and corri'spond to tlu* latitiuh s and 
departures in plane rectangular co-ordinates. ; {<!>•*, 1^2) * 

. . . Ln^i) are the latitudes and longitudes of the diff(*rent stations 

of the traverse as obtained from the unadjusted solution. The faetcirs 
Ai, A2, , A„ ; ifi, i^2, 7^3 .. . /i„ vary slightly with latit\ide, 

but, as the numerical value of each term is small, they may lx* tak(‘n (uit 
for the mean latitude of each traver.se section, or, if tlu* traverse* runs 
more or less in an cast and west direction, for the mean latitude of the 

whole traverse. In the latter ca.se, the quantities - "" y ^ and 

may be removed to outside the bracki*t, thus simplifying tlu* formuhe. 

When a traverse consists of one section only, the; niimb«*r of e-orrelativ(*s 
and of normal equations can be reduced from three to two in a manner 
similar to that described for the ca.se of the arljustnu nt when rectangular 
co-ordinates are used. 

Instead of computing corrections to the actual nu'asured lengths, the 
United States Coast and Geodetic Survey compute corrections to the log- 
arithms of the lengths and in t his w'ay eliminate t he varying dejiominators in 

I in the expressions in the first bracket in each equat ion. Since d (log, 1 ) == 

I 


we can substitute 


for 


M '/ lit*’ M .< I0«’ .1/ X 10* ■ ■ ■ .1/ X 10* 

8 L 81, 8/3 81„ . ...... .1 

J- , j- , . . . J-, where »„ r, . . . r,, are corn-clions in the sixth 

tj f, *3 S 
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place of the logarithms of the first, second, third ... nth legs and M is 
the modulus of the common logarithms. This substitution can, of course, 
also he made; in tlu! formula for rectangular co-ordinates. 

Having obtained the correetions to the lengths, and having computed 
the corrected a/.imuths fiorn the adjusted angles, the correction to each 
difference in latitude and l<mgiliidc can l)c comi)uted from : — 


o<p — - dtf> — da . —sin 1 

t sec <f> A 

5/ j 

dlj" h Sa . (!<!>'' . .sec • jj • I'"- 


Weights to be Assigned in the Adjustment of Lengths and Angles. As 

iilr(*ad\ stated on pa^o UHl, the mo.st difficult pnjhleni to decide in the 
adjustment of a traverse is the a.ssigninent of suitable relative weights 
to rhe linear aiul angular observations. Tlie practice in the United States 
Coast and (ieod(*tic Survey is to make a preliminary solution in which 
unit weiglit is givtui both to the angles and to the ratio of the probable 
(‘iTor of the linear measurements to the length of the line. In this ca.se, 
all the p’s in the formula} given above arc replaced by unity, the as.siimp- 
tion b(‘ing that the probable error in the measurement of an angle is 
indepeiidfuit of the length of the line and that in the measurement of a 
line is proportional to the length of the lin(‘. If the preliminary solution 
shows tliat tlu' corrections to the angles are disproportionate to the 
corrections to th(‘ lengths, one or more additional solutions may be tried 
in which a system of weighting, as suggested by the previous solution, is 
adopted, and the proce.ss may be repeated until the corrections to lengths 
and angles an; not consi(h*red to be excessive or out of proportion. 

If th(‘ trav(‘r.s(* is a fairly straight one, the direction of the clo.sing error 
may suggest suitabh* weights. Here the comp ment of the closing error 
in the <lin*ction of the traverse may be considered to be due mainly to 
the linear errors, but, in apportioning the total linear clo-siiic error among 
tlie different legs, it iiiu.st not be forgotten that the exprrssion for the 
probable error in taping is of the form \/aZ + in which a and 6 are 
eon.stants, and heiiei* tlu' ])robable error i.s not strictly proportional either 
to the huigtli of the liiu* or to the square root of the length. If a steel 
tape is used for the linear measures, the probable error will tend to be 
proportional to tlie length rather than to the .squan* root of tlie length ; 
if an invar tape is u.sed, aiul great can* is taken to eliminate cumulative 
errors, the tendeney will be for the probabh* error of the taping to follow 
a square root law. 

When the component of the closing error at right angles to the direction 
of the traverse* is taken as a basis for estimating the probable error of an 
angle, the probable* disphu’cment at the f*nel e^f the traviTse, supposed 
straight, i.s not sim])ly the le*ngth of the traver.se multiplieHl by the probable 
error of an angle* (‘X])re*s.seel in raelians, If the le'gs of the traverse arc 
re*aHonably equal in le*ngth, r, may be e*stimatt*d from : — 


(I L ; 


«S + 1)(2«- 


•••] 
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or, in abbreviated approximate form ; — 

da ^ + 3) -I H - 3) | . . .J 

wlioro d is the component of the closing error at riglil anglt*s to the Iiiu‘ 
of the traverse, Lj, Lg • • • m*c the lengths of the (lilTcn*nt st'ct ions, and 
Wj, ?/2 • • • number of the legs in each seetion. This formula is 

only to be used when the angles and bc'arings ri'ceivi* no ])r(’Iiminary 
adjustment. If the closing error in luMiring of each s(‘et ion has been 
evenly distributed throughout the angles before* thi* elosing error in 
position was computed, the formula becomes : — 


^,_ r.;-sinMY j o pi + in I + 2) I 1) (''.2 J _^) 

12 L //, n.» 

or, in abbreviated approximate form : — 

ja = + 3) + | 3) 1 . . . j 


An alternative method, which can either he usc*d as a rough cheek on 
the values obtained from the above reasoning or (*ls(* as an indej)endrnt 
method that can be used for traverses of any sha])(*, is to eomputi* tiu* 
probable error of an angle from the closing (*rrors of tlu* h'carings or 
azimuths at the ends of the different sections, using the formula given on 
page 2.*)2, viz. : — 


r„ = 


± 



i 


where ei, Cj* €3 . . . are the clo.sing errors at the ends of tin* sections ; 
Tij, 712 , ^3 • • • the number of angular stations in eaf h seeti<»n ami A 
is the number of sections. The probable error of the linear measurements 
can then be estimated in the manner outlined on pages 2 IS to 2.') I by 
estimating the probable errors of the various factors camtributing to tin* 
error in the measurement of a line. If the legs of tin* traverse an? very 
unequal in length, a short table, giving the probable ern)rs of measure- 
ment of lines of different lengths, can be com])ut(‘d ami this tal)le used to 
assign rough weights to different lengths of leg. 

It will be seen from the above that ai»y system of adjustment of a 
traverse b}'' correcting the ob.served lengths and angl(‘s by least squares 
means a good deal of labour when legs are short and numerous, and it 
should thus only be undertaken when tlu? utmost accuracy is desii’cd 
and the accuracy of the field work ju.stifics such a pioccduK*. For most 
traverses that are likely to be required for c‘ngineering ])ur poses, a simple 
adjustment by the Bow’dit(?h rule will he all that is iiec(\s.sary. 

Adjustment of a Network 0! Traverses. The arijust merit of a network 
of precise traverses is a -problem that will normally coriecrri an official 
survey departm(*nt rather than the orrlinary engineer, but tin* ])roblcni 
may sometimes arise in city or similar surveys, in wdiicb case tlu? traverses 
forming the network will usually be short ones. 
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A (;oiu])luto a(ljustn)(*ni of a network would involve equations to include 
< (>rreci ions to (‘very singles angle and length, but this would be a most 
lal)ori<)ns ])roee.ss. I'Ikj usual practicje therefore is to form equations 
involving correet ions to tlie assumed approximate co-ordinates of the 
(liili*rent junction i)oints of the ncitwork only, and then, holding th(.* 
eonveted co-ordinates lix(‘d. to adjust the individual trav( 3 rses. 

In d(‘t(‘rinining the cornretions to the (JO-ordinates (jf the junction points, 
tlie difficulty again is to assign proper weights to the individual traverses 
or trav(*rse sections that form thcj network. For most purposes it mav be 
assum(‘d lliai tin? weiglit to lx; assign(*d to any trav’C'rse or traverse 
section will b(‘ inversely proportional to th(; length of the section, which 
is (‘([uivalent to the assumption that the prcjbable error cjf displacement 
will be proportional to tlie srpiare root of the hmgth. Alternatively, 
jirobable disjilaeements may l>o estimated by estimating separately the 
jirobable displacements du(‘ to the lim^ar and angular errors, following the 
methods already described, and then combining the results by the 
formula : — 

It, -■ ^/l{T^t~- 

when' U, is th(‘ tola I jirobable dis])laeem(‘nt and and 7^., the probable 
disjilaeements du(‘ to the liiu^ar and angular errors. The weiglit to be 
assign(‘d to any s(*ction will t luui be inversely as the square of the probable 
displacenicuit. An example of an adju.stment by such a method, and 
very complete discussion of the whoh' problem of the probable errors of 
traversing and of weighting, is given by F. Yates in Vol. Ill of Records 
of the Cold Const Survey Dcpnrtment. 

Ifaving deeidcMl on the weights to be used, condition equations for 
closure lietw(‘en lixed jioints ami for closure of eloscxl circuits are formed. 
'Flicn* will be two sets of .such condition equations, one for closure in A", 
or in latitude if giMi^rajihieal e<i-ordinates are used, and the second for 
the i hisure in ov in longitudi*. The.se two .sets of equations will be 
idimtieal exeejit in the absolute terms, and they will lead » ' two sets of 
normal equations which, of course, will also be identical except in the 
alisolute ti'i’ins. Solution <if thc*>e ('quations will yield two sets of corre- 
lativi's, on(‘ for oi>taining tin* eorn'ctions in A'^, ami the other for obtaining 
th(‘ correct ions in )'. Ajijilieat ion of the eoro'ctions will givi* the adjusted 
co-ordinates of the dilh*rcnt jumtion points of the network. 

\ole. Ill tli«' in ‘tliotl altliiiiigh •'iitlii'ioiitly a*’ciirate fv>r 

iiio-.t purjiO'M*'?, only tor tin* raM» whi*ro the j)iol)'il>li‘ orror ot i*; tlie 

sitiic ill all «lircction>. In a in >n* riLrenni'^ treatment of th*' <iil)joi-t, \att's lia-4 
OMiiarkiMl til'll, if the jirolialili’ in ili'^pIaciMiv'iit is re*>‘olw<l in two ilir.'i'iions ai. 

riiilit aiiLrlcs to cue aiMtlier s!» as to j/ivc tlio “ jirnhahle ivsoIvlhI ihsjilai'eini’*nts ' 
aloiiir those ilin'i-l ions, the ri‘'*uli in*.: etnnjioncnt”' an* p'lierally not iiidojion li'iit of 
••iifli otiior lull an^ inoro or Icn> eorivlatisl. In thesis oireuiiistancos, ho shows that, 
in order to resolve a j»rolial»Ie I'rror t>f pjisitioii in any jiarticnlar cliie<.'tion. say alontj 
the direction of tho main axes »)f eo*oniinates, it is not sutiieiont to know only tlie 
prohahlo displacements in ntoj two tlirectioiis at ri^ht angles to one another. \ 
eoinplote and rigorous solution demands that tho directions of certain rectangular 
axes, known as the “ axes of error,” or the ” principal axes, ’ along which the probable 
displacements are a maxiinnin and a ininimiira, os well as tho values of these probable 
<hsjilaceinents, should be known or ileteriniiiod. These axes can often bo chosen 
from principles of syiiijnt'try, and those taken for and in the f«.)rmiil.i* given in 
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Vol. 1, i)ttg 0 238, are tlie principal axes. For furtlior information on this point, and 
its appli('ation to tho adjustment of traverse networks, see Yates’ paper rnontiotied 
above. 


EXAMPLES 

1. Observations of throe angles and their sum give : — 


a= 40 32 12*4, weight 1, 

6 = 49 07 60-6, 1, 

c = (50 2 2 3(5-3. 2, 

o -f- 6 + c = 160 02 38-0, 2. 

Adjust the angles. 

2. Adjust the following station observations closing tho horizon 

O / m 


a = 65 

18 

30*2, weight 2, 

6 = 78 

37 

12-3, 1. 

c = 72 

48 

02*5, 1. 

d= 59 

00 

49*2, 3, 

e = 84 

15 

22*7, 1. 


3. At a station O in a triangiilation survey the following results were obtained : 


Anglo 

Obsen-cd Value 

9 * m 

Weight 

AOB 

67 

14 

32-4 

1-1 

BOC 

75 

36 

21-5 

10 

COD 

59 

56 

02-0 

-7 

DOE 

83 

24 

17*1 

•8 

EOA 

73 

48 

45-0 

1-4 


The weights are proportional to tho reciprocals of tho scjiiares of the probable 
errors. Adjust tho angles. (R.T.C., 1915.) 

4. Adjust the following station observations : 

• # • 

o= 54 12 40*7, weight 2, 

6 = 46 31 15-4, 2, 

a 4- 6 = 100 43 53-8, 1, 

c = 69 22 31-2, 1. 

6 + 0= 115 53 49-0, 1. 

5. Find the most probable values of tho angles u, 6, and c from tho following 
observations' of equal weight : 


a == 

48 

27 

11-04. 

6 = 

56 

40 

30-22, 

a + c = 

105 

07 

40 65, 

6 + c = 

96 

36 

59-87, 

c = 

39 

56 

28-24, 

o + 6 + c = 

145 

04 

11-33 


Find tho probable error of an angle. 

6. Neglecting spherical excess, adjust tho angles of a triangle of which tho observed 
values are : 


a = 49 17 23-2, weight 3, 

6 = 75 32 46-7, 1. 

c= 55 09 53-1, 3. 

7. Eight measures of an angle give, in the seconds, 10-33, 5*10, 7-23, 9-00, 6*17, 
10*07, 6*43, 9*97. Compute the probable error of the aritlunotic mean and of a 
single measure. 

8. From the following results, obtained in the measurement of a boso line six 
times by means of a standardised steel tape on tho prepared surface of tho ground, 
calculate the probable error of the mean : 

3050-53, 3050-26, 3050-48, 3050*19, 3050-22, 3050-30 feet. 

State the precautions which would have to be taken to ensure this degree of 
consistency in the results. (H.T.C., 1914,) 
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9. A Hocondary anglo is measured by A and B each eight times. A's observations 
in the seconds are 2-4, 5 0, 3-C, 0-8, 7-6, 8*7, 3*2, 9-0 ; and B obtains 0*8, 3-0, 6-4, 
9*0, 2*8, 10*4, 7*0, 8*0. Compare the weights of their results, and compute the most 
probable value. 

10. Latitude observations arc taken at intervals in a long route traverse running 

approximately north and south. If the linear error of the traverse is of the order — . 

400 

at what intervals should a check be made by a latitude observation if the probable 
error of the latter is ± 3*" T 

1^ of meridian arc may be taken as equivalent to 101 ft. 

1 1 . An observer A measures an angle 32 times with a mean result of 54** 37' 41'*03, 
and B measures it 16 times with the result 54° 27' 40''*()5. The sums of the squares 
of their residual errors are respectively 331*50 and 125*35 in seconds units. Find 
the most probable value of the angle. 

12. In measuring a base line two field tapes were used. No. 1 wae suspended 
105 times ami No. 2 S(i times. The probable error in length of No. 1 tape when 
reduced to the field temperature was *00012 ft., and that of No. 2 was *00015 ft. 
Calculate the probable error in the length of the base duo to uncertainty in the length 
of the tapes. 

13. Measurement of the angles of two triangles having a common side BC gives : 

0 f • o * » 


A ^ 

= 54 

17 

28*2, 

C,== 

71 

25 

14*1. 

li,- 

- 65 

02 

36*0, 

B = 

111 

14 

38*2. 

Ui 

^ o(; 

3:» 

57*2, 

C -- 

132 

05 

13*4, 

1J,= 

= 46 

12 

03*S, 

D 

62 

22 

44*0. 


AdjiKst the angles. 

1 1. Adjust by the method of correlatives the following observed values of the 
angles ot a geodetic quadrilateial (Fig. 95) : 


t / 0 0 f m 



ii 

54 

30 

02*7, 

r — 

60 

19 

22-S. 



b 

-- 42 

23 

•.34-2. 

/- 

48 

11 

17*8, 



c 

-- 37 

40 

12*5, 

q = 

31 

52 

31*5, 



d 

- 39 

36 

46*6, 

h - 

45 

26 

08*3. 


Culcul 

ate the nrobabit* 

cri 

I’or of an 

angle and from 

this, and giv(*n that 

the 

proba))h 

' orror of tl 

lie lt*ngl 

li o 

f the side 

AB IS i 0 

1*39 : 

ft. and that the length of 

AB 


is 123181*01 ft., find thi» probable I'rror of the side CD. 

15. Make an approximate adjustment of the preceding case. 

16. Compute the unknown sides of the triangle ABC of which the side .AC = 
41,345*30 m. ami the observed values of the angles are : A = 51° 17' ll'*4. B = 
58° 50' 20''*6, C — 69° 52' 35**9. Take the weight of the measure of C as twice that 
of the others. 

(For references on Survey Adjustment see references at end of m.vt chapter,) 
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CALCULATION OF TRTANCULAl^JON 


Computation of Lengths of Sides of the Triangles. Legendre’s Theorem. 

Adjustment of the angles of the triangles is followed by the ealiiiilation 
of the lengths of the sides from the base outwards. The triangles, of 
course, are triangles on the sphere, or rather on the spheroid (page .*117), 
and not on the plane. Hence, it might bo thought that methocls of ])lano 
trigonometry could not be used and that it would bci necessary to solve 
the triangles as spherical triangles, with some modifications perhaps for 
the spheroid. However, any triangle, even the largest that is ever 
observed in ordinary geodetic surveying, is veiy small wIumi compai’t'd 
with the total area of the earth, and the side's subtend very small angles 
at the earth’s centre. In such circumstances, Legendre has shown that 
the solution of the observed triangles can b(‘ (‘ttectc'd on the' splu're by 
the methods and formuke of ordinary ])lane trigonometry if the following 
lule, called Legendre’s Rule,” is used : — 

^ If one-third of the spherical excess of the triangle is dediicJcA from each 
angle, the triangle can be solved, in terms of the linear lengths of the sides, 
by the ordinary rules of plane trigonometry. 

It may also be shown that the errors due to applying the rule* to small 
triangles on the spheroidal earth are negligible. 

To prov'o this formula for tho sphero roplaoo tho liiioar \jihirs of tiu' si«lrs liy 11 m* 
angles vvliich th(3y subtend at the cartli’s coiitro, uu(J liiul flio oxpro'.dou lor cos .1 in 
terms of the sides of the spherical triangle. Thus ; > 

a h •€ 

c X'i - — cos - . cos — 

, r r r > 


. b . c 
sin — , sin — 
r r 


V,-:: , ^ 

V 2r*^24r‘ ' ’ 7 \ 2/-" ' 24;-* ' ‘ ‘A 2;^ '24/' ' ‘ 

- - . . V'i.f'x. . \ ■ 

\r /\r ('./=• ' J 

which, after simplification and neglect of powers higher than tli(» fourth, gi\'es 
r/,2 _|_ ^2 _ ,j2 I j -}- 2frr- - a* fd - ri-i 

^ L ^0 0 Tr^iTc J • 

In tho piano trianglo with sides a, b and c, 

12 p c* - a® 


cos .4' — 


2bc 


Hence, 


. o , /b^ -f c* — 

a. ) 

_ 2a262 + 2a2c2 + - a* - b* - 

be 

cos A cos A* — - 7 -- sin® A\ 

Or* 
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Lot .4 = .4' -f- wlioro x ih a smull anglo. Then 

cos (A' + a;) ~ cos A* — x sin A* ... ~ cos A 
be 

cos .1' — .f sill J' =- cos A' — — ^siii® A ' 

ijr‘ 

^ “ 1 — sin A' 

" r- 

-= Ic, whoro e is tho spherical excess of the triangle. 
Hence, A -- A' -|- Ic, 


A' = .4 - Je. 

Ill practice, as noted on ])agi‘ 2S2, the v'ahic* of r will vary witli latitude' 
owing to the* s])lu‘!‘oidal form of the* <‘arth, and the one* to be used wlicn 
calculating e may b(‘ assumed to lx* the* mean radius of curvature at tlie 
latitude* of the* e*e*ntre* eif the* triangle*. wliie*h may be tak(*n tei be* y'RS, 
where li is the* raelius eif e*urvature* eif the* me*rielian at this latitueie* anel 
N is the* le'Figlh eif the* e'eirresponeling neirmal to this me*rieliaii, the value 
e)f \/ RS eir e)f 1 7^V . sin I" lieing feainel fremi spe‘e*ial tables. Hence, 
lor c expu'sseel in see emels, we* iiave* as in page* 2S3, 


with 


.1 J' 1 

.1' .1 - ie". 


If higher eueler s])he*rical te'iins aie takeui into ae-count it can })e* sliowii 
that .1 .r is giv(*n by 

/x*sin r, , (T//- r 7r- i u-)“l 
(ir^sin 1" L 120/-^ J’ 

with similar e*.\pre*ssions for the elitfere*ncc*s at B and (\ Here, the* seeonel 
term on the* right is ve*ry small. Thus, dorelan gives an e*.\amj)lt‘ in which 
euie* sieh'.is about tio mile*s in le*ngth, anel the* s|>he*rii*al i*.\ce.ss of the* 
triangle* is abeait lo" of arc. In this triangre, the* givate'.st elisuiepancy 
l)e*twe*e*n the* a^ipreiximate* (/.e. ce)mpute*el fremi the simple* toinnila with 
one* te*ini einly) anel the e*\ae-t (/.r. iiu'lueling the st*ie)nel te*im) valuers of 
a plane* angle* is ()"*000I.3().* 

Py adeling the* elitfere*nce*s for all thre*e angle's we note that the spheiical 
e*xe*e*ss of the* triangle* whe*n the* se'eemel te*rm is take*n intei aeeount bee-eunes 
„ sill Jr , a- : b- i- <-1 

‘ J' 


tlie se*e*e)nel te*rm be*ing ne*gligible in eirelinary practie*al weak. 

As re*garels the* eliire*re*ne*e be*tw'e*e*n the true sphereiielal anel the s])herie\il 
angle's, (Marke, in his f/#e;e/e.s*//.| takes the ease of a triangle having a sieh* 


'* Hdthillmrh ifer Vrrnirssunfjfik ufhtlr, Vt>I. III. 7t h ( Kiilargcd) Kdit.. 111211, page* -1)0. 
t (Inftvsy, isso Kditiiai, page 122. It i.s to l)C noted Iu*iv that tho ** spheroidal 
angles ’’ list'd hy (’larke are* the angle's hetwee'ii the tangents to the }>lane curves *’ 
or “ curves of normal se'ctiou '* at cmicIi station (pages .'120 and 3S7), a.«^ the'se curves 
are relate'd to the lines of sight. The comparison in the footnote on page 31<» between 
the sphf*rical and tin* geodesic angles refers to angles between the tangents to tho 
gi*od<‘sics, or cm*v«*s of shortest tlistance (page 3S.S), at ea»*h station. For onlinary 
lines that ean be sighti^l over, the difference between those angles is negligible. 
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of over 200 miles in length and with a spherieal excess of V 3(r*426 
and obtains the following spheroidal and si^herical values : — 

Sphoroidal Spherical DifF. 

A = 98° 44' 37^ 0965 98° 44' 37''* 1899 - 0^ 0934 

B = 58 16 46 -5994 58 16 46 -4737 1 0 .1257 

C = 23 00 12 -7303 23 00 12 -7634 - 0 0331 

€ = 1 36 -4262 1 36 -4270 

These examples indicate that the theorem is siiflici(*ntly accurate for 
all cases that can occur in ordinary ])ractical tiigononudi ical work where 
the sizes of triangles arc limite(l by the distanc^es over which visual 
observations are ])ossiblc, and that it is only necessary to use the first 
term in the formula for spherical excess. 

It may be noted here that, for ordinary ti iangles, wluui the ])lanc angles 
of a triangle are given and the spherical angles are requires!, these* are 
found by adding eme-thirei e^f the spherical exe*ess e)f the* triangle to each 
plane angle. 

When the e)bserved angles of the triangle have been re*eluce*el te) ])lane* 
angles by eleducting e)ne-thirel e)f the s])herical e*xce*ss fre)in e*ach anel 
then adjusted for e*le)surc, the lengths of the si(le‘s h and r arc e‘e)ni])ute*el 
from the known siek* a by the ordinary sine rule : — 

ei _ 6 r 

sin A sin B sin ( 

Seven-figure le^garithms arc used in computing the* l(‘ngths of the sid(*s 
of primary triangulatioii, and six-figure logarithms for minor systems. 
A computing machine can, of course, be used if a good tabh* of natural 
sines is available. Eight-figun* logarithms, how(‘V(‘r, are re(|uired if 
distances over about fit) to 70 miles are involved. 

E^mmple. The adjusted afigles of aii ob.sorv€*d triangle*, whose sphri ir*al excess is 
4'''26, are as follows : — 

.1 = 37° 05' 38" 06 

B 37 42 17 to 
C = 105 12 08 -71 

Sum = 180 00 04*26 — 180° plus spherical excess. 

The logarithm of the side A(* is 5*138 1130. Find tho logarithms of the other two 
sides. 

Tho adjusted angles after deducting oiie-lhird of the spherical excess from each, 
are : — 

.4 37° 05' 36"*(>4 

B == 37 42 16 *07 

C = 105 12 07 *29 

Sum = 180 00 00 

Henco, adopting the scheme of solution given in Vol. 1, pngo 257 ; - 
log 13C = 5*132 0557 

log sin .4 = 9*780 4021 

Ibg coseo B -- 0*213 5406 
log AC - 5*138 1130 
log sin C = 9*984 5305 

log AM 


5*336 1841 
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If the system consists of more than a chain of single triangles, and the 
individual figures have not been adjusted by least squares, each side can 
be computed from two or more triangles. In general, the conditional 
equations for closure of the sides will not be fulfilled so that different 
results for the same length will be obtained. In such a case it is usual 
to adopt the mean value for each side. 

Computation of the Angles of Trii^les when the Lengths of the Sides 
are Measured by Radar or Other Means. In radar triangulation the 
lengths of the sides, and not the angles, ar<‘ ineasurc'd. In this ease the 
angles of tlie ])lane triangh' with shies ecpjal in h^ngth to the measured 
sides can be computed from tluj formula 


cos .P 

or, when logarithms are used. 


4- r- 

2 be 


wheje 

and 


tan 1 ^1' 


V 

(.V ■ fl)’ 


.s - i(ft f f/ i- r). 


'(.■» - a) (.t - h) {.t r) 

" V 




with similarexpM'ssions for /i'and^’'and th(*eheck ISO' - (^*1' 

Th<*s(‘ formula* will give the arigles of the ])lane triangle, but, in order 
to turn these |)lane angl(*s into angl(‘s on the s])heroid which can be used for 
calcidating azimuths and geographical positions, \\v must a])})ly a correc- 
tion similar to tlu* Legendre* correction in ordinary triangulation for the 
difference l)etween the ])lane and tlie s])lieiical angles. For ordinary 
sized triangles this means adding one-third of the sph(*rical excess of 
the triangle*, as e*e>m])ute*el by the* simple* feaniula, to e»ach e-omputed 
angle*, but in radar triangulatiem the triangle*^ are* ve*ry large*, with ve*ry 
long side's, and hcie* the* corn*e*tion e*onsists e)f two parts : — 

(1) A e*orre*e’t ion for the elilYe*re*nce be*twe*en the e*om]mte*d plane and 
the s])he*rie*al angle's. 

(2) A e*e)rr(*e‘tie)n fe»r the* eliff'erene*e bt*twe*e*n tlie* ^phe*Iie■al angles and 
the* ge*e)de'sie* angle's, e)r angle's me*asuie*el be*tween taiigents te) the geeidi'sies 
(])age* :1SS) te) the* eiistant peiinfs. 

'Fhe first e*e)rrect ie)n is give’ii by the full formula inve)lving spherical 
excess give*n e>n |)age* .*112, viz. 


(^I 


/ve-sin.l r (Hr \ Te- ; U“)“^ 
{\/L\ sin 1" ’ 1 20 A* A 


whe*re .1 is the* spheiie-al angle* anei .P the* ]>lane angle* at the* ape*x A. 
'Fhe se*e*e)nel ce>i ree*tie)n is given by 

(.1,, .1)" - sin -i- sill (f, - 


* See “ 'Pho ('liirke Konnula' lor LntituUe*. Lon^iliiele' and lU'viTst' A/.iiniitlis, 
wiUi'Oorre'ctivo 'I\Tins for on Very Long Jiines.'’ by Jf. 1'. Hainslbrd. Ktnpire 
Snrvry livvieu\ \'ol. N’lll,^Xo. oU, ])agf OU. 
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where A,,, is tlie geodesic angle ; is the s])heri(*al excc'ss of the* triangle 
in seconds of arc ; p. is the earth’s eccentricity, |(^/“ — />“)/^/-]* (|)ag(^ 317) ; 

is the mean latitude of the triangle and is the latitude of tlu; 
point A. This second correction is v^ery small nnmeric^ally even for 
triangles with 300 to 500 mile sides, and the second term in the formula 
for (.4 — .4') is also very small.* Hence these tc iins are not appieci- 
able with triangles of ordinary size but may have to be taken into account 
in the ciise of the large tiiangles used in radar work. 

Station Positions. The calculation of the triangle sides gives the 
position of each station relatively to those adjacent. These data are now 
applied to computing the co-ordinate positions of the points in order 
to facilitate their plotting for mapping purposes and to form a record of 
the results for geodetic and other purposes. 

In large surveys the station positions are expressed as g(‘odctic or 
absolute positions in terms of the co-ordinates, latitude and longitude, 
as well as the azimuths of the lines joining them. The minimum data 
required, in addition to the relative positions, are the latitude and 
longitude of one station, the azimuth of one line from that station, 
and the dimensions of the earth. By proceeding from the known 
station, and computing from station to station by means of the 
formulas to be given, the required quantities are obtained for the whole 
system. 

If the survey forms the control for large-scale map])ing, it is almost 
essential to have the positions expressed in terms of some system of 
linear co-ordinates. Innumerable forms of these may be dt)viscd but t\w 
most commonly used arc “rectangular spherical,” or “ Cassini-Soldner,” 
co-ordinates (page 341), and a modification of these known as tin; “ Trans- 
verse Mercator ” system (page 354). Rectangular spherical co-ordinat(‘s 
may be employed, to the exclusion of geographical co-ordinates, for isolated 
surveys extending to several thousand square miles. They have, howc v(‘r, 
certain disadvantages which those on the Transverse Mi*rcator system do 
not have. This latter system has accordingly come much into favour 
during recent years and is at present in u.sc in the Dnited Kingdom, in 
South Africa, in many of the Crown Colonies, and in j)arts of the 
United States. It is more particularly suited to an area which has a 
considerable extent in latitude but a more limited extent in longitude. 
A third system, known as the “ conical orthomorphic ” or as “ Lambert’s 
second,” is also used in France, the United States, Canada and otlu'r 
countries. It is particularly suitable for countries with a considerable 
extent in longitude but a limited extent in latitude. 

Since the calculation of station positions involves a knowl(*dgo of tla^ 
form and dimensions of the earth, the principal facts relating thereto will 
first be given. 

The Figure of the Earth. By the figure of the earth is meant the form 
of the equipotential surface corresponding to mean sea level. This is 
nearly, but not quite, a sphere, the principal d(‘parturc from an exactly 

* For an equilateral trianj^lo of 300-milo sides i ii latitude 4.)'* {c" - 2' 

approximately) {A,; --^4) only amounts to O'' -022 and the so<*ond term in the 
formula for (A — A') only amounts to 0'''0012. 




spherical form occurring in a flattening at the poles. This circumstance 
was deduced by Newton, and announced in the Principia in lfl87. Veri- 
fication of Newton’s hypothesis by ineasiir(*ment was first achi(!ved by 
the Fr(‘nch Academy, who despatched two expeditions, one to Peru in 
1735, and the other to Lapland in 1730, to determine the length of a degree 
of latitude near the equator and the arctic circle respectively. The results 
showed that the northern degree was the greater. It was not, however, 
until the close of the eighteenth century that instruments and methods 
attained a degree of refinement sufficient for the needs of figure deter- 
mination. Since then much geodetic work lias been accomplished in 
Europe, America, India, and Africa, and knowledge of the dimensions of 
the earth has steadily grown. 

The results of geodetic measurements show that the earth very closely 
api^roximates to an oblate splieroid, which is the solid generated by 
rotation of an ellipse about its minor axis. The actual figure deviates 
slightly and irregularly from a true spheroid, and this is recognised by 
giving it the name “ geoid.” Since, however, geodetic computations can 
be made with sufficient precision on the assumption of a spheroidal form, 
figure determinations are directed to ascertaining the dimensions of the 
spheroid which most nearly’ coincides with the actual figure. 

Properties of the Spheroid. Let the ellipse of Fig. IKi reiirescnt a 
meridian section oi the earth, 
and let A be a station on the 
meridian PQP'E, The major 
axis, or equatorial diameter (2a) 
is represented hy EQ, and the 
minor or polar axis (26) by PP'. 

The ratio — is calh'd the 

a 

compression c. ABD is the normal 
to the ellipse at A, and coincides ^ 
with the direction of tin* plumb 
line at A, if the latter is free 
from local deviation. The angle 
0 between the normal and the 
(‘quator is the geodetic latitude 
of A, and its geocentric latitude 
is represented by the angle 0 
between the radius vector CA Fig. IIG. 

and the equator. The radius of 

curvature R of the ellipse at A lies along AT>, the centre of curvature 
being situated betwi'cn B and 1). 



Let c = the eccentricity = % / ^ ^ — , 

V 

iV = AD, 
n == AB, 

r = the radius of the parallel of latitude through A 


then for a meridian section. 
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R = 

(1 —e-siii^^)^ 


iV = 


(1 —e^s\n^<f))^ 

71 = (1 - e^)N ; 

r = N cos <f> ; 

ift = tail' ^ (1 — e-) f an <f>. 

All of the above fornuilas can easily bo derived from the equation of the 
ellipse : — 

1 

a* ^ 6* 

If any section of the spheroid, other than the meridian section, be 
made by a vertical plane passing through A, the radius of curvature at 
A for the given azimuth is given by Euler’s formula : 

R - 

‘ “’iVcos'^A +i?sm-*A* 


where li and N = the quantities formulated above, 

A = the azimuth of the vertical ])lane through A. 

In particular, if A ~ 90"^ or 270*^, = N — the radius of curvature of 

"the prime vertical section. The mean radius of curvature at A, or the 
mean of the radii for all azimuths, is %/ Nit. 

R and N are both functions of the latitude of the ]>lacc and hence 
vary for different latitudes. They are (piantities that enter very fre- 
quently into geodetic computations. Hence, most geodetic tables give 

values for them, generally in the forms log sin 1" ’ 

log o I. V — r«. In these tables, and in many text-books, K is often 
denoted by the Greek p (rlio) and N by the Greek v (iiu). 


To mIiow that tlio iiunmil .Y is aI'*o thn radius uf ciirvatunj of tlio priinn vortioiil 
section, consider Fi^. 117, iii which A is any j)oint on tho 
meridian AF and Ji‘t AO' ho a very small [lortion uf tiic 
curve traced out on tho siirfaco of the spheroid by a prime 
vertical section at A. Tho normals in this vertical section 
to tho curve at tho points A and (J intersect one another 
at some point K on J>A. 'J’hrouj^h (,' draw tho riUTidiun 
section CHP and throuirh A the jia railed of latitude AlFto 
cut CHP at H. Then the normals to tho meridians at A 
and li intersect tho minor f polar) axis at I). C'K, althou^di 
normal to tho curve AC, is not necessarily normal to tin* 
surface of the spheroid at (’, nor does CK intorsc*ct liD, the 
normal to tho surface at H, as may sc'em to ho tho case 
in tho figure. Let C move closor and closer to A. As if 
does so, 0 and \i approach each other, and at tho same 
time the intersection of tho normals to tho curve at A 
and C approaches tho contro of curvature of tho curve. 
- Tho arc CH is very small compared with tho arc AC, and. 
in the limit, C coincides with B, and the normal KC, which now becomes normal 
to the surface, coincides with BD. Honco, D becomes tho centre of curvature of the 
curve, and Al) is tho radius of curvature of tho prime vertical section at A. 



Fio. 117. 
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It is (iIho easy to provo tho foi miil.o for the radius of curvature, in any azimuth, 
ill Kig. *■*** iwiy point of tho aiirfuoo of tho Hphoroifl and at D draw the 

ifiiigcnt piano. Lot DT ho tho lino whom this piano intorsoots tho piano of the 
.:ijK'r. Tako a point 15 on tho ii'. nal at IJ infinitoairnally cluso to D but just below 




tho sm bico of tho sphoroi<l, and throiiifh H <lmw a plant* paralli*! to tho tanjrf'iit piano 
and intorsoctio 4 rht j.I/in('of tho papt*r in tho liiu* Ali( Tlii^ piano will cut tho .Mirfaco 
of tho -^plu roitl alon^ an ollipso (tlu* in'hrtitrix) -shown in Fijr. I IS (h). Now let 
tho piano of tho p«i.por ropro'si'iit. tho piano throimh tho iiKuiflian at 1>. Lot () bo tho 
eontro of curvaturo of tho meridian at I), and, nith () as oontro, draw tho circle of 
ciirv'aturo .VDLK throinrh tho point I). Tho plain' drawn through B wdll intorsort 
this cirolo in tho points A and (' Join I)^’ and CIO. 'L'h(*n, from the similar triangles 
l)B(^ ami rUK 

])B BC 

Tic ' BK 
. . BJ’2 ik’2 

77TT tt; approMinatoIy. 

BL -/i 


Since and B aro v«*rv I'loso tf>gothoi\ and AIX'K is tlio circlo of curvature at ]), 
tip' ai'<* ADC of tho cir«'Ii' will, in tht' limit, onin« i«lo’ wit h tho aro tho moridioiial 
-'ction at I). and B( ’ will 1 m' tho ^oini-aM-s miiu»r, of tho small ellip-o WNES, 
Fig. I Is (h), (i-hoimI out hy tlu* piano alnsnly diawn thruiigh .-\BC. Honce : — 


Similarly, if a prim' vortical sootion is takou at 1), ami tho circle of cur\aturi 
drawn with radius *V, this circlo will intersect tho plane through ABC in tho points 
W ami E, Fig. 1 IS (h). in w hich OK - <i, the '^omi-a\is major of the ellipse AVNES 
and wo shall ha\o as hoforo ; 


DB -- 




Similarly, for a .section in a/.inuith .1, we would got : 

C“ 

277;* 


DB 


Hence, 

But, from Fig. IIS(I)), 
)f an ollipst'. 


c'^ , c^- 

- 7 ; and -, 
b- li < 1 - 

c . sin *1 ami »/ 


*r 

6*' 


S' 

. cos .-I, and, fii»in the oipiatioi 


1 . 
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c® sill- .1 , c® cos® A , 

/^siris.4 , RfCo^^A , 
A' Ji 


.-. If A - 


'I'lio iiu'iiii li ( is gi\ oii by : 


Sill'S .1 4- A cos^ A' 


::ir 

Jf.u-= 

0 

‘in- 

“"r' 


\cHA - 2 X (area of ollipso) -•- 2nr/ft 


b 


- vAt- 


Distances along a Meridian. In many gcodet ic oalcnlat ions it is iK'oi'ssarv 
to know the linear distance botweon two latitude's as measured along 
the arc of a meridian. This distance may l)e found from the formula : 

5 = a(l — e-)[A(02 ^i) — («in 2^, " ” 

|- iC(sin 4<^2 “ •l^i) ■ 6^^ • I • • •] 

where ^2 “ radians and 


«= iv‘+i''+ 


-- 1003, 


-- 0-00") 1202, 


O OOO 0108, 


O-OOO 0000, 


the numerical values Ireing for the Clarke (1800) figure of the earth. 

The proof of this formula ia as follows : — 

(/?= Ud(f> 

- '•*) ,,1 

( 1 — c® siri^ ^)'J ' ^ 

= 0(1— e2)(l 4- sill* 4 siii^ <l> F f* sin* ^ 

-} c* sill* ^ 1 . . 
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But 

sill* 0 = - ( I _ cos 2^) 

^ ^ J ( 1 — cos 2^)* 

=a 1 ( I - 2 cos 2.^ f cos* 2<t>) 

u {'^ — ^ GOS 1^) 

M 

sin* <l> — sill* tft sill'* ^ 

— ( 10 — l.i cos 2<l» 1“ (> co>> 4(f> ' cos (J^) 

which ;:ivcs : - 

•/*, 

S fl(l — r‘-)j*(A — B cos 2^ j- C C‘OS irfi — 1) J-O'J tiff) : 

J 

=3 fi{i — /*)r Atji -- 4 B sill 2^ {- ^siii iifi — ^in (h/j 

L - *♦ 0 

(Joo(l(‘tic taiiic.s usually include^ a fable of iiK'ridional disiaiK'cs. 
I’alile IV in flu* first edition of f he War OfTicc^ publication Survey ('oiaimta • 
tiofhs ^ives f hesi* in feet for It)' intervals of latitude from 0® to 70 ^ These 
tables an* for the ('larke 1858 figure of the earth (page 323), and give tlu* 
meridional distances to the nearest decimal place of a foot, but, in tlie 
s(*e()nd(‘dif ion of flu* book, fl) is fable lias be(*n omitted and H.^F. StalioiUTV 
Oftieii now ])ublish(‘s one which giv<*s these distances, at 10' intervals of 
latitudes and to tlu* second decimal place of a foot, for the (’larki* ISSO 
figure.* The Iloyal (Jeographical Society also publishes geodetic tables 
for the Clarke 1880 and Madrid 1924 figures, meridional distances in 
these, liow'ever, being in metres.! These tables are coniph*te up to 90® in 
latitude. 

Figure Determination. The results of geodetic sur\eys are applied to 
<letermining the dimensions of the spheroid (1) by comparing the linear 
and angular values of arcs, (2) by discussing areas. Tlu* form, but not the 
dimensions, of the spheroid may also be deduced by st udying the variaiion 
of gravity by means of j)endulum observations. 

Determinations have usually been made from arcs. The length of 
meridian b(*tw(?en two stations of a chain of triangles lying approximately 
north and south may be computed by projecting the appropriate inter- 
vening triangle sides on to the meridian. Astronomical observations will 
give the diiTerence in latitude, lienee, the exjiression for the length of a 
meridional are given on page 329 yields one equation in the two un- 
knowns, a and e. 

If the arc is a very short one, the linear distance divided by the angular 

* Geodetic Tables for the i'ltirke iSSO Fityure in Feif for Latitudes O’* to 70"\ 

,t Gcmletic Tables for Clarke's Figure of ISSO irith rransfortnation to Madrid 

(024 and other Figures. 

p. u. s. 


. . .VM 


M 
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distance in circular measure will give the radius of curvature for the 
mean latitude of the stations, or : — 

^ = 7? = M 

d<fi sin I'' (1 — sin^ “ * 

where s = the linear distance between the stations, 

= their difference of latitude in seconds, 

= their mean latitude. 

The dimensions of the spheroid arc known if a and c arc obtained. A 
second meridian arc, preferably in a considerably different latitude, must 
therefore bo treated in the same way, and a and e are derived by simul- 
taneous solution. The method is extended to utilise chains of triangula- 
tion oblique to the meridian. 

In place of relying upon two arcs, several should be discussed by least 
squares to afford the most probable values of a and c. It is fi.und that 
the results derived from different arcs are mucli more discrepant than 
can be accounted for by the small errors in the triangulation or the 
astronomical observations and, further, that the curvature of arcs of 
parallel is not constant. The disagreements are evidence that the actual 
figure is not exactly a spheroid, and indicate local deviations of the plumb 
line from the normal to the mathematical figure. These deviations arc 
^ue to the irregular distribution of mass, not only at the surface of the 
earth but in the crust. 

As already pointed out on pages 47 to 49, the resulls of astronomical 
observations are dependent upon the direction of the plumb line and 
therefore of the horizon at the place. By regarding the errors of })rimary 
triangulation and of astronomical observation as negligible, the discre- 
pancies are utilised in discussing the form of the gcoid and in determining 
the spheroid which most nearly resembles it over any portion of the earth. 

In utilising the data of a survey for this purpose, a tentative spheroid 
is adc^pted for reference. Starting from the position of one of the stations 
as obtained astronomically, the geodetic positions of the otlnu* stations 
on the adopted spheroid are computed. The astronomical positions of 
several of these stations will have been observed, and a list of differences 
between astronomical and geodetic positions, or station errors, as well 
as those between observed and computed azimuths can be drawn up. 
The effects which would be produced upon these differences by applying 
corrections to the elements of the assumed spheroid and to the assumed 
position of the initial station are computed, and the most probable 
values of the corrections are deduced by least squares. The spheroid 
which best fits the area under discussion and the positions of the stations 
on that spheroid have now been determined. The station errors remaining 
after adjustment are the local deflections of the plumb line^. They serve 
for the determination of the gcoid, tlie surface of which is everywhere 
normal to gravity, and measure the inclination of its surface to that of 
the spheroid. In modem geodetic survey allowances may be made for 
the influence of local topographical features on the deflection of the 
plumb line, and the investigation may be facilitated, and its scientific 
value increased, by pendulum or torsion balance observations. 
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Results of Figure Determinations. As geodetic surveys have been 
extended, the amount of data availa})le for figure determination has 
increased, and the earlier figures are subject to revision. In consequence, 
the more recent determinations are probably the more reliable, but 
different national surveys use those figures which b(*st conform to the 
part of the surface with which they are conetTned. 

The H'siilts of some of the more important dt*tcrininations of the 
sj)heroid are, in mcjtres. 





a 

h 

n 

1 . 

lOviM'OSfc, 

IS.’IO 

o.a77.:ioi 

103 

1/300 8 



ISH 

o,:i77.:i97 


1/299-2 

:i. 


IS.5S 

o.:i7H.29:i 

0,3.70,019 

1/294-3 

4. 

(!liU-ko, 

iSCiO 

ri,:ns.20G 

O..3.70,.7S4 

1/29.7-0 

5 . 

t'liirkr, 

ISSO 

G,:17.S.249 

0.3.">0,.71.7 

1 /293 .7 

r>. 


urn 

G..‘17S,200 

o,3.">r»,sis 

1/29.S 3 

7. 

Ihiyfonl, 

1910 

G,87S,3SS 

0.370,909 

l;297-0 


1 is still employed by tlu^ Survey of India. It was based only on an 
Indian anj and the French arc, and is known to be erroiK'Ous because 
of larg(^ irregularities of gravity in India. 2 has b(‘en extensively iKsedin 
l^ur()])e. 4 has becMi em])loyed in the Unit(*d States Survey since about 
1880, and subsequently was adopted by Canada. () is based on Furopean, 
Indian, and African surveys ; and 7 on work in the United States and on 
special investigations elsewhere. Their similarity show^s that there is no 
great difference in tin* form of the ea.stern and westcTii hemispheres. ^ 

In 1924, the International Union of (h^odesy and (Vophysies, meeting 
at Madrid, recommended the* Hayford 1910 figure for general use, and 
this figure is now sometim(\s called the ^Fadri*! 1924 figure. It is unlikely 
however, that any country whicli has alrt*afly done a considerable amount 
of g(*od(‘tic work will alter the figures for the dimensions of the earth 
which it is now using. 

Geodetic Tables. In ord(*r to carry out geodetic calculations ex])edi- 
tiously and conveniently it is necessary to liavi* special tables btvsed on 
the dimensions of tlu^ spheroid used in tlu' country in which the survey 
is to be made. The fundamental quantiti(‘s that are required are : — ■ 

(1) A table* of nu^ridional distances. 

(2) A table giving values for R and X for diffcTcmt latitude's, or, in the 


fe)rm usuallv given, 77— J rr-r — 

‘ ^ I^sin 1 A sm V 2R.\ sin V 


For the sake of cemveniene'c, the inte*rval of tabulatieui should be so 
close that second-orde'r difference.^ will not neu'mally be required. It is 
also desirable that the table should give the logarithms of functions of 
R and N as wvU as, eir instead of, their natural values. 

Among the tables available the following may be mentioned : “ Auxi- 
liary Tables of the Survey of India ” (Everest Figure*); Tables in Close 
and Winterbotham’s Text-book of Topographical Surveying (Clarke’s 1858 
Figure) ; “ Geodetic Tables for the Clarke 1880 Figure in Feet for Lati- 
tudes 0° to 70° ” (H.M. Stationery Office) ; “ Ne\v Geodetic Tables for 
Clarke’s Figure of 1880 with Transformations to Madrid 1924 and Other 
Figures ” (Royal Geographical Society) ; “ Formuhe and Tables for the 
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Computation of Geodetic Positions ” (United States Coast and Geodetic 
Survey). 

In “ Geodetic Tables for the Clarke 1880 Eigiire in Feet for Latitudes 


to 70= •' log R. log log N. log log f and 


meridional distances are tabulated together on the same folio for every 
10' of latitude. Second differences are negligible except in the list of 
meridional distances, where the maximum second difference is 1*82 ft. at 
latitude 45°. The tables published by the Royal Geographical Society 


give meridional distances in metres, log 


1 


Rnm r, 


log 


1 


iVsin r 


and 


log- metres, for both the Clarke 1880 and the Madrid 

1924 figures. The interval of tabulation is 10' of latitude, and the tables 
are complete from 0° to 90° in latitude. Meridional distances are given 

to the third decimal place of a metre, and the logarithms of 77 — t—vt; and 

® iJsml 


N sin 1 


^ to ten places and of - 


1 


2RN 


to six places. 


The introduction 


contains formulae for reduction from the Clarke 1880 to the iViry, Everest, 
Qlarke 1858 and Bessel figures. 

Calculation ot Geodetic Positions. From the known latitude and 
longitude of a station A and the azimuth and distance from A to B, tlie 
co-ordinates of B are obtained by computing the differences of latitude 
and longitude to be applied to those of A. 

The calculation of reverse azimuth is similarly made by computing 
the difference of azimuth to be applied to the azimuth from A to B to 
give that from B to A. This azimuth difference represents the con- 
vergence of the meridians or the angle between the meridian at A and that 
at B. Any two meridians are parallel at the equator, and, as they are 
traced towards the poles, the angle between them increases until at the 
poles it equals their diflFerence of longitude. Because of convergence, tiie 
azimuth of any great circle arc other than the equator or a meridian varies 
throughout its length. 

In computing positions, each should be obtained from two oth(‘rs as a 
check on the calculation. The computed azimuths of two lines from a 
station should differ by the angle between the lines, and the azimuths of 
any other lines from the station are obtained by application of the included 
angles. These angles are the spherical angles and not those used in com- 
puting the sides. 

There are four methods in fairly common use for computing latitude 
and longitude and reverse azimuths from azimuth and distance. TJiese 
are : — 


(1) Clarke’s formulse for long lines. 

(2) Clarke’s formulce for me^um and short lines. 

(3) Puissant’s formulae and modifications of them. 

(4) The Mid-Latitude formulae. 

Of these, Clarke’s formulae for long lines are suitable for use witii the 
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longest lines mot with in ordinary geodetic surveying but they have the 
disadvantage that, for the particular conditions for which they are most 
suitable, they require the use of 8- to 10-figure logarithms. They are accu- 
rate for distances up to about 200 miles. The formulas for medium and 
short lines are suitable for lengths up to about 70 miles and they are 
extensively employed in British praetice. 

Puissant’s formulaj are convenient to use and may be adopted for lines 
up to about 70 or 80 miles. They are used extensively in India and in 
the United States for all but the longest sides. 

The mid-latitude formulai are simpler in some respects than any of the 
others, and, unless great accuracy is needed, may be used for ordinary 
work in latitudes less than fiO® for lines not exceeding about 20 to 25 miles 
in length. Their main di.‘^advantage is that the formulae for the 
difference between the forward and reverse azimuths, the convergence, 
involves the tangent of a small angle , with resulting troublesome 
interpolation. 

The notation to be used is as follow's : 

<l>, L = known latitiuh* and longitude of A, 

L* =: latitude and longitude of B, 

= f - 4 ,, 

r.\f ' '■ — 2 — — 2 — ’ 

= latitude of C, the foot of the perpendicular drawn from B to 
the meridian through A, 

A; = 90° - 
dL = L' - L, 

A = known azimuth from A to B, reckoned clockwise from north,* 
A' = azimuth from B to A, ,, ,, „ 

dA =A' -(A + 180°), 
s = linear distance from A to B, 

= radius of merfdian section at A, 

/;,/= „ „ „ at latitude 

N = normal at A, 

N' = normal at B. 

N,. = normal at C. 

darkens Formulae for Long Lines. The formulje given by Colonel 
Clarke f arc suitable for computing positions over tlie longest lines it is 
possihh* to observe visually from and to ground stations and were iLsed 
for the longer lines of the (Irdnanee Survey and otjier Mirveys. 

Let p and ± { be the interior angles at A and B of the spherical 

* In llu' first two I'tlitions of this hook the ron vent ion aUoptoU with roganl to azi- 
muths in tho forinulir for tho computation of latitudes and longitudes and reverse 
a/imutliH was to reekoii them clockwise from south. This convention is that gener- 
ally given in text -books in etiiiiieetioii with these formuke, and it is very commonly 
used in all classes of gc'odetic work. Most engineers and surve\ors, however, are 
nc(;iisttnned to reckoning azimuth clockwise from north, and, moreover, the practice 
of <loing so is h(^coiiiiiig more general, even for geodetic work, in the British Colonies 
and elsewhere. Conso(iiientlv, it appears desirable to adopt this convention here. 

t (icodvsi/, 1880 . 
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triangle PAB (Fig. 1 19), where P iH the earth’s pole, and let 0 be the angle, 
in seconds of arc, subtended by a at D (Fig. 116) and given by : — 

- _ a sin* 1' cos* 0 cos* p 

^ ~ N sin r 6(1 - «*) ’ 

Also let { be a small correction computed from : — 


Then, 


_ c*^ sin 1' cos* tf> sin 2)3 
^ 4(1 - e*) 


tan ^(P' { — (IL) = 

UP' ±t + dL)^. 


r, , 

“^•■/f,,sinrsinJ()3'±f + )8)L 


sill 

sin J(& ff) 


COS - 0 ) P 
cos i(ifc + 0 ) 2’ 


cos^ |(/3' 


Since the inid-latitudc is unknown, i?,/ is obtained from a preliminary 
solution to determine an approximate mid-latitude. 

From the form of the expression which gives its 
numerical value, it is obvious tliat the angle C is due 
\ to the spheroidal form of the earth and that it 

\ would vanish for a spherical earth. It is, in fact, the 

\ p'\ angle at B between the line of sight from A to B and 

\ that from B to A, which, in tlie spluMoid. do not 

5 coincide. The line of sight from A to B is the curve 

traced out on the surface of the s2>heroid by a plane 
which passes through B and contains the normal 
to the surface at A. This plane docs not contain 
the normal to the surface at B. Similarly, the line of sight from B to A 



Southern Hemisphere 
Fia. 120. 
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is the curve traced out on the surface of ll^e spheroid by a plane which 
passes througli A and contains the normal to the surface at B. This 
plane does not contain the normal to the surface at A.. In Fig. 120 the 
line of sight from A to B is shown by the full line and that from B to A 
by the dotted line, and the angle at B between the two curves is the small 
angle 

The relationship between the two curves and the angles p' and { for 
each of the four quadrants in the northern and southern hemispheres 
will be understood by reference to Fig. 120 (a) to (h). In each diagram 
the line of sight from A to B is shown by the full line and that from B to 
A by the dotted line. In each case P shows the position of the pole, and 
the angle ± ® be used in solving the triangle is the angle 

biitween BP and the full line BA. 

Ileckoning azimuths in both hemispheres clockwise through east from 
north, we can form the following table for deriving the azimuths and for 
d(‘terinining the signs to be given to J and to when applying the above 
formulae : — 


Azimuth from 

Northern Hemisphere 

Southern Hemisphere 


A to U between. 

A — 

A' - 

1 

Sign of 
s 

Sign of 

A = 

A' » 

Sign of 

Sign of 
dip 

U’atid 'JO- 

P 



-i- 

ISO' ft 

IM)' . p' 

- 

- 

00“ and 1S0“ 

~~P 

300“ -/J' 



\su^-p 

Iso'-i-iS' 

_L 


ISO ’ and 270° 

300“ -/3 

P' 

- 


isu^ I /J 


"{ 

+ 

270“ and 300° 

300“ -jJ 

P' 


1' 

• p 


- 

- 


Thus, the signs of C identical with those of d(f). 

In all cases, dL is the difference in longitude as indicated by the angle 
subtended by the line AB at the i)ole P, and its sign is always to be taken 
as positive when using the formul® for the solution of the spherical 
triangle PAB. It is easy to see in which way to apply it to the longitude 
of A to give the longitude of B. The latitude <f>, whether north or south, 
is to be taken as positive, so that a positive increases the numerical 
value of 

The small angle { is a maximum when A is 45°, 135°, 225° and 315®. 
lls value for a line in latitude 0®, whose azimuth is 45° and length is 
100 miles, is only 0"''2243, and, for the same azimuth, it varies approxi- 
mately as the square of the length of the line and as the square of the 
cosine of the latitude. 

The proof of the formul® giving the spheroidal terms is rather difficult 
and will not be given here. It will be found in ])ooks such as Clarke’s 
or Hosiner’s Oeodesy, For the sphere, the formuhe are derived at once 
from the rules of ordinary spherical trigonometry. 

darkens Formulm for Me^um and Short Lin^. These formulae were 
list'd for the computation of the shorter sides of the Ordnance Survey 
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Triangiilation, and are well known to, and 
extensively used by, British surveyors all 
over the world. They ignore the small angle 
f between the lines of sight from the two 
ends of the line, which is taken into account 
in the formulae for long lines, as this angle is 
inappreciable in the cases to which the formula3 
are intended to apply. 

In Fig. 121, P is the earth’s pole, CB is 
the curve traced out by a prime vertical section 
which passes through B and is ])erpendicul€ar 
to the meridian AP at C. PD is equal 
to PB, rj is the distance CD,* and € is the 
spherical excess of the right-angled spherical 
triangle ACB. Clarke’s formuhe for medium 
and short lines then become : — 
a* sin A cos A 



€ = 


2R 




AT,, sin V 


(1) 

7\ = € tan A tan tfif. (2) 

= ± j, -n ( 3 ) 


dL=± 
dA = .4' 


It ^i sin 1* 
s sin (^4 ^ Je) 


. sec (<!>’ + Irj) 


( 4 ) 

(•' 5 ) 


iV(.sin 1' 

- (180“ + ^) -= ± dLsm (^' + Ir,) T e 
in which is tlie Jt for l(<f> -|- 

In order to use tliese equations it is necessary to compute preliminary 
values for <f>,. and <f>„. Tliese can be obtaiiu'd from : — 

, / ■ * cos A 

V'-^ + ^„i,i 1" 

^.\[ — 

When azimuths in both hemispheres arc rcc^konod clockwise from 
north and dL is taken positive eastwards and nc'gaf lv(^ westwards, we have, 
after taking into account the signs of the trigonometrical functions 
involved, the following rules for the Jtz i : — 


1 

Term 

A 

0--90* 

90*-180* 

180®-270* 

270--360® 

1 

First term in c/^ 

4- 

- 

- 

4- 

€ 

- 

4- 

- 

4- 

dL 

4- 

4- 

- 


First term in dA 

4- 

4- 

- 



* MoCuw has shown that tj is also tho H[>horical excoss of a irianglo siipploinontiiry 
to the triangle ACB and formed hotweon vortices wliicli are the poh's of the nn s 
AP and BP and of a great circle through B porpenditMilar to B(y (see page .*h‘l(>). 
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III the Boutheni hemisphere, the same conventions will hold if southern 
latitudes are given a negative sign, except that, as tan and sin (0' + §iy) 
will then be negative, the signs of ry and of the first term in dA must be 
reversed. ' 

In fornnihe (1) to (5) the upjier of the or ^ signs is the sign for the 
generalised forniiil<e with A in the first cpiadrant. The signs for the other 
(jiiadrants as givcai in tin* table follow by giving the appropriate, signs to 
the trigonoiiKitneal functions of A, or of the angles containing A, 

It will be noted that the sign of rj does not change with A. This follows 
from the fact that the signs of e and tan A are always the same. 

I'o pro VO tlio foriniilo), dosoribo an auxiliary sphere of radius tangential to tho 
spheroid at C (tiir. 121). As tho trianulo ACH is very small, the points A, D and H 
on tho .sphnroi<l will bo practically coincident with the equivalent points on the 
s[)ht‘rn, and tlhi linrnr measures of tho arcs AH, AD and Dli will bo approximately 
equal on tho two surfaces. Lot 1*' bo tho point whore the minor axis of the spheroid 
niiMits tho surfaf^o of tho sphoro. In tho figuro, the full lines PA and PB are the 
iiKM'idians through A and B ou tho spheroid and tho pecked lines P'A and P'B the 
meridians on tho sphoro. 

Using Legendre’s tlmoreni to solve tho spherical triangle ACB as a plane trianglo : — 
Plane ariLzle at A - .1 Jc. 

;; ;; ;; li = ‘isu^ -\‘a ~ u) - (no" - jc) - oo" -{a - je). 

wIk'I’o € is the sjihe. i< -t! -‘\eess of the triangl(», 

A(; 

•’* .sin(!Hl" (.l-i.)} 

. t., ( -1 — §<) 

^ ^ - I • 

cos i c 

But Jc is a very small armle so that we ean write cos Jc — 1. Ibsice, 

AC -= fi cos (.4 — J«). 

Similarly, 

B(> .v sill (.4 — Je). 

Wo now use a theorem * iu spherical trigonometry which states tliat, if PCB is a 
spherical triaiigU*. right aiigle<l at C, in w4iich tho tyigles i* and IH)^ — /? are very 
small, then : - 

Tj -- c — h - ^ cot ^ ~ “T 3 cot® 6) -f’ ... 

= p cosec (6 4- I’ll approximately. 

^ - li - r co'i {h i Jij) approximately. 


Applying these formiil.c to tlie right-aiii^led spherical trianglo PVB, and neglertiiig 
tho second term in the exjM’esxiou for c — 6, we have ; -- 

J»' - ilL 

It 90^ - 4>r -- no" - - 7/, 

P ^ (1 - Ic). 

Cl) (ijuliau'.) -- sin® (.1 — Jc) tan 

c" 

<ir 

CD (seconds) -- ■■■ sin® *4 tan . 

' 2.Vc- sin 1 

111 which, as and e are small quantities, we have written sin* .4 for sin* {A — Jc). 


* For a proof of this theorem see Appendix III, page r)33. 
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Although the linear inecisures of AC and CD on the spheroid will be practically 
identical with thoir linear values on the sphere of radius their angular values 
will be slightly different on the two surfaces since the angular values are to be taken 
as angles on the meridian of the spheroid. Uonco, on the meridian thiough A 


AC (seconds) = 


Jtixf sin 


, cos (A - je), 


CD (seconds) = . 


sin^ A tun 


2iV(;‘**sin 1 
_ a* sin® A 

But, as CD is small, wo may take Nc == ^ w, and, as c* ^ ^ 

i^sin 1 

CD (seconds) = = c tan .-1 tan ij>fj approximately, 

/. ^ = AD =: AC - DC 

s 

= j3 : p, . cos (-4 — |6) — w 

Jiif sin 1 ' 9 11 


we have 


In addition : — 
dL (seconds) = 


a sin (A — Jt) 
Nq^ixi V 
3 sin (4 


cosoc (1)0" ^ 4*' — ij 4 - Jt;) 


and 


Ncmn I' 


— ^ sec (<!>' -f Ji?)* 


A' = 360" - P'BA 
, =: 360" - ABC - P'BC 

= 360"-{ 180" -h € - 4 -90" } - I \Hr-dL coh (90" h) } 

= 180" + 4 + dL sin (^' I- §7/) - t. 

/. d4 = 4' - (180" + 4) 

*= dL sin -f- fij) — c> 

The mathematically inclined reader may bo interested in the following 
alternative and very elegant proof of Clarke’s formula) for medium and 
short lines which is due to Captain G. T. McCaw. 

In Fig. 122, A' is the* polo of, the circle of which AP forms an arc, ]V is tlie pole of 
the arc BP and P' is the polo of the arc AB. Then the triangle P'A'B' is a triangle 

on tho sphere supplemental to PAB, and PAB is 
supplemental to P'A'B', so that P is tho polo of 
A'B', A of A'P' and B of B'P'. The poles of the 
circles PA and PB must lio on the equator ami 
it is easily seen that A'B' is equal tt) Oil, whicli is 
equal to dL. Side A'P' is tho angle between tlu' 
poles of tho circles AP and AB unci must therefore 
be ecjual to tho angle PA15, or 4. Similarly, 
B'P'= 18U" - ABP = ISO" - (360" - 4')= 4' 
— 180" where 4' is the azimuth of A from B. 
Further, the side AP is tho angle botwcoii tho 
planes containing A'B' and A'P', and hcnco 
angle HA'P' = 90" — In a similar manner it 
can be shown that angle A'B'P' is 90 - ^'. 

Through B draw tho great circle BC perpen- 
dicular to AP at 'J’hon CB j>i‘oduced will pass 
through A', tho polo of AP. B is tho polo of B'P' 
and therefore, if BA' is produced to cut B'i" at 
E, the angle A'EB' is a right angle. Also, 
CA' = 90® and EB = 90". (Consequently, CB = A'E. 

Through B draw the parallel of latitude BD and through A' the small circle A'F 
whose pole is P'. 
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Angle EA'H' = CA'U where is the latitude of C. Hence spherical excess 
of triangle EX'B' -= 90° + 0^; + 90° — — 180° = if^c - 6' = CD =. 

Similarly, in triangle P'liK (not shown), arc P'E = angle P'BB. But ABP' = 90°. 
Hence ABC = 180° — 90° — P'E = 90° - P'E. 

Again, c = spherical excess of triangle ABC = ^ + ABC -f 90° — 180° = 
A - P'E - P'A' - P'E -= P'E - P'E --- EF. 

Conse-juentlijt th". arc-i'crsine in the one figure hecoims the spherical excess in the other, 
[n both cases, the triangles ACB and A'EB' are small so that they can bo solved 
by Legem Ire’s theorem. 

CB — s sin (A — Jc) 

A'E = dfj sin (90° - - J,,) 

/. dL cos (^' 4- ^ri) =- s sin (.4 — Jc) 

dfj =s s sin (.1 — ic) sec (^' -f Jiy) 

or, with .9 in linear measure and dL in seconds of arc, 

“ N,,Hin r 

where N(j is tho radius of the sph(‘re. 

AC = All sin (180° -f- c — 90° — ^ — Jc) = ■? cos (A — ge) 

^ GO GC - CD 
= GA + AC - CD 
= (^ -h « (los (.1 — :^€) — 1?. 

With (f) anfl (^' in angtilar inoasuro this becomes, after tho second two terms on 
the right have been reduced to se'conds of arc on the meridian. 


A' - ISO' -= in*' -= P'F + FB' 

= .1 1- FB' - KF 

= .1 + A'B' sin I ISO’ + , _ 90’ - (90 - - J ij } - e. 

ISO’ I- A + (iA - ISO’-- .-I -f- rf£sin(^' -f- Jij) - t. 

d 4 -■= dL sin (^' -f 317) — c, 
where (/4, dL anrl e are all in secomls of arc. 

•q = s[)hj’'rieal excess of triangle A'EB' 

JA'E . B'E. 

But B'E A'E tan 0' and A'E -= BC ^ 5 sin A approxim.'^’ ly. 


•9 

/. q zsz J-^2 sin* A tan < 


The angular value of q is to be reckoned on the meridian and not on tho sphere 
(fuige Iferuv, the \ahie to bo used on the meridian is 


^ ■' J{,, 2.V, - sill' 1 


sin* .4 tan 


2/(,uArsin r ^ 

sphiM'ieal excess of triangle ACB, 


.V* 


1/ sin 1 


. sin A . cos A . 


sin .4 cos ,4 approximately 

2i^jrA’( Sin r 

q"' — c" tan .4 tan 0'. 


Kxatnple. Given that tho latitude and longitude of the point A are 
7° 10' 47*'-239N. L == 0° 21' 05*''39SE and that the azimuth and logarithm of tho 
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distance from A to B are 257“ 12' 12* 96 and 6-630 1966 respectively, find the latitude 
and longitude of the point B and the azimuth B to A. 


(1) Approximate 
log a 
log cos .4 


= 5-530 1955 
= r345 3487 

= 3-996 6194 

2-872 1636 


d6 = 

- 12' 25'^-0l2 

= 

+ T 10 47''-239 

= 

-f 6 68 22''-227 


7 04 34''*733 

(3) 


A = 

257“ 12' 12''-9« 

i€ = 

— 1 •»(> 

A ± i€ = 

257 12 11 -00 


— 1 -96 

A ± = 

267“ 12 0!) -04 

(4) and 


logs = 

6-530 1956 

log cos (.4 ± jjc) = 

1-3-16 3850 

1 


sill 1" 

3-996 6214 


2-872 2019 

d^== 

— 12 25 078 


7 10 47-239 


(i 58 22-161 

- 77 = 

— 3- 169 


6 58 18-i*»-> 

ii = 

+ 10.')(i 


(2) € and r) 

2 log s — 
log cos A = 
log sin A =s 

2y^„.V, sin 

logc = 
log tan .4 = 
log tan — 
loglj ^ 


(5) dL, I/, dA anil 
logs — 
log sin (A ± ic) = 
log sec (^' + ii?) = 

log r//s - : 
log sin I- JI7 ?)-- 
log d A 
(IL - 
/. -= 
r/// = 
dA 

A !: 1S(»’ - 


11-060 39 
T-345 35 
7-989 08 

I0-374 88 

0-769 70 
0 643 73 
J-087 44 
0-500 N7 
5'^-SS4 
3"- 169 
4' 

5-530 1955 
1-989 0764 
0-003 2235 


h 
+ 'h '■ 


20-018 

1-056 

21-104 


- 3-993 7100 

= •Jj”d6 2054 
r-0S4 1952 
2-600 4006 

- - 0 54 42-504 
^ 4- 0 21 05-398 

- 0 33 37-106 

- ~ 6 38-47 
77 12 12-96 
77 05 31-19 

- 5-SS 
77 05 28 61 


= 6° 58' 18^-992.V, 0^ 33' 37"-10Gir, A' - IT 05' 28* 61. 

Kote. The geodetic factors used in this example arc for the f.'larko 1858 figure of 
the earth and are taken from the tables in Close aiul Winterbot barn’s Tert-bouk of 
Topographical Surveying^ Third Edition, 1925. Tlio arrangement of tin? work elosely 
follows a standard War Office computation form as given in Surrui Cowontations 
Second Edition, 1932. 

Puissant’s Formulse. The formulae given by Puissant in his Traitd de 
Giodiaie, Vol. I, have been expressed in different ways, and approprialt^ 
factors, depending upon the figure of the earth adopted and the known 
latitude, are tabulated by various surveys. 

It may be shown that, for d^, dL and dA in radians, 

^ f __ S 008 A a* sin* A tan 0 sin* ^4 cos (1 + 3 tan* 


sin dL = sin 


iJ — sin-» • ■ y ., 

N 008^' 

dA *= dXsin ^jfSec ^ 3 |dL’(sin^jiSec|(I^— sin’^j^sec’ m 
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These formulae arc used by the United States Coast and Geodetic Survey 
for «li8tances up to about 70 miles in the following modified form : 

= a cos A . B - a* sin* A . C - (8^')* . D - Aa*8in*A .E, 
dL" = 8 sin A sec <j> . A (subject to a correction for the difference 
between the arc and sine of dL and of the angular value 
of a), 

dA" — dL’ sin sec \d^ + {dL’)^ . F, 

It. 1 ^ tan ^ 


where A 


N' sin 1' 


B 


Jt sin 1’ 


C 


2NM sin 1* 


8^' = a cos A . B — a* sin* A . C — /«* sin* A . E, 
T. 3 e* sin A cos A sin I* , ... 

^ = IS •t’X “n* e. 


The logarithms of A, 13, C, D, E, and F, based on the 1866 Clarke 
spheroid and metric units, are published* for latitudes 0® to 72°. 

In performing the computation, d<f> is first obtained, B, C, D and E 
being taken from the tables with <f> as argument. The algebraic sum of 
the Ist, 2nd and 4th terms gives an approximate value of 
(8^*')^ . D i.o a ei^'trective term which allows for the difference between 12 „ 
and 12. In computiiig dL, the value of A is obtained with as argument. 
To the resulting value of dL is applied the algebraic sura of the tabulatefl 
corrections for log a and log dL. The evaluation of dA is straightforward. 
In all cases eaio must be exercised with the signs of the functions of A. 

Wlien dl/ is calculated from the formula dL'* = 5 sin -4 .sec <f>* . A, the 
correction for the difference between the arc and sine of tZL' and of the 
angular value of a is generally applied direct to the logarithm. The 
logarithm of the angle itself, when the latter is expressed in circular 
measure, is always greater than the logarithm of its sine, and, for the 
angle 6 expressed in circular measure, w'e have : — 

log 0 — log sin 0 = approximately, 


where M is the modulus of the common logarithms, 
to we have : — - 


log sin = log 


j J/a* 
N' BN'*’ 


Applying this result 


Similarly, 


log dL** = log sin dL** + 


MidL** sin l**)^ 
6 


Hence, we have : — 

, „ sin r)2 

log dL** = log (5 sin A . sec ^ . A) H ^ 

in which log^= 2*8596 and log ~ 12*2308. 


6iV'2* 


* United States Coast and Geodetic Survey Report, 1894, Appendix No. 9, and 
1001, Appendix No. 4. 
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If a computing machine is used, the formula for dL is best put in the 
form : — 

"" N' sL r • sec ^'|l - (1 - sin^ A see* ^')| 

When 8 is less than about 12 miles, and in minor triangulation, the 
formulas may be simplified to 

= 8 cos A . B — sin^ A . C — . D, 

dU = s sin A sec <f )' . A, 
dA"' = dL" sin 

The above formulae will hold for all quadrants in the northern hemi- 
sphere provided azimuths are reckoned clockwise from north, the proper 
signs are given to the trigonometrical functions of A, latitudes ere taken 
with a plus sign and longitudes are reckoned positive eastwards and 
negative westwards. In the southern hernispliere, the formulas will hold 
under similar conditions except that the latitudes must now bo taken as 
negative and the negative sign given, when necessary, to llieir trigono- 
metrical functions. 

In the method of expressing Puissant’s formulae devised by Col. Ev(ir(*st, 
each term is derived from those preceding. Everest employed four 
terms of the series for primary work. The constants, ])ul)lished in the 
Survey of India Auxiliary Tables were, however, computed for Everest’s 
figure, which is unsuitable for general use. Tlie logarithms of the factors 
P, Q, R, S, T, for the first two terms, based on Clarke’s figure, are given 
in earlier editions of Sir C. F. Arden-Close’s Text-book of Topographical 
Surveying but have been omitted in the third edition. These are sufficient 
for all minor work. 

The two-term formulae are : 


d<f) -h ^2^9 

dL = djZy -}- d^Lj 
dA = djA + d^Ay 


where d^<l> = P a cos A, dg*^ = d^A R sin , 

d,^L = di<f> Q sec ^ tan A, dgZ^ = dg*^ S cot A , 

dj^A d^L sin dgA d^L I*, 


the tabulated quantities for angles in seconds bcung, 


P = 


limn r 


K 1 2yiseerA 


T = tan* 

Taking north latitudes and cast longitudes as positive*, and n'ckoning 
azimuth clockwise from north, the signs of the terms are as follows, 
when the known station A is in north latitude. 
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Term 

A 

0-00® 

90®-180® 

180®-270® 

270®-360® 

d,0 

-h 



4- 

djL 

-I- 

-f 



d,d 

-f- 

-h 

— 




— 

— 

— 



(ijj 

j- 

— 

-i- 



d\A 


i 

+ 

— 


Wlicii the latitude is south, it is to be given a negative sign, with longi- 
tu(b‘S still reckoiuMl positive eastwards and negative 
westwards. In tliis eas(i, after allowing for the signs 
of the trigonometrical functions of the negativ^e the 
signs of d2<f>, d^Lt and djA in the above table must 
be reversed. 

Tho Puissant formuhn may proved as follows : — • 

Let PAH (Pig. 123) he the spherical triangle of radius N, 
tangential to the [» iralK'l of latitude through A. Then : - 


sin -- sill (f) CO > AH cos 0 sin AB cos PAH 
/, sill -|- (/^) = Mil (ft cos ^ -|* cos ^ sin cos A. 



Fia. 123. 


S 1 • ® L 

Expandingsili -f- in ascending powers of and replacing cos and sin by 

series in powers of-^. tin's gives : - 

sin tfi {- cos ^d^ — sin ^ — cos ^ -{-... 

= sin -f f’os .1 cos <l> — ^ j^a ^ . 

Hy three successive apju'ovini.it ions, coinineiiciiig with d<f> = cos .4, wo got : 

ilff) "Y cos .1 - "in- .4 tan iff — ^^3 cos A sin* A 1 1 + 3 tan* . 

'Phis gives the value' of d^ ineireuIariiV'nNureonaspheroofradius A . d^, howoior, 

is to be lueasurt'd along a meridian i>ii the j^pluM’oid. Hence, to convert theabo\0 
v’alue into se'(*oinls of are as ineasun*d on the mt*ridian, wo must niultipb lue right- 

A' 

hainl siele of the i*(i nation hy : — r^. 

jl \f !^II1 I 


When this has been dono wo obtain : — 


d<^" - 


7/t/ sin I 


- co< . « - 


ft’ sill® *4 t-ftn tft 


2/f.w.V sin 1' 

»»sin«.4 co sj ft + 3t»n«4- 
(> sin r \ J 
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For computing purpoHos wo want to uso li iiiMtond of and this means using a 
corrective term. 

«(!-«») , 

(1 - 

dK 4> cos A 

(1 — c® sin* 0)“ 


Now 


= A*. 


sin ^ cos ^ 
1 — c* sin* ^ * 


Hence, if wo put 

fi 5^ ( 

S^"'= . 7 - 7 - 7 :? cos A — - - vV - • Tw ^ . ' T 7 / ■ 1 ^ 

IfainV 27AVsinl ^ ^ 

we have for tlie approximate mean latitude, 

0Jf= ^ 

and Aj/ will be given by 

-K.v= sia r + . . . 

= j{ + {H. 1" 

. 1 1/, .. €*sin^cos^ Ci'/ • lA * I 

•• 7?i = 741 - ' ) “PI«oxnnat.ly. 

Hence, 

g2 ffS f \ 

difi"— —: — — COS -4 — " 7 , . -- . — Pi, sin* A tan 0 — ,riTVTr~^ — cos * 1 7 1 -|- .'{ tan* A I 
^ 7;sm r 27i’iVsinr ^ U77A *sinr \ j 

. f* sin ^ cos 0 

“ 71 I S«;^ 

(1 -■ sin- 0) 


Jy the sine rule :- 


sin clL = sin AH . 
= sin AH. 


sin .1 


’sin (U0‘^ - 4>') 
sin .4 
cos 

Since the latitude involved is now and not wo must con.sid»>r the triangle 
PAH as being on an auxiliary sphere of radius A"', and not of radius A'. (Joiisecpieiitly , 

the angular \'alue of the side AH in radians is ~ and wo have : 

A , 

sin dL = sin sin A sec A' 

A 

“ Cv'-b^>+ • • 

Hence, using the expression for an angle in tiTins of its sine (page S), 


dL = sin A sec win A sec ^'(1 — sin* .1 sec* 


OA'* 


or. 


dL* = jTTT-? — p sin ^ sec ■ 1 — 1 — sin* A sec* 0') ■ 

A Bin 1 ^ \ 6A'* ^ ) 

In triangle PH A, 

angle PDA = 360® - A\ 

J(PAB 4 - PHA) = i(A + 360® - A') 

*= 1(^4 + 360® - 180® - A - (hi) 

= 90--^ 


Accordinelv. bv formula ti\4 on nnire 4. 



GEODETIC COMPUTATION 

tail ('OO'’- —'I = ooa 1(90° - - 90 ° + 

\ 2 / cos i(9U® — tf,' -|. yo 

UH (oo’ - 


337 


dL 


^ dA 
tan — 


COS ^90'" — 
cjusi 

sill \(tji I- fji') dL 

— dr~ " 2 • 

cos ~~ 


^ dL 
tail 


or, 


whic}i gives : - 


. dA dif, (dh , dlA ) 

tan — sin see ^J_ + _ |- . . .1, 


dA - - dL sin ^ ^ + -pj- ^sin ^ 1 / s«5c ^ — sin^ sec® . 

Jn the above, wo liavo proved tho formula for dL in tlio form of a series in ascending 
pow'ors of a but wo liavo previously explained that, when logarithms are used, it is 
usual to compute from : — 

~ TTT-^ — J'i*! A sec (l>\ 

A^sin 1 

and th(‘n introduce a correction for tho difference between tho logarithms of an 
angle and its sine. To do this we used the formula 

MO^ 

U ' 


log d — log sill 6 — 
which can bo derived as follows : — 

0^ 


/ 0^ \ 
log« sin 0 - logf ( ^ ^ • • • j 

... lone 0.(1 • j !- • . •) 


/ 0 - 
log« d ;■ loge ( 1 “ ;t 


) 


■)’- 


log^ 0 - - loge sin $ -f —approximately 
Md^ 

^ — logjosin 0 j approximately. 

whore M is tho modulus of the common logarithms, 

Mid-Latitude Formulae. In addition to Clarke’s and Puissant’s formulae, 
which have liceii given al)ove, mention should he made of the Mid-Latitude 
formula). Tliese are simpler to use than eitlier Clarke’s or Puissant’s, but 
do not give such accurate results. They may, however, be used for 
lines not exceeding 25 miles in length, in latitudes less than 60®, without 
introducing errors greater than 0'’-01. 

They are : — 

tan \dA = tan \(Uj sin {<f> 1- Idij}) sec ldif> (1) 

H = » l.rm *^0® 


Jt„ sin 1’ 


dL = 


a sin (/I + JrfA) 


A„sinr cos (0 + W<^) 


( 3 ) 
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The notation is that shown on page 325, with the addition of tlio symbol 
which is the normal at the mean latitude 

In using these formulas it is first necessary to find approximate values 
for d<f> and dL to use in equation (1). An approximate value for may 
be found from equation (2) by substituting R for and cos A for 
cos (A + idA). The approximate value for d^ is then used in equation (3) 
and sin A is used for sin (A -}- \dA). In this way an approximate value 
is found for dL, 

To determine the algebraic signs of the quantities dA, dff> and dL a 
diagram may be drawn with the points A and B in their relative positions, 
and the meridians through each converging towards the pole. The signs 
may then be obtained by inspection of the diagram. 

The proof of the formulae follows directly from simple spherical trigo- 
nometry and can be left as an exercise for the reader. 

Formulae for Very Long Lines. All the formulae given above will 
hold with sufficient precision, and within the limits statofl for each, 
only for lines wliose lengths do not exceed distances which can be observed 
visually from and to stations fixed on the earth’s surface. The develo])- 
ment of radar and Hare triangulation, and also certain developments 
in ballistics, necessitates other formula} which are accurate for much 
longer lines. Several sets of formulae are available. Those given for 
reference ])urposes in Appendix V are now being used by tlu* (i('odi‘tie 
Sttrv(‘y of Canada for the cornxjutation of radar triangulation measured 
with the Shoran apparatus. These formulae give accurate results u]) to 
about 1.500 miles when computed by eight-figure logarithms aiid are of 
interest as an example of the solution of a spheroidal triangle* by tlu* use* 
of a special auxiliary spherical triangle. 

Inverse Cases. (1) It ia frequently required to determine 5, A, and A' 
from the given quantities <f>\ L, and L', 

For the most precise results Clarke’s formul® for long lines may bo 
used indirectly. Close approximations to 8 and A are first obtained from 
the Puissant formul® by the 'method below. These values arc substituted 
in the Clarke formul®, and and U are computed. The small dis- 
crepancies between the results and the known values of <f>* and L' indicate 
the nature of the errors in the assumed values of 8 and A, and by succes- 
sive approximations these are eliminated. 

For medium lines, the shorter Clarke formul® may be used in a modified 
foiTu which may be written : — 

N'(dL)^ sin cos sin I'’ ,, . 


^ ( 2 ) 

€ = - ^)dL cos sin r (3) 


log tan A = log -f-JJlf nin l^.c-cot A(l+2tan* A) (4) 

^M(9e — 9) 


8 = 


dL cos + \ri)N^Hin sin 1* 


sin (A — Jc) cos (A 

A* ^ ^ 180^ -f- dTj sin — c • 


h) 


(5) 

(«) 
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in wliich <f>, is an approximate latitude (the latitude of C in Fig. 121), N, 
is the N for ai^ M is the modulus of the common logarithms. Here, 
log \M sin 1' = 7-846 23. 

If a computing machine is used instead of logarithms, A can be obtained 
from : — 




(7) 


In both of the expressions for obtaining a pn^liminary approximate 
value must be computed for use in the small second term. 

The above formulae hold if azimuths are measured clockwise from 
north, longitudes are positive eastwards and negative westwards, north 
latitudes are positive and south latitudes negative, and, with these 
conventions, the proper signs are given to the trigonometrical functions. 

An example of a logarithmic computation will he found in Survey 
('omputatioua, second edition, page 78. 

In using the Puissant formulae, the equations for and dL arc combined 
to yield a and A, First of all, we determine a sin A from 


log a sin A = log(dZf cos sin 1") — — ^ ^ . 


This value is then substituted in the formula for d<l> given on page 332, 
the result being : — 


a cos A = dil>Rif sin 1* 


+ 


a^ sin* A 
2N 


tan ^ 


5* sin* A j U I .w 2 ^ ) 

" W* "" + 3tan*^J, 

or, 

a cos A = ^ + a* sin* g + ^ ^ 

Here, the third term on the right in the first equatic.* and the last two 
terms in the second equation contain a cos A, but the first two terms 
can first be calculated to obtain an approximate value of a cos ..4, and 
this approximate value can then be inserted in the remaining terms. 
Since a sin A and a cos A are now known, A is obtained from 

tan .d = and a can be derived from either of the above equations, 

a cos A 

The Everest formulaB can be used in the same way. 

Sufficiently accurate results for mapping are obtained by the use of 
fewer terms in the evaluation of acos^. Other forms of approximate 
Boliitiona are given by Close. 

The mid-latitude formulae will provide a direct solution to be used for 
minor work only. The value of dA is obtained from the first of these 
equations and the third divided by the second gives : — 

tan (A + ^A) = ^ cos + id(f>). 

When the values of A and dA have been found, the value of a can be 
obtained from tl^e second and third equations. 
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(2) A similar case occurs when L and A are known, and a, A', L' 
are required. 

If Clarke's formuloe are used we have : — 

^ ~ ^ I*"* 

rj = € tan A tan 

5 = (0' — ^ sin 1" sec (.4 — ge), 

dT = ^ — 3^) -I - 3^) 

xV,sin 1" 

dA = dL sin (<^' -j- fc) — €. 

The Puissant expression for d<f) can be written in the form : — 

^ =■■ i 1 H (1+3 tan* 6), 

Gos A “ 2N cos A GiV* ' 

and this can be solved by successive approximations for s beginning with 
(<A' — <A)fi,.sin r 

s = ^ . After obtaining 3, dL and dA can be calculated 

cos XX 

in the ordinary way. 

In applying the calculation to latitude and azimuth traverse (page 445) 
refined computation is not required, and, since such traverses should 
run nearly north and south, it is usually sufficient to employ only the 
6rst terms of the formulaB, so that 

- 8 cos A 

“i^sin r' 

or 5 = d<f>R sin 1" sec A, 

■= 7 —: — rs being the constant B of the American tables, or P of the Indian, 
it sin 1 

When lines are short, and the use of the mid-latitude formulaB is 
justifiable, obtain aij approximate value for dL by substituting A for 
(A + \dA) in the third of the mid-latitude equations. By inserting the 
value of dL so found in the first of these equations the value of dA is 
found with sufficient accuracy. The values of s and dL can then be 
obtained from the second and third e([uations respectively. 

All of tho Clarko formuku for tho iiivorso problem follow easily by substitution in 
the original equations with tho exception, perhaps, of that for tan A, Hoth the ordi- 
nary and the logarithmic expansions are derived from the eipiatioiis : — 
a sin {A — Je) = dLNr sin K cos ((^' + J17), 
a cos (>1 — §«) = iij^sin K (^' — ^) -f «ia I"' . 77 
= sin — ^). 

Expanding tho terms on the left, and remembering that c in seconds must be 
converted to radians in tho expansions, wo have : — 

a sin A — ie sin V a cos A — dLN^ sin I" cos (<^' d- Jiy), 
a cos A -f sin . a sin A == Ji\t sin V (tff, — 0). 

Hence, by simple division, 

^ . dLN,. sin V con {<!»' + irj) , , . 

tan .4 = ^ — l€sin T 1 + 2tan*yl). 

Hm sin - 4 >) 

For the logarithmic solution, by applying Taylor’s theorem to expand log siii (.4 — J <) 
and log cos (A — fc), we have : — 

log,, sin (A — ic) = log^j sin A - Jc 


jesin r(l + 2 tan* A). 


log.8in^ -1«— . 
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log, cos (A - }c) = log, cos A + it 

cos A' 

log,oSin(A - it)= log,gsinA — ^tcotA 

2M 

Iog„ cos (A - f €) = log,, cos A + — e tan A. 

A log,, sin A - log.,cos A = log,, 

lt}{ Sin 1 
M 

-f ~ 6(cot -4-1-2 tan -4). 

. I . . , dLN^ cos ((h -f 4w) M 

log tan A = log — + _e cot .4(1 -|- 2 tan* .4). 


Rectancrular Spherical or Cassini Co-ordinates.* In Vol. I we liave 
di. mussed ordinary plane rectangular co-ordinates and have considered 
various problems connected with them. These co-ordinates take no 
account of the curvature of the earth, and are based on the assumption 
that the survey is carried out on a flat surface — in this case a plane 
tangential to the earth at some point in the region covered by the survey. 
This assumption is valid only if no great degree of accuracy is aimed at, 
or the area covered by the survey is very limited. For accurate work, 
which covcis a large area, the curvature of the earth must be taken into 
account in the computation of position, as the measurements are made 
on the curved surface of the earth and not on a plane. Hence, it is 
natural to modify the system of ordinary plane rectangular co-ordinates 
by introducing extra terms involving allowance for curvature. There 
are a number of ways of doing tliis but perhaps the simplest and most 
obvious is the system known as “ rectangular spherical,** or “Cassini,” co- 
ordinates which Ave now proceed to describe. They were originally 
devised by Cassini for use in France and much of the older work of the 
Ordnance Survey is based on them, though in Great Britain they are 
now being replaced by co-ordinates on the “ Transverse Mercator ** system. 
They have also been employed in many other parts of tiie world, and are 
still in use in many placi's, but, as thc}^ have 
certain disadvantages which will be discussed 
lat(»r, the modern tendency is to replace them 
by Transverse Mercator co-ordinatt»s in coun- 
tries which are suitable for the use of the latter 
system. , 

In Fig. 124, 0 is a point in the centre of the , 
area under survey whose latitude and longitude 
a!e known and which is chosen as origin of co- 
ordinates. A is a point whose position with 
respect to O is to be defined. 

Assuming the earth to be spherical and P 
its pole, through 0 draw the meridian OP and 
from A draw a great circle AM perpendicular 



• When the formulro used include terms to allow for the spheroidal shape of the 

earth the name “rectangular spheroidal’* may bo used in-stead of ** rectangular 
spherical. ’* 
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to OP at M. Then the X co-ordinate of A is defined as the arc OM and 
the Y co-ordinate as the arc MA, both of these arcs being expressed in 
linear units. 

Through A draw the small circle AL cut out by a plane parallel to the 
plane of the meridian OP. The arc MA produced will cut the equator at Q, 
the pole of the meridian OMP, and the angle LAQ = LAM will be a right 
angle. Then the azimuth from A of the point B will be defined 
by the angle PAB, measured clockwise from the meridian AP, which the 
line of sight from A to B makes with AP. The bearing of AB referred 
to the small circle AL will be the angle LAB and the angle PAL is called 
the “ convergence ** at A. 

The convergence may therefore be defined as the angle between the 
meridian at A and the small circle perpendicular at A to the rectangular 
spherical Y co-oidinate. Similarly, the “ rectangular spherical bearing ” 
at any point may be defined as a bearing referred to the small circle 
perpendicular at that point to its rectangular spherical Y co-ordinate. 

If bearings, like azimuths, are reckoned clockwise from north, and A 
is the azimuth, y the convergence and a the bearing, it can easily be seen 
by drawing a suitable diagram that the following rules will hold with 
regard to signs : — 

For Northern Hemisphere — 

a = ^ — y when the point lies east of the central meridian. 

• a = .^4 + y when the point lies west of the central meridian. 

For Southern Hemisphere — 

ct = A + y when the ix)int lies east of the central meridian. 

a = — y when the point lies west of the central meridian. 

These rules are, of course, valid for points south of the origin of co- 
ordinates O as well as' for those north of it. 

Cionversion of Rectangular Spherical Co-ordinates into Latitudes and 
Longitudes and the Inverse Problem. It is obvious from the definition of 
rectangular spherical co-ordinates that, if the latitude and longitude of 
the origin are known, there must be some relationship between llie 
rectangular spherical and the geographical co-ordinates of a point and 
that it must bo possible to convert one set of co-ordinates into the other. 
This conversion is often of some importance in practice. Thus, if a point 
is to be used as a station for astronomical observations for azimuth, it 
is, in general, necessary to know its latitude. If the 
rectangular spherical co-ordinates are known, the latitude, 
longitude and convergence are easily determined. 

In Fig. 125 OC is the X co-ordinate and CA is the 
Y co-or(bnate of the point A with respect to the origin 
O. Let PAG be the spherical triangle described on the 
auxiliary sphere of radius and tangential to the 
spheroid at the point C, P being the point or pole where 
the earth’s minor axis meets the sphere. Then, if OC and 
CA are small in comparison with the points 0 and A 
on the spheroid will be practically coincident with their 
projection on the sphere, and the linear measures of 
the arcs OC and CA will be the same for both surfaces. 



Fia. 125. 
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Through A draw the parallel of latitude AD cutting the meridian OCP 
at D. From A draw the small circle AL parallel to the meridian ODCP. 
Then angle PAL = y = the convergence at A. 

Since the length OC is defined by the X co-ordinate, and is known, 
and the latitude and longitude of O are also known, the value of the arc 
OC, in degrees, minutes and seconds, can be found from a table of 
meridional distances Hence, the latitude of C can be found from 

<l>e = <t>o + 

where (f>, is the latitude of C, is the latitude of 0 and X® is the linear 
distance X converted into angular measure. 

From the figure it follows that latitude of A = latitude ol T> = — rj 

where rj is the arc CD. 

Similarly, for the inverse problem, the latitude of A is given and hence 
we know the latitude of D. Then, from a table of meridional distances, 
we can find the linear distance,, corresponding to OD or to ^ The 
distance rj can be computed and we then have : — 

Xa = X/^ + 7]. 

For the conversion of rectangular spherical co-ordinates into geo- 
graphical co-ordinates the formulas are : — 

r X® (1) 

_ tan iff^ tan <^^(1 -f- 3 tan^ <f>.) ^ 

“ 2/2, AT, sin 1' 24/?,xV,® sin 1' 


= (3) 

j Yseci^, y®soc^^tan*<^., ^ F® sec <^. tan* 0^(1 1-3 tan^ 

““ AT, sin r ““ * sin r ^ " N^{V 


Y tan y* tan ^,.(1 -f 2 tan* 

iV,sin V 


y* tan 
120 sin I 


(1 + 20 tan* + 24 u»n^ 


(5) 


If the prop(‘r signs are given to the trigonometrical functions, the above 
relations will be valid for all cases provided the following conventions are 
observed : — 

(1) North latitudes arc i)Ositive and south latitudes are negative. 

(2) X co-ordinates are positive if north of the origin and negative 
if south of it. 

(3) y co-ordinates are positive if east of the central meridian and 
negative if west of it. 

(4) dL is positive for points east of the central meridian and 
negative for points west of it. 

(5) The sign of y depends on the sign of F, but, wlieii signs are 
otherwise ignored, the following relations hold betw’een azimuth .4, 
bearing a and convergence y, azimuths and bearings being reckoned 
clockwise from north ; — 

(a) In northern latitudes : — 

A = a + y when the point is east of the central meridian. 

,4 z= a — y when the point is west of the central meridian. 
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(6) In southern latitudes : — 

A - CL —y when the point is cast of the centra) meridian. 

A = a + y when the point is west of the cc'iitral meridian. 

For tlie inverse problem, that is to determine X and Y from tlio given 
latitude and longitude of the point and of the origin of co-ordinates, 

X = X/, + t; ' (1) 

= Xu -f \N(dL cos (f) sin tan ^ 

+ N(dL cos ^ sin tan — tan^ <^) .... (2) 

Y = N(dL cos ^ sin K) — lN(dL cos (/> sin tan®^ 

— 1 N{dL cos <f> .sin F)® tan® ^(8 - tan® </)) . . (3) 

y = dL sin 0 + l{dL cos <f) sin F)® tan ^ cosec F 

+ ^\{dL cos <fi sin F)® tan <^(2 •— tan® cosec 1" • . (4) 

Note here that ^ is the latitude of the given point A, and N is the 
radius of curvature of tlic prime vertical section or the normal for that lat i- 
tude, whereas for the first problem the quantities involved are (f>^ and N.„ 


In deriving tj in terms of Y we may use the thoorom in spherical trigonometry 
already employed on page 32!) in deriving tho Clarke formiike for medinin and short 
lines, but this theorem in itself is not sullicient to give tho third tt'rin in tho expres- 
sions for dL and Y, This is because tho rectangular spherical Y co-ordinntn will often 
bo much longer than tho distance s used in tho Clarko formula), and, in diM'iving tho 
theorem, w'e neglected powers of p higher than tho third and of rj higher than tho first. 

Y 

In the case of latitude, substitution of — for p in tho thoorom at once gives : — 

0 A ^ 

y* Y* 

’ "" - 24]^‘ 

Here, rj is in radians on a sphere of radius N.., but, in determining latitinle, tho 
angular value of rj is to be taken as the angle measured on tlm inerifiian. Hence, as tj 
is very small, wo may take li,, as tho moan radius of curvature t>f the meridian ami 

A\. 

the angular value of tj in seconds on tho meridian then bei'omos — r—rs ‘d’ tho above 


value, so that : — 

^ = ^0 + — 


1’® tan 


sin r 

To obtain dL wo have : — 

y 




Y* 


24//,.V.^siu 1 


l{, sin r 


tan j^,(l I- .3 tun* 


sin dL = 


sin ~ 


sin (UO^ 

y 




= sin — see 


-nh 


I 

= sin ~ sec — rj soc tan -f- ( I h 2 tan® . . . 

y f y® 

= Ac 1 ” 2A® 

+ 4 sec 0,. tail* ^,.(4 9 tan® + . . .| 

{ y y® Y^ If y® 

X - 2^* 

+ »<M3 <l>r tan* f (4 + 9 tan* - 

y y*. 

= ~ see - — sec 0,(1 -f 3 tan* 0,) 

y* 

+ f20A» ^ 


) 

I 
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But dL = flin dL -f J sin* dL + Hiri* dL . 

Substituting above vuluo for sin dL in this exprosHion, and dividing )>y sin P to 
bring to seconds of oi r;, wo g(Jt : - 

“““ “ aT^iTr 

yt 

T' a.v,* Hill 1* ® “ • • • 

In Fig. 12o y is the angle 00'’ -FAC. llonco, in the right-angled spherical triangle 
l’A(\ 

cot PAC — sin A(^ cot P( 
y 

tan y -- sin — - tan <hr 

iV^' ' 


I20.V/ • • •)• 

y - - tan y — J tan® y + I tan® y 

/ y y® )'® \ 


y+ lUm‘MY . .) 


:v MU r ~ oAvTi.Tr '• ' 

'*■ nuiv'^'Suri' **“* • 

In finding the forinul.'i* for the reverse pro<‘e.ss - the conversion of geographicas 
into n'ctatigular ^plierira! ro-ordinat«*s the latitude i.'^ known from the beginning 
and it is tlu'refore conveiiKMit to ('xpro'^s the formuhe in terms of functions of it 
instead of . In this <‘ase, tla» auxiliary sphere will be one of radius .V and not A"., 
although, fn)iii the point of \ ii‘w of piai'tical computing, it hardly matters which is 
used. As the theorem we have already emj)lojed involves , and not we cannot 
use it directly and we thcrefcjre proceed by other means ; - 

sin ^ sin (Ot)’ — <^) ^in dL 


cos «A dL 


dL^ j dj^ 

IT 'Hitt 


y y Y Y 

"111 I- 5 'ill’ Y 1 ,i. 'Ill’ y 

' iSH'--.} 

w hit'll gives, for dij expresseil in MU'onds of lire : — 
Y' .\(//vsin P cos ^ — ,('//. sin 1'^ * os ^)® tan® 


I dl ^ ^ ^ 

-i- ico.®^jdf. - -I- . . j 




For rj we have : - 


cos ('.»() ’ — ij}) - ct>s (tup — ^ — t;) cos — . 

y 

sin (<!> \ Yj) ^ sin 0 see -- 

— sin ^ - 1 -f 24 ^y 4 ^ 
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Substituting tho value already obtained for ^ we finally obtain : — 


(<//>cos^)® , (dLcos^)*. , ^ 9 jv 

rj (radians) = tan ^ -f- - ■ tan ^ (6 — tan* A), 

Hence, linear value of rj with dL in seconds of arc is : - 
N N 

ij = COS ^ sin K)* tan ^ {dL cos ^ sin K)f* tan ^ (6 — tan* ^). 

2 24 


For y we have : — 

cot PAG = cos PA tan CPA. 

/. tan y = sin ^ tan dL 

= sin (dL + \dIJ + dl^ . .). 

y = tan y — J tan* y -f- J tan* y 
= sin ^ (dL + f//.* -f d/-*) 

— J sin® ^ (d7v -|- id A* -|- . . .)* i sin* jk (dL f- . . .) 

= dL sin ^ -f Jdf.® sill ^ cos* 0 -1 ^ (2 — 2 sin* ^). 


/. y* = dL*" sin ^ -|- 


(dL cos <j> sin K)* 


tan ^ cosoc V 


+ 


(dL cos if) sin 1^)* 
15 


tan (2 — tan* <^) cosoc I . 


Examples of tliesc two computations will bo found in the second 
edition of Survey Computations, pages 109 and 110. 

• Computation of Rectangular Spherical Co-ordinates from Bearing and 
Distance. In Fig. 126(a) 0 is the origin of co-ordinates, P the earth’s 
pole, the earth liere being considered to be a sphere of radius r, and A a 
j)oint whose rectangular spherical co-ordinates are given. Draw great 


p 




circle AE perpcndicidar to the central meridian OP. Tlnui the co- 
ordinates of A are OE = X and EA = Y. Ij(.‘t 11 be some other ])oint 
whose distance s and bearing a from A are known. Draw the; gr(‘at 
circle BF perpendicular to the meridian OP. Then tlu? rectangular 
spherical co-ordinates of B are OF = X' and FB -- Y*. 1’he gr(‘at circles 
EA and FB will inters(*ct at a point Q on the eai Ill’s equator NQ su(;h 
that NQ = 90^ 
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From FB cut f)fl an arc FC = EA and describe a great circle AGC 
through A and C. ThcnFC= F.and.inthetrianglc ACB,CB=(y'-7). 
AC, however, will he less than {X' — X) as the latter is equal to EF, an 
arc on the central meridian. 

From A draw the small circle ADC parallel to tlic meridian OEFF 
and hence per|)endicular to EA at A. The bearing of B from A will then 
be the angle DAB = a, and not the angle GAB. 

Fig. 120 (b) shows, on an exaggerated scale, the angles, azimuths and 
bearings at A and B respectively. H(jrc, AP and BP are the meridians 
at A and B formed by drawing great circles through A and P and through 
B and P. AD and BH are the arcs of small circles at A and B perpendicular 
to the arcs AE and BF. Hence the bearings at A and B are a and a' rccl^oned 
(clockwise from AD and BH, and tlui angles PA D = y and PBH — y' an; 
the convergencies at the points A and B. 

Consider the figure AGCFEA in Fig. 120 (a). EA = FC, and EQ and 
FQ are each equal to 90°. Hence, QA QC and the angles EAG and 
FCG are equal. The angles AEF and CFE are each equal to 90°, and, as 
the figure is made up of arcs of great (nrcles on a spherical surface, tin* 
four interior angles must add up to 800° + E, where E is the spherical 
ex<;ess of the figure. From this it follows that EAG — = FCt J — 90° + ^E. 
Further, in il.e, triangle AGCB, the angle GAB — a — hE, angle GCB = 
90° - kE and heiu^e CBA 180° + € - GAB - (iCB 180° + € - 
(a — — (90° — ^E) — 90° — a + A' + e, where e is tluj sphericiii 

excess of the triangle ACB. 

In Fig. 120(c), thf‘ rectangular spherical co-ordinates arc plotted as 
plane rectangular co-ordinates. O'E' — OE — X, O'F' == OF — X\ 
F'B' = FB = Y\ F'C' = E'A' = EA == F, B'C' = BC = F' - F. Then 
it is obvious that, although C'B' on the plane is equal to the distance CB 
on the sphere, the distance A'tJ', being equal to EF, is greater than the* 
distance AC on the sphere. It therefore follows that, if rectangular 
spherical co-ordinates are plotted as plane rectangular co-ordinates, or 
if they are treated as plane rectangular co-brdinates ' d bearings and 
distances are computed from them by the ordinary methods of plane 
geometry, there will be no distortion in the F co-ordinates but there will be 
distortion in the X co-ordinates and in the computed bearings and distances. 

In computing rectangular spherical co-ordinates from bearings and 
distances three methods may be u.scd. The first is to compute the 
s])herical (‘xcesses E and € of the figures ACFE and ACB and then to use 
these values to obtain modified angles or bearings ; the second is to use 
a dev('loj>ment in series of the first metho<l and the third is to compute 
correct ions to the observed <listances and bearings and then to compute the 
co-ordinates bv the foriuuhe for ordinary plane rectangular co-ordinates. 
The first method is : — 

(\)mj)ute E from 



Ys cos a 
r^sin r 


( 1 ) 


,s- cos a sin a 
2r*sin 1" 


Conqmte c from 


€ 


( 2 ) 
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Compute EF — AGO = dX from 


Then 


dX = 


cos a 


( 3 ) 


X' = X + « cos{a - (E + |e)} + dX (4) 


y' = y + «am{a — (iE + Jc)! (5) 

flc' a ± 180° ~{E +€) (6) 


Those formulae arc of the same typo as Clarke’s formiiliu for eoinputiiig 
latitudes and longitudes when linos are short or of medium length (page 32S). 
l^hey hold for all quadrants, in both hemispheres, providijd the proper 
signs.are given throughout (including the computation of K, e and dX) 
to the trigonometrical functions of a, bearings are reckoned clockwise 
from north, X co-ordinates north of the origin are taken as positive and 
those south of it as negative, and Y co-ordiuates c^ast of tl*c central 
meridian are taken as positive and those west of it as n(‘gativc. 

The value of r to be used may be taken with suflicicMit accuracy as 
\/ RN for the latitude of A. 

The second set of formula) corresponds to Puissant’s formula) for 
computing latitudes and longitudes. It is : — 


f 


r = y + 5sina 


6r2 


sin a cos® oc 


y.9® cos® a 
~ 2 ?~ 


( 7 ) 


JS' = X + 5 cos a + 


7'® s cos a 


5® sin® a cos a 
Or® 


. • (H) 


or, 

X' = X + 5 ^os a + 


y® s cos a j y^® sin a cos a 

+ ;:2 


.s® sin® a cos a 
iir® 


( 9 ) 


a' = a ± 180 ° 


5cosa(y + y') 

.2r®sinr 


( 10 ) 


Of the two formulae for X, one is in terms of Y' and the otiier in terms 
of y, but the first is to be preferred since it contains one term less than 
the other. 

These formulae conform to the same sign convejitions as the others 
and arc the ones which are most commonly used and quoted in text- 
books. An example is given in Survey Comptitalions, 2nd edition, page^ 111. 

The third method of computing rectangular splauical co-ordinates 
from distance and bearing is given on page 352. This nuithod is little 
used although it may sometimes afford a useful independent check on 
computations carried out by either of the other two methods. 

In deriving the formulae, the first step is to obtain an expro^sion for tlio diiferonce 

Y 

between EK and AGO. In the spherical triangle AO(JQ, AQ ~ 110'" , angle 

EF ^ 

at Q -= and angle GCQ = GAQ = 90*’ — Henoo, by the sin > rule : — 

sin = sin ^90° — sin cosoe (90** — 

. EF Y 
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Since AC and EF are very small compared with r, the angles 
Y 

small, and so are — and K. Honco, wo may write : — 

T 


AC , EF 
— and — are very 
r r 


I _ Zf i - Vi 4, ^ L \ L. 

r r ^ 24r^ ‘ * 7 V ^ 8 ■*“ * * 7 6 r® fir* 

/ y* y* E* \ * 


EF 


= AC^ 


F» 5 F* 

1 _L ^ _ . 4 . __ _ 

^ 2r* ^ 24 r* 


y* 


“8 

y2 


•)• 


-j-and E* are very small compared with — E* in gencjral hising smaller tlian 

r* 

Ilonco these terms may bo neglectod and we have : — 
dX = EF - AC = AC . 

2 r* 


Z* 

r* ‘ 


The triangle ABC is a very small triangle which may be solved by Legendre’s 
theorem. The spherical angles are a — iE, 90° — JE and 180° 4* « — (a -- JE) — 
(1)0° — JE) — 90° — a 4' E -f €. The plane angles, therefore, are : — - 

fI - a - JE - le 

r; =-= 90° - JE - l€ 

n - yo" - a -f- E -f * - Je 90’ -{a - (E -J- 5 «) }. 

Hence, by the sine rule for plane triangles : — 

A('! — .9 sin ^ 90® — a -r f- 5^) } cosec (90® — ^E — Je) 

-- r s oos |a — (E r f c) j- sec (iE + Jc). 

BC - .s.sin^a - • (JE f Jc) J cosec | 90 ' — (JE f* Jc)} 

-- .V sin — (JE f- Ic) } (iE r 1^)* 

a' - 270° — (OLV 

-= 270^ -- 90® {- a — E - t 
= ISO® a — (E r c). 


As E ami c are .^mall angles wo can put the secants in the abov' • vpressions equal to 
unity and wo then have : 

A" . X -f- i- oos (ot - {K -1- s«) } I ' 

Y' y + .» sin (a — (i^’ + 1 «) }• 

To obtain the second set of formula*, wo have : — 

y' — y — .9 ^,iIl|a — (iE 4- Jf) } =^cc (iE -{• i*)- 

E and c are small anghvs whoso approximate values are given by : 

E = Z cos a 
r* 


* sin a cos a 
* 2C • 

Y 

• Note that the length of the small circle ADC is given by EF . cos — so that the 

difference in length between the great circle and the small circle is the small quantity 

E* 

~r X EF approximately. 

n 
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Henco, we can write ; — 

Y' — Y = s ainct — HE + !«)« cos a 

Ys^ coa* a sin a cos* a 


= 5 am a — 


/. Y' — Y -|- 8 sin a ~ 


2r^ (irs 

y.9* cos® a 5® sin a cos® a 


For the X we have 


2r3 


Or* 

y* 


X' == X -h s cos — {E 4* S«) {^E + Je) -J- s . cos a. 

On neglecting the secant which occurs in the second tcn*in on the right, this term 
becomes : — 

1 / I a \ • I ^ I ^ oc 

«cosa i (E jcjijsina-- s cos a I r- cos a sin a }- 


3r* 


Hence, 


^ , . .s* sin* a cos a . ytf*coaasina . y*.»cosa 

.\'= X + soosa I- ;r -5 + T. f 


3/-S r 

In this put y — Y' — s sin a and ive have : 


2r* * 


. , A* sin* a cos a . y'#* cos a sin a i#® cos a sin* a 

A + scosa -1- — H = 

y '*A’ OILS a Y's^ cos a sin a s® sin* a cos a 

2r* r* 2/'" 

„ , , y'* A® sin* a cos a 

- A «cosa -I- -jj^^scosa . 

For a" wo get : — 

a' - a ± 180" - (E + €) 

= a 1: ISO" — spherical excess of figure AHFE 

^ad:180»- (^t .. p ..eosa. 

2r*sin 1 

Distortion of Length and Bearing from Computed or Plotted Co-ordinates. 

If distance and liearing are computed from rt'etangnlar spln-rieal co- 
ordinates liy trcatiifg them as rectangular co-ordinati's on the ])lan(‘, \\r 
have for the computed or plotted distance S : — 

- (X' -~X)2 -h (7' -- 7)2 


= COS a 


2r2 


s cos a - 


.s2 sin2 


in2acosa"|2 r 

(575 J 


y«®cos®a sin a cos® aH * 


2r® 


Or® 


, , y cos® a s* sin® a cas® a , , . , 

— a® cos® a -1 5 ;7-5 f- «® sin* a 

ya® cos® a sin a a* sin® a cos® a 
r® 3r» 


]■ 


+ . . . 


( 7'* — Ya sill a) — sin* a cos* a + . , , 


Hence, by the binomial theorem : — 


a cos* a 




3r® 
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Now, by using the approximate values «cosa = (X' — X) and 
8 sin a. — (Y' — Y), we have : — 

5 = a + ry+ y^) {Y’ - Yf 

= a + *-^(r 2 + ry -i- y*). 


- -i-i-^(y'=»-h ry-i- y^). 


and l>encc 


a(y'* -H y'y -i- y:*). 


Tlic ratio — is generally called the “ scale ” and the quantity 

3 

prja2 M 

^y '2 y*Y y*^) the “ sccalc fiw^tor.** It will thus he seen that, 

except when a = - 90'^ or 270'^, all natural distafieos away from the central 
nua'idian are increased when plotted on the planij or comjiiited from 
rectangular spluTical co-ordinat(‘S. 

When tli(^ points are v(Ty close togc‘th(*r Y' — Y and : — * 

S y2 

- “1+2? 

Along the meridian a — 0°, and : — 

S Y^ 

- 1 4- _ . 

5 • 2r2- 


Along the Y co-ordinate a — and ~ ~ 1. 

In a similar manner, if fi is the bearing on the* plane, so that ^ is given 
by 

. y' - y 


tan ^ 


it can be shown that ; — 

1-2 + y*y + y 2 . 

S a n si» a cos a 

^ Or® sin 1 

wliieh, for very short lines, becomes : — 

. Y^ 

^ ^ 2r® sin 1 


(A' -X)( 2 y + r) 

Or® sin r 




For computing ])urposes wv can put : — 


( yf I 2 / }- y\2 

. . \ and ( — — j can easily bo found fioi 


found from a fable of 
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squares or from the Tables of Quarter Squares in Chambers’s Mathematical 
Tablet. Hence, 


and 




(X' - .Y)(2r I- Y') 
Gr^sinr 


In addition, it will usually be more convenient to app^y ^ correction 
to log a to give log S rather than to apply the correction to s itself. We 
then have : — 


and 


. ^ , , Jl/cos^ar/y' f YV , - YVl 

logS-l»g«+-23-[^-j-j -jj, 

, , „ jiiciK’.r/y -I- rv rvn 

+^(-2— )J’ 


%/herc M = 0*434 29 (log M = 1*637 78) is the modulus of the common 
logarithms. 

Tln^ above formulae give the corrections to be appli(‘d to the observ(‘d 
spherical distances and bearings to give the distances and Ix^arings on 
the plane. These distances and bearings on the plane are often called 
“ grid dMances and “ grid bearings and they may be used directly 
to compute plane co-ordinates, which now also become rectangular 
spherical co-ordinates. In this case the procedure is to compute an 
approximate value of Y' from Y' = Y a sin a and to use this approxi- 
mate Y' for computing S and jS. The final co-ordinates then become 


Z' = X + 5fcos p. 
r = r + SsinjS. 


The fonniilu for the correction to Ixjarings is easily obtained by dividing ( F' — Y) 
by {X* — X), When terms involving powers of r higher than the socoiid firo neglected, 
this gives : — 

Y' — Y y'* Y 

tan p = x^'~X ^ 


+ 


5® tan a 


(sin® a — cos® a). 


Pat /5 =*= a + Sa. Then tan p = tan (a -f 5a). which, by expansion by Taylor’s 
theorem, is equal to tan a + 8a soc® a .... Honco : — 


^ y'® . Ys cos* a . «* sin a cos a , . , . , 

8a = — -^'Sinacosa ^ 1- (sin® a — co8®a) 


cos a r 

L 


3 y'® sin a -f SFtf cos®a — s®8ina(8in®a — cos® 
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Y) (X' X\ 

Substituting the approximate values ' and for the sines and 

s n 

corfines respectively in the terms in the square bracket, we obtain, after a little 
simplification : — 

-^[(^' + 2y){{K'- y)« .t- (X' - j:)’} + (y'» - y»)J 

= - + 2K).»« + (y' - y)(y'» i- y-y (- y»)J 

= l-2K)-‘^.^^(y'»+y'y + y*, 


(JC' — X) (Y* + 2Y) cos a sin a 


(y '2 + y'y + y®). 


Errors in Distances and Bearings Arising from the Use of a System of 
Simple Plane Rectangular Co-ordinates. It will be obvious from the 
foregoing discussion that, if a system of simple plane rectangular co- 
ordinate's is used to compute a survey, serious discrepancies between 
observed and computed distances and bearings will arise as the survey 
proceeds to considcirable distances outwards in either direction from the 

central meridian. For short lines, the ratio — will be given by 

S 72 ^ 

7 = l + ^cos« 

y2 ^ o 

which is a maximum, and equal to 1 + when a — 0® and is unity 

when a -- 90"^. At tlie same tiim*, as X' — X is small for short lines, 

IS a small (luantitv ami can be neglected. Hence, 

br^ 

in this case, we have : — 

P -7. — p, sm 7 cos 7 

^ 2r-sinl 


sin 7 cos 7 


wbicli is a maximum, and equal to — • — ^ - — p,, for a bi aring of 45° and 

^ 4r^ sin 1 

is zero when the bearing is 0° or 90°. 

'File following table gives the ai)proximate maximum linear and 
angular errors at various distances from the central meridian, the error 
in distance being exprcssi'd as a fraction of the length and that in bearing 
both by angle and by lateral displacement expressed as a fraction of 
length. 


Distance in Miles from Central Meridian 



50 

Maxiiiiuiu orror in »lihfaiico . 

1 

l:2,r>10 

r 

S^-2 

Maximum orror in bearing < 

1 

1 

25,154 


100 i 

150 1 

•JOO 

250 

1 

1 

1 

1 

3,142 

1,396 ; 

785 1 

503 

32"-8 

1' i3' a 1 

2' n"-3 1 

1 3' 25"-: 

1 

1 1 

1 ; 

; 1 

6,289 

2,791 { 

1,571 i 

i 1,005 
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Computation of Bearing and Distance from Rectangular Spherical Co- 
ordinates. The formulae just evolved for errors in distance and bearing 
give a direct method of obtaining distance and bearing from given rect- 
angular spherical co-ordinates. The first step is to compute the plane 
rectangular or grid bearing and distance from : — 

Y' — Y 
tan^^ J7- — 

5 = (Y' - Y) coscc jS = (Z' - X) sec jS. 

In computing the higher order terms containing the trigonometrical 
functions of a we may assume that a = j3, and, if we put, 


we have : — 




or, 


and 


log s log S — 


MK cos2jS 

2r2 







mxpcosp (X'-Z)(2Y I- T) 
2r2sinr Gr^sin 


in which the factor K can be obtained from tables of scpiares or quarter 
squares and M is the modulus of the common logarithms. 

An alternative jirocedure is to use tlu^ formula) for obtaining rectangular 
sphciical co-ordinates to obtain 5 . sin a and .v.cosa. rnserting tlu* 
approximate values (Y' — Y) = 5 . sin a and (X' — X) -= s cos a in th() 
higher order terms we get : — 


s sin a = ( Y'‘ 


, Y(X' - xr- , (X' 


- X)2(Y' - Y) 




s cos a = (X' — X) 


Y'2(X' --X) (Y' - Y)2(X'-X) 

2r2 ■ Gr2 


a is then obtained from : — 

s . sin a 

tan a = 

s . cos a 


and s from : — 

s = s , sin a . cosec a = s cos a . sec a. 


Transverse Mercator Co-ordinates. We have just seen how the use of 

rectangular spherical co-ordinates produces distortion both in distance 
and in bearing, and at any single point the amount of these distortions 
varies with the direction of the line. To the ordinary surveyor, engineer 
or miner who will have to use the co-ordinates, distortion in bearing 
may bo much more inconvenient than distortion in length. Moreover, 
it is highly inconvenient, for the short distances with which the ordinary 
surveyor will normally be concerned, to have both distortions dependent 
on the direction of the line. It is impossible to avoid distortion of some 
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kind, but it is possible to devise systems in which, /or short lineSy distortion 
in distance is independent of direction, and, in this case, the grid bearings 
computed from the co-ordinates, when the latter are treated as ordinary 
plane rectangular co-ordinates, will be identical with bearings on the 
ground, although this will not be so when very long lines are involved. 
When this condition is satisfied, the system is said to be “ orthomorphic ” 
or “conformal,” and one result is that small figures retain their true 
shape, thougli not their true size or area. 

The Transverse Mercator system of co-ordinates is merely a modification 
of rectangular spherical co-ordinates which has been designed to make 
the system conformal. It was first inve^nted by Lambert ; Gauss suggested 
its use for the survey of Hanover and of Egypt. He actually applied it in 
Hanover, and, about 1910, on the initiative of J. I. Craig, the Survey of 
Egypt adopted it for use in that country. In more recent years, it has 
been adopted by the Ordnance Survey for application in Great Britain, 
and most of the British African Colonies are now using it, either in 
its original or in a modified form. It is also in use in South Africa, 
Australia, and in certain States in America. Apart from ordinary plane 
rectangular co-ordinates, which are only applicable to small local surve\’s 
or to cases where accuracy is not essential, it may he said tliat the Trans- 
verse Mercator system is now more extensively used than any other. 

Relation between Transverse and Rectangular Spherical Co-ordinates. 
In Kig. 127 (a) ABC is a small differential triangle on the earth’s surfaep 
in which the rectangular spherical Y co-ordinate of the point C is equal 
to that of the point A. Eig. 127 (b) shows this triangle plotted on the 



piano by trc'ating the rectangular spherical as plane rectangular eo- 
ordinat(*s. Then C/IV in Eig. 127 (b) is ecpial to VS in Eig. 127 (a) and 
this is equal to AT. A'C' AX in Eig. 127 (b) is greater than AC in 


Eig. 127(a) by AC 


./i’ + 


(page .‘UH). Hence, in the limit, 


wlien they become infinitesimally small, so that ACB becomes a plane 
triangle on the plane tangential to the earth at the centre of the triangle, 
the two triangles ACB and A'C'B' are not similar to one another, and 
A'C'B' is greater than ACB in area. In order to make A'C'B' similar to 
ACB we could either make C' B' equal to CB, and at the same time decrease 
the X co-ordinate so that A'C' is equal to AC, or we eould keep A'C' as it is 

J y* 51’‘\ 

and inen-ase th<> co-ordinate A' so that C'B' becomes A)7 1 + + 04 ^ 4 )• 
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If we adopted the first procedure, the X co-ordinates would no longer 
be true distances along the central meridian, or proportional to them, 
but would be less than true distances and not directly proportional to 
them. This would be inconvenient, as it is an advantage for the X 
co-ordinates to be directly proportional to true distances along tin* 
meridian. Accordingly, we keep the rectangular splicrical X co-ordinal 
as it is and increase the rectangular spherical Y co-ordinate by the 
y3 ys 

amount — ^ If this is done, the side C'B' in the triangle A'C'B' 

becomes A7^1 + ^ Hence, the sides A'C' and C'B' in 

the triangle A'C'B' are proportional to the sides AC and CB in the triangle 
ACB, the angle A'C'B' is a right angle and the angle ACB becomes a right 
angle when the triangle is very small. The two triangles are th(*refore 
now similar in all respects, although A'C'B' is slightly larger than ACB. 
Hence angle CAB, which is the spherical bearing of the line AB, is equal 
to C'A'B', which is the bearing on the plane, or the grid bearing, of the 
line A'B'. 

Fig. 127 (c) shows A'C'B' replottcd with the increased AF. Here, 

A'C- = A-C' = Ac(l + |; + |j.^). 

• c-b- = o.b.(. + - + £-) = cb(.+ -+»-). 

Hence, since the triangles ACB and A'^C'^B'" are similar in all respects, 

( y2 5 y4\ 

^■^2T^+2-4r^> 

By retaining the rectcangular spherical X and increasing the rectangular 
spherical Y in thg manner described above* wc get the Transv(*rse 
Mercator co-ordinates. Hence : — 

Transverse Mercator co-ordinates are simyly the rectangular sjyhericAil 
y3 ys 

co-ordinates with the term « + oT'a to the spherical Y co-ordinate* 


To derive* the term — ^ divide the rectangular spherical Y co-ordinate 

into a number of small equal parts, each of length A Y, Then we have seen that, in 
order that figures on the piano should lx? similar to figures on the sphere, the /Jth 

( y a f) Y *\ 

where Yn is the Y co-ordinate 

• This relation is an approximate form of the more general expression Y\f — 

( y \ Y y 

45® -f or = tanh whore is the Transverse Mercator 

/ ya 6 Y^\ 

Y and Yr the rectangular spherical Y. The term (I -f-.— -f- is made up 

Y / Y\ 

of the first three terms of the expansion of sec and log« tan 1 45® + will be 
recognised as the integral of sec-^. 
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of tho coiitro of tho nth part. Similarly, the (n — l)th part will Ijo incroaaod hy 

( Y$ I* ^it i^\ ^ 

■ 2 f^~ ^ — )• total incromont to y,^ is : — 

+ 




- - . +Y. 

, Ar I 


+ i4 {i"i* + Y^* + y,4 + . . . + _,4 + y^4|. 

nios iiifinit(‘simally srna" ' . « - ... 


Irx tho limit, a.s AK becomo.s iiifinitiHimally small and n infinitoly great, this 
becomos : — 

r r 


y» y» 

6r* 24r*' 


For most practical purposes, the term in 


is negligible and the 


Transveu’se Mercator Y tlien becomes the rectangular si^hericf^l Y plus 


y3 

6r2- 


General Properties of Transverse Mercator Co-ordinates. We can now 

summarise the main characteristics of Transverse Mercator co-ordinates. 
These are : — 

(1) Distances along the central meridian remain meridian distances, 

or are proportional to them. ^ 

(2) Away from the central meridian, the computed or plotted lengths 
— the grid lengths — of lines are greater than their true lengths on the 
sphere. 

(3) At any single point, tho increase in the length of a short line, or the 
ratio of grid length to true length, depends only on the position of tlie 
point ami is independent of the direction of the line. 

(4) For short lines, computed or plotted bearings — ^grid bearings — 
remain the same as the bearings on the sphere. 

(5) The shape of a small figure plotte<l on tJic plane is the same as the 
sliape of the equivalent figure on the sphere, though its ^ize and area are 
increased. 

(G) The Transverse ^Mercator X co-ordinate is tlic same as the rect- 
angular spherical X co-ordinate.* 

(7) The Transverse Mercator Y co-ordinate is the rectangular spherical 

y3 1 ys 

Y co-ordinate plus Iho "JT* 

FormuIaB for Transverse Mercator Co-ordinates. The following are the 
formulae usually needed in working with Transverse Mercator co-o; di- 
nates : — 

(1) Relation between Recianijular Spherical and Transverse co-ordinates. 


A.W 


y 3 y 6 

y .1 zJi L - 

/• * UP \r * o. 


GiiiV.. ‘ 247^2^71 


( 1 ) 


* This iH not strictly trim tor tim .spheroid, although tho diffortMico is negligible 
in practice. See Some Ini'estigations into the Theory of Map Proiections^ by A. K. 
Young, page 73. 
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y 3 y 6 L 

y = y _ ^ j ^ M > • 

24RJ^N,?} 


... ( 2 ) 


wliero the It and 3/ suffixes denote spherical rectangular and Transverse 
Mercator co-ordinates respectively. 

( 2 ) Conversion of Transverse Mercator into Geographical Co-ordinates ; — 

(3) 

in whicli X® is the distance X converted into degrees, minutes and seconds 
by means of a table of meridional distances and is the latitude of the 
origin 

retail <f>. 


^ — .1 


2R,.N, sin V 


24/e..iVasin 1 


, tan (5 + 3 tan® 


ysec^., y® 

dL ^ — r» 9.1 ir ~ 9’ 1 

iV^sinl OiV/sinl vR,. ) 




ys 


120X ® sin 1 


, sec <^^(5 + 28 tan® <{>,. ■\- 24 tan^ c^.) 




+ 


y» 


15iV,.® sill® 1 

, ytan^ , y® , ,/,N . , ^ , A 

' iVsml biV^sinl \ -H / 

12yA^8in 1* ^ l-9tan*^) ((5 a) 

(3) Conversion of Geographical into Transverse Mercator (\)-ordi nates : — 

„ (dL"" sin I"")® N sin ff> cos 

A — A /, -] ^ 

^ {dL"" sin K)* sin <f> cos® 0(5 tan® 0) 

where X/, = 0 — 0,^ converted into fe(^t by means of 'a table of meridian 
distances. 


, tan 0^ sec® 0,. (2 -1- 3 tan® 0.) sin'* V 




(5) 


(«) 


y = (d// cos 0 sin + 


(dL" cos 0 s in rp y/X 
G 

(dL'' coa <f> sin T)® 


(j, - 


120 


•iV(5 -- 18 tan'- ^5 | tanV) • (•'<) 

/ = dL' sin if> -1- dL'® sin 4> cos® - |^sin* 1 ' 

dL"® sin 0 cos® 0(2 — tan® 0) sin® 1" 


+ 


15 


. ( 9 ) 
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In formula) (1) to (6) above, and are to be taken out for the 
latitude <f>^t that in for the ]>oint X = X, Y = 0, which is the foot of the 
perpendicular on tiio central meridian from the point (X, Y). In formal® 
(6a) to (9), R and N are for the given latitude 
(4) Co-ordinates from Bearing and Distance : — 

,,, „ , . y^^eos^a cos^ a . .9 sin a 

Y =■ Y -V s sin a - 


2/i 


()r‘^ 

(y'3 _ y3) 

{\r- 


( 10 ) 


in which r = \/ RN ^ this quantity being taken out for the mid-latitude 
of the line. 

V/ A' I . y'^^cfsa 5 eosa..s*sin*a 

A A + .^cos« h . . . (11) 




a' - a ± 180^ - 


acosa(y -h F) 

2r2 sin V 


( 12 ) 


Alternatively, by grid distances and bearings as follows : — 

Calculati^ apjjroxirnate values of 7' from 7' = 7 + 5 sin a and of 
X' from X' “ X + 5 cos a and use these values in tlie following equa- 
tions * 


iS -- s 



s r/r 1- ] 



-- ^ 

s 

' 2r=‘H^ 2 

) ' 


HJ 


or 




. . . . (13^ 

. (13a) 


/3 - - a - 


where log .1/ - - 1*637 78, and 

(X' -- X)(27 h 7^) 

6/- sin V ' , ' ' 

Then : — 

X' - ^ X -1 .S cos P; y' 7 + s sin P 
(X --X'){2r -1- 7) 


oc^ ■“ /? d: 180 ’ . jv ... 

' br- .'^in 1 

(5) Bearing and Distance from Co-ordimdes : — 

• -I [(i'-i iT] 


x^ji 
x' /J ± ISO" 


(A" - A')(2y + 1") 


Or- sill 1' 

(A'-A")(2y'+ 1') 

'' Or* sin r 


. (14) 

. (15) 

. (16) 

. (17) 

(17a) 

(18) 

( 19 ) 
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where. 


tail /3 = 


{T - Y) 


(X’-X) 

(6) Scale and Scale Error. 
above. For short lines : — 


,S = (r - X) sec iS = (F' - Y) coscc jS (20) 
For long lines see (13), (13a), (17) and (17 a) 


^ ^ 

.... (21) 

3/FY, F2\ 

. . . (21a) 

2r2 r (kd ‘ • 

T) F* 


'^ 24 ^ 

.... (22) 

A/FV, Y*\ 

. . . (22a) 

'Bi-O ' • • 


S Y^ . F* 

s “ ^ + 2r2 
log S = log s + 

i = i-r 

S 2r^ 


in which log M = 1*637 78. 

The sign conventions to be used with Transverse Mercator co-ordinates 
are the same as those given on page 343 for use with ordinary rectangular 
spherical co-ordinates. 

Note that in formuhe (12), (14), (16), (18) and (19) there is no term 
involving 7*, such as there is in the equivalent formuloe for rectangular 
s^pherical co-ordinates. The last term on the riglit in each expression 
becomes inappreciable /or short lines^ and, in this case, the plane or grid 
bearing is equal to the spherical one and so is independent of tlie dirc'clion 
of the line. Note also that cos^a does not occur in formulse (13), (13a) 
(17), (17a), (21), (21a), (22) and (22a), as it does in the equivalent fonnuhe 
for rectangular spherical co-ordinates, so that scale and scale error are 
independent of the direction of the line. This, of course, should be the 
case since it represents the main condition which thc^ system was designed 
to fulfil. When lines are very short, 7' is approximately equal to 7 and 
formulae (13), (13a),* (17) anji (17a), which are the formulae for long lin(\s, 
reduce to the first two terms of formula) (21), (21a), (22) and (22a). 

N N 

In formula) (5), (6), (8) and (9) the terms -7/ and - have been intro- 

li,. Jti 

duced. These arc spheroidal terms and are appreciable only when the 
utmost accuracy is desired and 7 is very large*. For iiiost jiiirposes it 
N N 

will be sufl&cient if -5' and -jr are put equal to unity, in which case the 

jig Ji 

formula) become those for the Transverse Mercator co-ordinates on the 
sphere. 

It has boen shown on page SoS that, if 7jif is tho Transverso Moroator and Yj. 
the rectangular spherical Y, Y m is given by ; — 

y - y 4. ^/*'* 4. 

Hence, by successive approximations, or by the formula for tho reversion of serios 
(page H), 



(JKODETIC COMPUTATION 


361 


If tliis vahio of Y ^ is inserted in the formulic for the conversion of roctangular 
Bphorieul into geographical co-ordinates given on page 343, and UN is substituted 
for Tf wo got the eipiivalent formiibe for the Transverse Mercator co-ordinates. 
'I’heso are (4), (5) and (0) above but with N substituted for It in the small terms in 
y* and y* in cases where this approximation sirnplifios the expression without 
appreisiabK) loss of aecMiracy.* 

Equations (7) and (Jl) are the eipiivalont of the similar forinuluj for rectangular 
spherical co-oreJinates. To obtain (S) wo have, from the corresponding formulae for 
rectangular spliericals (page 300), 

N 

Y li NdL sin V cos ^ ^ (dL sin i" cos tan^ ^ 

N 

— {dL sin cos tan® (8 — tan® ^). 
ya y» 

In this write Y — Y — jjypy 4- 24ji^^ left-hand side of the equation. 

A erst approximation gives Y -- XdL sin 1" cos A second gives : — 


N^dL Mii I" cos 0)® V /I • I A 

I — — - AaLhiii I cos 9 


HR 


X 

— -j- {dL sin 1" cos ^)® tan® <l> 


from which : 


y - XdL sill I'* »'os if} 


X , 


\- ^ {dL sin V cos “ bin® 

y® 


This value is now sul>stitiitcd in the term ttt-v* {XdL sin K cos ^)® in the terrg 
I yi 

Trrrr«. when, after a little reduction, and the substitution of N for li in terms 
24 ® 

containing y®, wo obtain : - 

Y = X{(ll. oos ^ sill 1') I- }.V(.//. COM ^ sill - tiin= 

-{- , X{dL cos ^ sin 1")®(5 — IS tan® ^ -f tan* 

(y'» — y®) 

Kqiiatioii (10) is the n'ctangular sphi*rical Y with the term added on 

to it to convert from the rectangular spherical to tlib Transver ■ 

Meicator system, and equations ( IJ) and (12) are the samo as in 
the rectangular sphcM’ical hystorn. 

In deriving the expressions for — ami ()3 — a) wo may proceed 

exactly as wo did on pages 3.i2 and 3."»3 for rectangular sphericals, 
but substituting the value for {Y' — Y) from equation (10) 
inst(*ad of the value originally used. The following method of 

obtaining — is, however, shorter and neater than tho one we used 

in the previous case. 

In 1^’ig. 12iS take the point C on tho line A13, tho distance ACJ Fio, 12S. 
being I and that of All being 'Fake a small olement at C ot 
length dl and h*t tho Y <! 0 -orilinato of this element be y, that of A being Y and 
that of li being Y', Then the element on tho plane corresponding to dl will be 
given by : - 

wS 





= .«{i -1-IJ + • • •}• 


* For tho diu-ivation of tho full spheroidal formulie from tho spherical formulie 
S('e paper by Captain McCaw in the Empire Survey Review, Vol. V, No. 35, January, 


1940. 
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The total length of tho line on the plane will therefore be tho line integral 



taken along the curve AB. 

But we can easily see that 

- = Y^rzry appioxiinatoly. 



r 



1 + 


( 1-3 _ 1 ^ 3 ) 

(ir^Y' - y)J 



Y'Y -I- ys- 
Or- 



' + 5! 





Reduction of Scale Error. The scale error factor in the Transverse 
y2 

Mercator system, — g, becomes 1/2000 at a distance of about 125 miles 

from the central meridian and at about 200 miles it has a value of about 
1/785. Even a scale error of 1/2000 is inconveniently large in practice. 
A large-scale error at the outside limits of the area under survey can, 
however, be reduced by introducing a negative scale error along the 
central meridian of, say, lialf the amount of the maximum positive 
scale error. Thus, if the area to be covered is about 250 miles in width — 
that is, about 125^ miles on either side of the central meridian — the 
normal scale errors*would be zero on the central meridian and + 1/2000 
at the extreme edges where Y has the values — 125 miles and + 125 miles. 
If a negative scale error of 1/4000 is introduced, the scale error becomes 
— 1/4000 along the central meridian and + 1/4000 along two lines 
125 miles on either side of the central meridian. At two lines about 
89 miles on cither side of the central meridian the scale error will be zero, 



and at no place will it exceed 1/4000. 

This method of introducing a negative 
scale error along the central meridian, so 
as to reduce the maximum value of 
the error, is very commonly adopted in 
practice. 

Fig. 129 shows a plot of the scale error 
y2 

factor abscissae being distances in miles 

from the central meridian and ordinates 
the scale error factor in feet per thousand 


feet. The curve is a parabola with all points positive and above the 
horizontal axis. The line AB has been drawn through the point 0*25 ft. 
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on tJie vertical axis. This lino therefore represents a scale error of 1/4000, 
and, if it is taken as the new zero line for scale error, there will be a 
negative scale (jrrpr for all points on the parabola which lie below this 
lino and a positive scale eiTor for all points which lie above it. 

If the greatest distance, from tlie central meridian is d, and if the negative 
scale error on the central meridian is to be equal to the positive scale 
error at distance d, the points at which there is zero scale error will be 
given by : — 

72 _ fP 

2r2 “ 2 X 2/2’ 


or 


Y = ± 


V2 


The reduction of the maximum scale error is made by multiplying 

all measured distance's by the factor (-i) , where is the scale 

error on tlie central meridian. In addition, a splieroid which is 
smaller than thcj true spheroid by the same proportional amount must 
be us(‘d in the computations. This means that meridian distances and 

values for li and N must also be multiplied by In this 


case, it is best to prepare special tables in which this reduction has 
purposely been made. 

Countries which have such a large extent in longitude that even the 
introduction of a negative scale factor still makes the scale error too 
large in extreme cases are divided into two or more belts, each with its 
own origin and its own central meridian. Xlms, Nigeria has an extent 
of over 12® in longitude — about 760 miles in those l.iiitudes — and it is 
divided into three belts. In Great Britain, there is a single meridian — 
2® W — so that no part of the country extends much more than about 
150 miles from this meridian. 

Computation of Triangulation in Terms of Transverse Mercator Co- 
ordinates. A system of triangulation can be solved directly in terms 
of Transverse Mercator co-ordinates if the following procedure is 
adopted : — 

(a) Assuming that the co-ordinates and spherical bearing at only one 
end of the initial line are known, compute approximate co-ordinates of 
the other end by using the true distance and the spherical bearing a in 
the formulae : — 

X' = X + 8 cos a ; 7' = 7 + s sin a. 


In addition, compute the reverse bearing by formula (12). If the azimuth 
of the initial line, and not the spherical bearing, is given, compute the 
convergonee and apply it to the observed azimuth to give a as described 
in page 342. 
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(6) Use these approximate co-ordinates to find the co-ordinate or 
grid length 8 of the initial side. The formula needed is (13) or (13a), 
page 359. 

(c) Using this value for the initial side, solve the first triangle by using 
the observed (spherical) angles, each reduced by one-third of the spherical 
excess of the triangle. 

(d) The last process gives approximate values for the length of each 
side. Knowing the forward and reverse bearings of the line AB, and the 
observed angles at A and B, the spherical bearings of the lines AC and BG 
can be found. Use these bearings and the approximate lengths derived 
from the preliminary solution of the triangle to obtain the approximate 
co-ordinates of C. 

(e) Use these approximate co-ordinates to determine the correction 
j3 — a to be applied to the spherical bearings to give the grid bearing 
of each side. The formulas required are (14) and (16), page 359. 

(/) -A.pply these corrections to the spherical bearings to obtain grid 
bearings and from the grid bearings deduce the plane or grid angles.* 
Assuming that the triangle has previously been adjusted for closure, 
the sura of the plane angles should, of course, be equal to 180°. 

(g) Using the plane distance as obtained in (6), and the plane or grid 
angles as obtained in (/ ), solve the triangle as an ordinary plane triangle. 
This will give the lengths on the plane of the other two sides of the 
triangle and these values can then be used as the bases for other plane 
triangles. 

(A) The final co-ordinates of the points B and C can now be calculated 
from the grid bearings and grid lengths by means of the relations : — 

X'==X + Scosi3; r=7 + Ssinj3. 

The alternative to the above method of computation is to solve tli(‘ 
triangles by Legendre’s theorem, using the spherical or natural lengths 
and angles, and then to work out co-ordinates by the bearing and distance 
formulae (10) and (11), page 359. 

The example given below will not only illustrate tlu; above procednn? 
but will also serve as an example of various computations in connection 
with the formulae given on pages 357 to 360. The computation appears 
to be a very long one but it must be remembered that it starts from the 
very beginning, as if the first side were a base line. After the first triangle 
has been solved, the work for each of the remaining triangles becomes 
much less because the grid length of each initial line and the bearings 
and co-ordinates of both ends are now known. Hence, steps (1), (2), (3) 
and parts of steps (6) and (8) in the example arc no longer necessary. 
Moreover, the work can be simplified and reduced by employing specially 
computed tables such as are described on page 369. 


* The corrections, if taken with their proper signs and applied in the correct 
order, may be applied directly to the angles by noting that an angle is the difference 
between two bearings. The sum of the corrections to the throe angles should equal 
the spherical excess of the triangle. 
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The method of solution by working on the plane with modified lengths 
and bearings is particularly suitable for computing secondary and tertiary 
work, or where the adjustment of the figures involves certain sides and 
directions being held fixed in a least square adjustment, such as occurs 
when new work has to be joined to old. It is also invaluable in traverse 
work. 


Example, Given the following data with regard to the triangle AiiC, find the 
co-ordinates of the points and G. 

Transverse Mercator co-ordinates of A. 

X = f 8i:} <jS 7 03 ft. y = 1 325 707-28 ft. 

Geographical co-ordinates of A. 

^ = (5° 54' 30^-907 N. L -= 0“ OG' 06''-380 W. 

log . AH (length on ground) — 5-142 2852. 

()l)sorvo<l azimuth A to H ~ 104° 52' 21 *'-00. 

Observed angles of triangle after adjustment. 

A == 45° 48' 58*'-G4 
B ^ SI 47 47 -94 
C - 40 23 17 -94 


180° 00' 04^-52 = 180° f spherical excess. 
The central meridian is 1° ir, and the point C lies north of A. 

(1) Convorgonco and hearing at A. 

UL = -f 53' GS'-OIG 3233" G16 


log dL -= 

3-509 GS84 

N 

100G75 

log Min <l> -= 

9-081) 213G 

It 

/S 2\ 

log tllj sin <l> 

2-5S9 9020 

(/T “ 3 ) “ 

3 log (IL 
'' log sin *> ■ 

4- 0-34008 

10-529 07 
1-080 21 

il L sill <t> — 

,388-9.57 

2 log cos ^ 

r-993 67 

( 2 )=-= 

4 - 0-032 

/S 2\ 


— 

loK 3 ) = 

2 log sin 1' = 

r,531 58 


388-989 

li-371 15 

2-505 68 

Y ^ 

-f G' 28*'-99 

/X 2> 



A -- 104°52'2r-00 
~ y - G 

a - 104° 45' 52*'-0l 


-f 0^-032 . 
Third term is negligible. 


( 2 ) 


(2) Approximate co-ordinates of 13 

log AX - 4-64S 5027 

. . X 

logcosa— 0-400 2775 A 813 087-03 

log s = 5-142 2852 AX - -35 304-11 

log 8 ina= 9-085 4183 

13 778 322-92 

logAV = 5-127 7035 


Y 

325 707-28 
Ay =- + 134 184-87 


459 892-15 
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(3) Grid distanco and reverse bearing of AB. 

Y' = 459 900 
Y == 325 700 


(Y' -1- Y) = 

(^ 7 - 

785 600 

(F' - F) = 134 200 

154 201 840 000 

/Y' — F\* 

f - -- ) = 4 502 410 000 


1 500 SOO 000 

\ - / 

K - 

155 702 640 000 


log K = 
log M 

11 102 55 

1*637 78 

[5*060 46 

= 0 000 0777 

2r* 

log 5 - 5*112 2852 

, KM 

-op- = 

5°800 70 

logiS- 5*142 3020 

iog(y'+ Y)=^ 
log {X' - X) = 

5*805 20 

4*548 56 

a = 104° 45' 52**01 
180 

'"«2r«sinr=^ 

Tu*374 80 

284 45 52 *01 
a' -a ^ 1- 6*50 

log (a' — a) ^ 

0*818 65 

a' -- 284° 45' 58''*60 


(4) Approximate solution of triangle AHC. 

Observed angle } of spb. ex. Plane angle 

A 45® 48' SS' W — r.51 45° 48' 67"-13 

n 87 47 47 -94 - 1 -51 87 47 40 -43 

C 46 23 17 -94 — 1 -,50 46 23 16 -44 


180° 00' 04'-52 — 4‘'-62 180° 00' OO' OO 

log 130= 6- 138 1906 

log sin A = 9-8.55 5820 
log All = .5-142 3629 
Wg co.sec C = 0-140 2457 
log sin B = 9-999 6786 

log AC = 5-282 2872 

(5) Bearings of AC and BC and approximate co-ordiimtos of C. 


a = 

104° 45' 52*01 

a' 

- 281 45 58*60 

A ^ 

45 48 58*64 

IJ 

= 87 47 47*04 

BgAC = 

58 56 53*37 

l5gllC 

- 12 33 46*54 

log AX - 

4*004 7700 

log ^X 

5*127 6661 

log C08 AC 

0*712 4027 

log cos Jl(y 

0*080 4755 

log AC -= 

5*282 2872 

log BC 

- 5*138 1006 

log sin AC — 

0*032 8203 

log sill B(^ 

:= 0*337 4827 

!'>gAY = 

5*215 1165 

log Ay 

= 4*475 6733 


X Y 

X 

F 


A 813 687 325 707 13 778 323 459 892 

A + 98 805 + 164 103 A + 134 173 + 29 900 


C 912 492 489 810 C 


912 496 489 792 
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(0) Correctionn to liearings (P — a). 

Ali and BA 

Y'= 455) 892 21" = 

2r= 051414 K = 


919 7S4 log ■ ^ = l(j-374 89 

2r^uin 1 


325 707 


log 3 = 0-477 12 


(2F 1- y')= 1,111,300 {2Y' I !•) = 

log Sa 0-492 10 log (X' - X) = 
log (2F -1- Y') = 0 045 K3| iTr^s'oTr 


1 


l/J4.>,4'.U log - — - = 1 1.S97 77 

0/-2 .sin 1 

4-54S 56 
ri-S07 77 


(X' -X) 






) 

iog(y f 2y') - 6 065 :{6j 
log Sa' - - 0-541 6U 
-Sa- 

a(AlJ) == 104 45 5l> -01 


6r® sin 1'' 


= 6-146 ;{.*{ 


- Sa' = 
a'(HA) 


- r- ifi 
2.S4 45 5S''-6C 


/3(An) 

AC and CA 


104'" 45' 55^-12 ^'(IIA) - 2Sr 45' 55"12 


4S!) sol 
651 4U 


(27 I- ¥') 1,141 215 

log Sa -- 0-041) 1)2 

6 <‘57 57 
. = 6 S62 55 


log (21' 
TTii! 


1 ") 

-V) 


6/*^ sin 1^ 

Ing(r I 2 7')-.- 6-115 71 

logSa'-= l-ODS 26 


-- Sa - 

a(A(')- 


- S"-<)| 
5S 56 55 -57 


IK* and (*J1 


^(A(^) 5S° 56' 4r-46 


1" ^ 4S1) SOI 
21' - 1)16 7S4 


Y -= 525 707 

27'-= 676 662 


(27' + 7) = 1,505 506 
Iog(X' - X) == 1-664 7S 


log ^-r~ — — 0-S62 55 

()/•“ sin 1 


fSa -= - lO'-lO 

/^'((’A) 25S 56 44 -46 

a'(rA)= 258° 56' 54* -27 


y =.: 456 S62 

27'-^ 676 602 


2 7 i 1":- 

1,406 5S5 

C-’l" f- Y)- 

log Sa ^ 

1-174 55 

log (A" - A)= 

lo.- ’ - 

log (2 7 !- 1") - 

6-146 06 

6/-< sin K 

, (-V' -- A') 

6/- sin I 

log (7 1 21")- - 

log Sa' ---- 

5-025 4 t 

615S 21 

MS5 65 

log*:".:?'"]-. 
1)/- sin 1 

— Sa “ 

- 7r-65 

-f Sa' - 

oc(liC) - = 

12 55 46 -54 

fi'irii) 

p(liC) = 

12° 55' 5r-56 

a'(rn) = 


11 -867 77 


5-025 44 


- 15'-26 
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(7) Final solution of trionglo ABC 

Corroctions to 



Spherical angle 

bearings 

riiine angle 

.4 

45° 48' 5S"*04 

4- 3*111 
- 8*91 j 

[ + 12'-02 

45° 49' 10**00 

B 

87 47 47 *94 

- 14*95 

- 3*48) 

[ - ] I -47 

87 47 30 *47 

C 

40 23 17 *94 

-f 10*191 
+ 15 20J 

1 

s 

40 23 12 *87 


180° 00' 04**52 


- 4*-52 

180° 00' 00**00 


log BC= 5* 138 2254 


log sin A = 9*855 0098 
log AB = 6 142 3029 
log cosec G = 0'140 2529 
log sin B = 9*999 0778 


log AC = 6*282 2930 


(8) Final co-ordinates of B and C. 

log AX = 4*548 0052 


log cos P == 9‘ 
log iS’ = 5' 
log sin p = 9- 


400 3023 
142 3029 
985 4105 


logAF = 5*127 7794 


X 

A 4- 8l» 087 03 

A - 35 372-47 

Y 

-f 325 707*28 
-f- 134 208*31 

B 4- 778 314-50 

-f 459 915*r)!> 

log AX = 4-094 8174 

log AX === 5*127 70S0 

log cos p = 9-712 5238 
log A’ = 5-282 2930 
log sin /S= 9-932 8180 

log cos P = 9*989 4820 
logN = 5*138 2254 
logsin j3 - 9*337 3414 

log Ay = 6-215 1110 

logAF = 4*475 5GG8 

X Y 

A + 813 087-03 -|- 325 707-28 

A + 98 813-74 + 104 101-12 

X Y 

B -f 778 3I4-5G 1- 459 915*59 
-H 134 1SG 23 H- 29 892*81 

C + 912 600-77 + 489 808-40 

912 500*79 489 808*40 

Co-oi-clinatos of B : — 


X = + 778 314-50 

r -I- 459 915*50. 

Moan co-ordinatos of C : — 


X= + 912 600-78 

y = -f- 489 808*40. 


In step (6) above, the back bearings, jS', of AC and BC are obtained by 
adding 180® to the forward bearing. Hence, the plane or grid angle at 
C could be obtained directly without working out the (jJ — a) corrections 
to bearings at C. These corrections, however, are needed to give tlie 
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spherical ])eariiigH, which should always he computed and tabulated as 
they may l)o required as a start for other work. 

Note also that in step (7) the; i)lane angles have been (h;duccd directly 
from the — a) correctiou.s. Thus, the angle at C is given by bearing 
CA minus hearing CB. H('no(*, tlie correction is equal to corr<)ction to 
CA minus correction to CB, tliat is to [ — (— 10.19)] — [ — (— 15.26)] = 
— 5 *07. When this correction lias been applied to the spherical angle, 
the resulting plane angle should be the same as that given by subtracting 
the grid bearing of CB from the grid bearing of CA. Thus,46'’23' 17''*94 — 
5'*07 == 46“ 23' 12''*87 = 238° 56' 44''*40 - 192° 33' 31''*59. 

Tables to Assist in Computing Transvene Mercator Co-ordinates. If 
much computing has to be done in terms of Transverse Mercator Co- 
ordinates it will save considerable time if tables of the following factors, 
or their logarithms, are computed at the V(>ry beginning. Tables of 
meridian distances and of the ordinary geodetic factors are assumed to 
bo already available. 


Foniiiila 

Factor j 

Argiiineiit 

Number 
of Places 

Interval of 
Argument 

4 

, (.'i t- 3 tail* 0,) i 

yf .v.'*sTur 1 

A" or <!>.- 

4 

50,000 ft. 
or 4' of arc 

5 


X or <!>,. 

r> 

50,000 ft. 
or 4' of arc 

T) 

(."> ; 2St»m-«^. i 2nai\»<^.) ! 

3 

50,000 ft. 
or 4' of arc 

it 

(- -i;) 

* A’,-*.smr 

X or <l>. 

0 

50,000 ft. 
or 4' of arc 

7 

A' sill-* 1 '' >iii <l> c’Ds^ ^(.7 — tail- <f>) 

<!> 

5 

4' of arc 

8 

J(ci)s 0 .siii — taii-^^ 


5 

4' of arc 

S 

1 A'(c<)s - IS tan - -\- inn* <f>) ' 

<!> 

3 

4' of arc 

\) 

A' sill (ft (cos fft sill 1 

4' 

5 

4' of arc 

\) 

sill fft (cos (ft sill K)* (2 — tan- 


3 

4' of arc 

21 iS: 2I.\ 

22 & 22a 

r* , MY- , MY* 

.>73 5 —> 7 - ! "SiS" 

Y 

7.4 

10,000 ft. 

14, I«, 
IS & 11) 

{2Y 4- y') 

Or*-* sill K 

( 2 F+r'] 

7 

10,000 ft. 


When these tables are being constructed, they can first be eoniputed 
to one or two places more than the number of plnees required, and at 
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intervals of four to eight times the final interval. Intermediate values 
can then be interpolated by means of second and third differences 
(page 27). 

For the smaller quantities that arc only required to three decimal 
places, a wider interval of the argument can be used than that given 
above. It is, however, convenient to have all the factors relating to a 
particular computation tabulated together on the same page, and, in 
this case, it may be just as convenient to tabulate all quantities with the 
same interval. 


The arrangement of the table for 


(27 -}- 7 ') 

o "• — nr can be for values of 
br* sin 1 


(2F + Y') in thousands of feet and the tabulated quantity is then the 
factor by which {X* — X) must be multiplied to give j8 — a. The table 
can be fitted on a single page if it is arranged in rows and columns, the 
interval of tabulation being 100,000 feet between the rows and 10.000 feet 
between the columns. This same table can also be used to evaluate the 


factor 


(r+ n 

2r2 sinr 


in formula (12) if it is entered with ( 7 + Y') as argument 


instead of (2Y + Y') and the result multiplied by 3. Otherwise, a 


separate table for 


(Y+ Y') 

2r*sin 1"' 


can easily be constructed from the original 


table. 

In all the formulas involving ^ the value of r to be used when computing 

the tables is V-R • taken out for the mid-lalitudo of the area under 
survey. 

(bnical Orthomorphic or Lambert Co-ordinates. Transverse Mercator 
co-ordinates are best suited to an area or country which has a large 
extent in a north and south direction and a relatively small extent in 
an east and west direction, and it is not suited for areas whose principal 
dimension lies in an east and west direction. For such areas, conical 
orthomorphic or Lambert co-ordinates * arc more suitable than Transverse 
Mercator ones. 

In the United States of America each State now lias its own system 
of co-ordinates, with its own central meridian and origin, and some of 
these systems are Transverse Mercator and some Lambert, the general 
rule being that Transverse Mercator co-ordinates are used when the 
principal dimension is in a north and south direction and Lambert when 
the principal dimension lies east and west. In all, there are nineteen States 
which use Transverse Mercator co-ordinates, thirty which use Lambert, 
and there is one State, Florida, in which both systems are employed. 

Conical orthomorphic or Lambert co-ordinates are used by the Geo- 
graphicab Section of the General Staff in Canada in connection with 
military surveys and the production of military maps and they are also 


• There are two systems of Lambert co-ordinates and the one described here is 
generally known as “Lambert’s second.’* For the sake of brevity, however, it will 
simply be referred to as “ Lambert’s,” it being understood that it is Lambert's second 
system that is meant. 
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used in India, but, apart from this, they are not much favoured in British 
practice, even in those countries which have a greater east and west than 
north and south dimension. In such cases, if the use of a single belt 
would introduce undesirably large scale errors, the general tendency is to 
divide thcj country into several belts and to use Transverse Mercator 
co-ordinat(38 in each. There are two main reasons for this. One is that, 
when the Y co-ordinate of a point is large, the converge'.ice is also largo 
and this leads to considerable divergence between the grid lines and the 
triK? north line for map sheets lying a considerable distance east or west 
of the central meridian. The second is that conical orthomorphic co- 
ordinates arc not so suitable for point-to-point working as Transverse 
Mercator co-ordinates are. Conscc^uently, in what follows wc shall 
merely give a general description of the Lambert system and then state 
the formula} without further proof or explanation. Those needing further 
information can consult the United States Coast and Geodetic Survey 
Special Publication No. 53, which gives the theory, and Special Publica- 
tion No. 193, which deals with practical computation on both the Trans- 
verse Mercator and Lambert systems. 

Ordinary conical co-ordinates are co-ordinates developed on the surface 
of a cone which is tangential to the parallel of latitude through the origin 
of co-ordina^^*’^ and whose apex lies on a prolongation of the earth’s minor 
axis. Conical orthomorphic, op Lambert, co-ordinates are ordinary 
conical co-ordinates modified in such a manner that the system becoiryes 
orthomorphic or conformal. 

In Pig. 130 (a) OP' is the tangent to the meridian at the origin O. 
This 1ang(‘nt intersects the prolongation of the earth’s minor axis at P', 
which then becoiiK's the apex of the cone on whose surface the rectangular 
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co-ordinates arc considered to be developed. The cone is tangential to 
the spheroid along a parallel of latitude through 0. Prom the figure it 
follows that OP' = P = A", cot wdiore A^,. is the normal at, and 
the latitude of, the origin 0. 

Pig. 1.30 (b) shows the surface of the cone stretched out on the flat. 
OP' rei)resents the direction of the meridian through O, P' the apex of 
the cone, and the parallel of latitude through 0 will be a circle with centre 
at P' and radius P'O = P = N„ cot ^ . Let B be any point on this circle 
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whose difference of longitude from 0 is dL, Then lengtli OB==N„ cos 

and angle OP'B = c = — " ~ ^ 

whose longitude is the same as that of B but let (f> be the latitude of A. 
Then, if AD in Fig. 130 (b) represents the parallel of latitude through A, 
the distance OD can bo found from a table of meridian distances. Let m 
be this meridian distance. Then P'A=P'D=P'0— OD=N,. cot m. 
From A draw AC perpendicular to OP'. The rectangular co-ordinates of 
A arc then Y = CA = P'A sin c = (N„ cot — 7n) sin c and X = ()(J -- 

OD + DC = + CA tan ^^ = 7 / 1 + Y tan ~. 

It can easily be seen that the angle c above is the convergence, y, at A. 
If this system of rectangular co-ordinates is used, it is not orthomorphic. 
Distances between parallels of latitude and along the parallel of latitude 
through O are maintained but distances along other parallels of latitude 
on either side of OP' arc not maintained. In order to make tlie system 
orthomorphic, the distance OD, instead of being made equal to the true 
meridian distance 7n, is made equal to the quantity 7 / 1 ' which is given by : — 

^ I I 7a^tan^„ , 7a®(5 + 3 tan^ 

-”^+ 0 ^^ + 24RJ^ + 120 JW 

sin 2f^., 7?i® tan 4 ta.n^ </!>„) ^ 

12(1 ‘ 

South of the origin in is negative and terms containing odd i)owers of 
m change sign while those containing even powers of rn retain t luur original 
sign. From this formula a table of modified meridian distances can 
easily be prej^ared. 

It will be noted that, in this system, the parallel of latitude through tlie 
origin plays much the same part as the central meridian in the I'ransverse 
Mercator system and that ^conical orthomorphic co-ordinates are the 
same as ordinary conical co-ordinates except that meridian distances are 
increased by the amount given by the a’^ove formula. 

Formulae" for Conical Mhomorphic Co-ordinates. The following are 
the formula) for conical orthomorphic co-ordinates : — 

(1) Conversion of Geographical into Conical Orthomorphic Co-ordinates, 

P — N,, cot (f)„ ( 1 ) 

, 7n® 7 / 1 ® tan 7^®(5 + 3 tan- (f)„) 

w - m + 

sin 2<f>„ 7 / 1 ® tan ^,{1 I- 4 tan- 0„) 

12(1 - 240/^,. A , 2 • • 

where m is the meridian distance between latitudes </>„ and (f). The (luan- 
tity m' should be tabulated for different values of <f}. For latitudes south 


* For a proof of this formula, up to terms in m*, w)o the Empire Survey Review, 
Vol. VI, No. 43, January, 1942. 
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of ^ tlie firHt second and fourth terms are negative, the terms in and 
retaining their original signs. 

y dL sin <j>^^ 

y - (P — m') sin y 

X Y tan \y ( 5 ) 

In tlie above, if y is a small angle, sin y and tan iy should be found by 
one of the methods rciferred to in Vol. I. page 256 
With regard to signs in the above and the following formul®, dL is 
posilivo for points east of the central meridian and negative for points 

^ for points south of the equator. 

With these eonv(»ntions, the forrnijl» liold for any quadrant and for either 
lieniisph(*re. 

j2) Conversion of Conical Orthomorphic into Geographical Co-ordinates 
P IS known from (1) above. 

( 6 ) 

m' = X — y tan iy (7) 

(//y = y eosec 

Knowing m , the corresponding latitude can be obtained by inter- 
polation from the table giving m' for different values of <f>. Alternative! /, 
m can be obtained by successive approximations from (2) and ^ then 
found from a table of meridian distances. 

(3) Calculation of Conical Orthomorphic Co-ordinates from Bearing and 
Distance : — 

V/ Xs- sin'^ a s cos a sin^ a 

A A ' s cos a ; 

2r- Or- 

’■ 

I - - y . .,in , |. *1:“* ,10) 

/ I sin a(A’' 1- .Y') 

’ --i'*" i -2 ,= .i.,|- "*> 

Wlieii X and 7 are v<tv large, the smaller terms in (9) and (10) may not 
!)(' sufficient and it may be necessary to include terms of a higher order. 
Thestj t(U*ms have been worked out by McCaw and are given by Burns 
in a paper on “ Point-to-Point Working for the Conical Orthomorphic 
Projection ** in the Empire Surrey Review, Vol. II, No. II, January, 1934. 
They are as follows : — 

To formula (9) add : — 

sX^ cos a sec® 8 cos 38 tan s^X^ sec* 8 cos 2(a + 8) tan (f>^ 

6r3 r 4;3 

s^X see 8 cos (3a + 8) tan s^ cos 4a tan 

6r* ^ 24r* • • ’ 


• ( 12 ) 
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and to formula (10) add : — 

sX^ sin a see® S cos 38 tan sec® 8 sin 2(a |- 8) tan 

Or® 4r® 

, s^X sec 8 sin (3a + 8) tan <f>„ , sin 4a tan 

H ^ I 24^3 • • 


wlierc 8 is an auxiliary angle such that tan 8 = is tlie latitude of 

the origin and r® = i2 . JV® for the origin. 

Alternatively, when the Hue is only a few inil(‘s in length and not more 
than about 150 miles from the origin, co-ordinates may be computed 
from : — 


S = + 


m- 


m® tan m^(5 + 3 tan® <^„) 




or 


log S = log s -|- 31 


[ m® m® tan m^( 

27c^, + 


] 

■) -1- 3 taTt2 <A„n 

24«„.V.» J 


. ( 14 ) 

(14a) 


where m is the true, not tlic modified, meridian distance «rf tiu* iniddhi 
point of tlie line and log M = 1*C37 78. 


^ = a -f- 


(¥' - Y)(2X + A") 
Gr2.sin r 


(15) 


A" = A +5cosj31 
r = Y + Ssin^\ 


a' = jS ± 180° + 


(Y' - Y){2X' H- A) 
Gr^sin 1" 


(IG) 

(17) 


Here B is the grid \fcaring but tlicse formula* arc not satisfactory wlien 
lines are long or the A’s and Y'a are ver.v largo. I'^or such cases Burns 
recommeials computing the S from formula (14) or (14a) above using the 
scale factor for the middle |K»int of the line, and the angle 0 computed 
from : — 


Then : — 


- .<! sin a(A + cos a) 

g = <x-\ ^r^sinr 

A' = A + -STcos 01 
Y’=Y-hS sin 0) 


(IS) 

(lb) 


anda' is obtained from (11). This method will give results which, for lines 
up to about 30 miles in length, are accurate to about 1 /100,000. For lines 
much longer than this, or when the highest degree of accuracy is required, 
no really satisfactory formulae for point-to-point working directly in terms 
of conical orthomorhhic co-ordinates have yet been devised, and, in such 
cases, it is best to compute the geographical co-ordinates by using Clarke’s 
or Puissant’s formulae amd then transform these geographical co-ordinates 
into conical orthomorphic co-ordinates in the usual way. 

DUtances and Bearings from Co-ordinafes, Fi occctl by approximation 
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in formulaj (9), (10), (12), (13). The first approximation gives 
7' — 7 

tan a = ^ ^ and s = (X' — X) sec a = ( 7^ — 7) coscc a. Use these 

values in the second and succeeding terms and get new values for a sin a 
and 8 cos a, proceeding to a third approximation if necessary. 

For short lines not too far from the origin calculate P and S from 
Y' — Y 

tan^=— — - (20) 

“ (X' — X) see ^ r= ( 7' — Y) coscc jS . . . (21) 

and 8 and a from 

, - - .s-f 1 - ,99^ 

27f„A'„ J 

Ol 

, , Mm^r m tan (A,,"! , 

'<«•'> 1-1- -^J . . . (22a) 

find 

{ Y' - Y){2X + X') 

■" ^ 

Satie (t7\(l ^atle Error. For long lines : — 

mg = m^ + 5 cos A 

wli(*r(' 7712 is the approximate meridional distance of the end point of the 
liiu', mi that of the b(’ginning, and 

^ 

or 

' Six, {(,——7 +K'^.' ■ 

wliere, as before, M = 1-638 78, is the latitude of the origin, that of 
the initial point of the line and A the azimuth at that point. 

For short lines see formulae (14), (14 a), (22) and (22 a). 

Reduction of Scale Error. We have seen that, in tlie ease of Transverse 
Mercator co-ordinates, tlie maximum scale error can be reduced and even 
halved by introducing a negative scale error along the central meridian. 
In an (exactly similar manm'r the maximum scale error in the case of 
conical orthomorphie co-ordinates can be reduced by introducing a 
negative scale error along the central parallel of latitude, where it is 
otherwise Z(‘ro. In this case, there arc two parallels, one north and one 
south of the central one, along which the scale error is zero. Between these 
two parallels the scale error is negative and outside them it is positive. 

If the scale error is to be reduced in this way by the factor p, all 
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measured distances, meridian distances and geodetic functions must be 
reduced by multiplying them by i 

COMPUTATION OF PRECISE TRAVERSES 

Precise traverses, like triangulation, can be eoinj)uted either directly 
ill terms of geographical co-ordinates or in terms of some sort of linear 
co-ordinates, such as Transverse Mercator or Conii^al Ortliomorphic 
co-ordinates. The method to be adopted will depend very largely on 
the use to which the traverse is to be put. Tf it is to be used as a 
control for geographical mapping on a small scale it will generally be 
most convenient to compute it in terms of geographical co-ordinates, 
but, if it is to bo used to control large-scale work, it will be more con- 
venient to compute it in terms of linear co-ordinates. Linear co-ordinates 
can, of course, be converted into geographicals when the gi'ographical 
co-ordinates of the origin are known, and, similarly, geographicals can 
easily be converted into linear co-ordinates. When a survey is of sufficient 
importance for the results to be published, and the work lias been com- 
puted in terms of linear co-ordinates, the geographical co-ordinates of 
some, at least, of the more important stations should be computed and 
tabulated with the other published data. 

• The main difference between the computation of triangulalion and 
traverses lies in the fact that the lines are much longer in the case of 
triangulation than they arc in the case of traverses. Consequently, 
certain approximations can often be made in traverse computations 
which cannot be allowed in triangulation computations. 

In what follows, it is assumed that all lengths and angles have been 
properly corrected and reduced, and that this work has been properly 
cheeked, as mistakes in traverse computations are exceedingly easy to 
make. 

Computation of Traverses in Terms of Geographical Co-ordinates. I'his 
is the method which is used by the United States Coast and Geodetic 
Survey for the computation of their first-order traverses. The formuhe 
used are Puissant’s, as modified for use with short liiu's (page 334). 
Refore the final computations can be made, it is necessary to make a 
preliminary computation to determine the reverse azimuth of each lino, 
the closing errors between azimuth stations and the closing error in 
position. After these prclitninary calculations have been completed, the 
traverse is adjusted and corrections to the measured lengths and computed 
azimuths determined. These corrections can then be used to compute 
the corrections to the approximate differences in latitude and longitude 
by means of the following formulae, which arc obtained by direct differen- 
tiation of the first terms in Puissant’s latitude and longitude formulaB 
Correction to in seconds 

_ da cos A a sin A dA 
iZsin 1'’ R 

_dad< f> N^dAdLaluV 
R sec 4> 


a 
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ds sin A sec 


s cos A see ft>*dA 

w 


dadL 

8 


Rd<l>dA sec sin 1* 
-I- ^-7 


where is the correetioii to tin; Icngtli of the leg, dA the correction to 
the aziiniitli in seconds of arc and and dfj arc the approximate differ- 
eiiccfl in latitude and longitude 
between the terminal points of 
the lino as obtained from the [irti- 
liminary computation, both ex- 
pnvsaed in seconds of arc. 

Ihe Canadian Geodetic Survey 
has cvolv(*d and uses a nu'thod 
different from the a])ove. Taking 
an azimuth station O, Fig. 131, 
as a pole or origin, the traverse 
is treated as a traverse on a 
plane surfaeci aiul ])lane rectan- 
gular co-ordinates are eomput(»d \vith r(‘reri‘neo to the origin and 
the meridian through it. Now imagine lines drawn from the pole or 
origin to the ends of the different l(‘gs. A series of triangles will bfc 
obtained, (‘ach with the pole as one apex. Tlu' spherical excess of each 
triangle can now be computed from the formula : — 



Kio. lai. 




where AX,., AF^ ; AX^ ,, AT,. ,, are the latitudi*s and di^partures of the 
rth and (r — l)th legs respectively. Corri'ctions to the approximate 
bearings are then worked out from : — • 

Correction to the bearing of the rth leg : — • 

5(^1 + €2 + €3 • • • + ^.-1) — h.-i 

where € 2 > ^3 • • • i are the spheri(*alexc(‘ss(‘s of the 1st, 2nd, 3rd . . . 
(r--l)th “polar” triangles. From these eorreetions to the bearings 
correertions to the latitudes and departures are computed from : — 

Correction to latitude of rth leg =- — Al^,rfj3,. sin 1' 

Correction to departure of rth leg — + AX/ip^ sin 1'' 

where dp, is the correction, in seconds of arc, to the bearing of the rth 
h'g. These corrections are then applied to the ])reliminar 3 ’ latitudes and 
departures of the different legs and the correeteil latitudes and departures 
obtained. Let X and 5" be the corrected co-ordinates of the end of the 
rth leg. Then : — 



and 


s :r= Y cosc'c p ; 8 = X sec p. 
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The value of s obtained in this way is the true length of the line joining 
the pole to the end of the rth leg, and the azimuth of this line will be : — 


^ + i(^i + ^2 + ^3 + • • • + l)- 


Hence, knowing the azimuth and true distance from the origin, whose 
geographical co-ordinatc%s are assumed to be known, the geographical 
co-ordinates of any point can be computed by Clarke’s or Puissant’s 
formulae (pages 328 and 332). 

Particular care must be taken with the signs of the splierical excesses. 
These signs are governed by the signs of the latitudes and departures 
from which the spherical excesses are computed. 

The method is more fully described, and examples, showing arrange- 
ment of computation, are given in Canadian Survey Publication No. 26, 
entitled “ The Conversion of Latitudes and Departures of a Traverse to 
Geodetic DiflFerences of Latitude and Longitude,” by W. M. Toln^y. The 
chief advantage of this method appears to be that the geograpliieal 
co-ordinates of any individual point may be obtained without having to 
work out the geographical co-ordinates of the intermediate points, 
although corrected latitudes and departures have to be obtained for 
every leg. 

Computation o! Traverses in Terms of Transverse Mercator Co-ordinates. 

As Transverse Mercato^' co-ordinates are now probably more extensively 
ifsed than any others in connection with surveys of large areas in wl)ich 
ordinary plane rectangulars are not suitable, and as somewhat similar 
methods, but with different formulae, can be employed for the computation 
of other kinds of linear co-ordinates, wo shall describe here those to be 
adopted when the traverse is to be computed in terms of Transverse 
Mercator co-ordinates. 

The first step is to calculate the convergence at the initial azimuth 
station and to apply it to the observed azimuth so that the first bearing 
is a bearing referred 'to a plane parallel to the central meridian. Using 
this bearing and the observed angles, the approximate bearings of tlu' 
other lines are computed as if the traverse were an ordinary traverse on 
the plane, and these bearings, together with the observed lengtlis, are 
used to compute approximate latitudes and departures. The approximate 
latitudes and departures serve to give approximate co-ordinates from 
which different corrections, and the convergence at the terminal azimuth 
station, can be worked out. 

From this point two main methods are available. The first is to 
compute by direct point-to-point working, using the measured lengths and 
the observed spherical bearings when applying formuto (10) to (12) of 
page 369. The second method is to use plane or grid lengths and bearings 
computed from formulae (13) to (16) of page 369. 

If the traverse is not to be adjusted by least squares, and tlui closing 
error in bearing is to be distributed evenly amongst the different traverse 
legs, the first step in either method is to determine this closing error and 
to adjust the intermediate bearings. 

If the method to be used is that of direct point-to-point working, the 
approximate preliminary co-ordinates are used to calculate the differences 
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between forward and back bearings, using formula (12), page 359. These 
differences are applied to each successive bearing and new bearings 
obtained. The difference between the final bearing and that obtained 
by applying the convergence to the observed azimuth at the forward 
azimuth station is taken as the closing error in bearing and is then distri- 
buted among the intermediate bearings. 

When grid kuigtlis and bearings are employed, the corrections to lengths 
and bearings are worked out from the approximate co-ordinates by 
means of formulae (13) or (13 a) for the lengths and (14) and (16) for the 
bearings. The grid bearing of the line at the forward azimuth station 
is compared with the bearing computed directly through the traverse 
from the observed initial azimuth, and the closing error in bearing 
obtained and distributed in the usual way. 

If the legs of the traverse are short, the grid lengths may be worked' 
out by formulae (21) or (21a), instead of by (13) or (13a), the terms in 
y* being neglected in each case as they arc inappreciable for 
short logs. 

In th(^ method of direct point-to-point working with true distances and 
spherical bearings, the original latitudes and d(;partures give the approxi- 
mate values of the first and largest term in the expansion for (X' — X) 
and (Y' — i) and these values can now be corrected by application of the 
formulai : — 

Correction to latitude = — A F . Sa . sin T 

Correction to departure = + AX . 8a . sin I' 

where AX and AF are the latitude and departure of the leg in question 
and 8a is the correction, in seconds of arc, to the bearing. After the first 
terms in the expansions for X and F have been correct t‘d in this w^ay, 
the other t(*rms in the expansions in formulyc (10) and (11) can be computed 
and api)licd. 

When the method of grid lengths and bearings is employed, each of the 
preliminary latitudes and d<q)artures has to-be corree*. l for corrections 
to botli length and bearing. lA?t the correction to the length be 8^ and 
that to bearing 8)3, where 8)8 is in seconds of arc. Then : — 

AX 

Correction to latitude — 8s . — — Al\ 8)8 . sin 1' 

A' 

AF 

Correction to d(q)arture = 85 . AX . 8)3 . sin 1". 

s 

If 8)3 is the final correction to bearing, including the ()3 — a) and angular 
closing error corn'ctions, the above two corrections, when applied to the 
pn'liminfiry latitudes and departures, give the final latitudes and depar- 
tun\s. Otherwise, or as a check, the latitudes and departures can be 
re-computed from the beginning using the corrected lengths and 
bearings. 

In all cases wlu'ie corrections are ai)plied to bearings which have been 
worked out from observed angles, it is important to remember that a 
correction applied to one bearing may affect all subsequent bearings. 
Consequently, care must be taken to see that final corrections to latitudes 
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and longitudes, or to latitudes and departures, are based on the total 
correction to each individual bearing (see page 381). 

Approximate Methods when Legs are Relatively Short. When tlio legs 
of a traverse are relatively short, say under four or five miles, various 
approximations can be made which are not justifiable in the computations 
involving longer lines such as are generally met with in triangulation. In 
many cases, also, and particularly if the legs are very short, say well under 
a mile in length, many of the stations will probably not be marked by 
permanent station marks and the co-ordinates of these unmarked stations 
will not be required. 

When the traverse is computed directly in terms of geographical co- 
ordinates by the use of Puissant’s formula), the approximate formula) 
given on page 334 for lines less than twelve miles may be used, and, even 
in that case, the term in in the formula for may often be neglected. 
For very short legs, eacli section between azimuth stations can be dividiul 
into several sub-scctions, each of which would normally begin and end at 
stations that are jx?rmancntly marked, and ordinary plane rectangular 
latitudes and departures, referred to the meridian through the initial 
station of the sub-section, computed. From the local co-ordinates so 
derived the azimuth and distance from the initial to the terminal station 
of the sub-section can be calculated and this azimuth and distance used 
in Puissant’s formulae to compute the geographical co-ordinates and 
Inverse azimuth at the terminal station. In this case greater accuracy 
will be obtained if the spherical excess of the figure formetl by the traverse 
and the line joining the two stations is calculated, and the azimuth of the 
line is taken as the azimuth computed from co-ordinates plus one-third 
of this spherical excess. 

In the method of computing in terms of Transverse Mercator co-ordi- 
nates by direct point-to-point working a somewhat similar short-cut 
may be employed. In this case, local co-ordinates, referred to the initial 
station, can be used as the terms 8 . cos a and a . sin a in formulae (10) and 
(II), page 359. If these terms arc not very large, those containing 
in the formidae may be neglected. 

When the method adopted is that of using grid lengths and bearings, 
there are several ways by which the labour of computing can be saved if 
suitable approximations are introduced. In the first place, the full 
formulae for scale correction, (13) or (13 a), i)age 359, need seldom be 
used, and, for most lines that are ordinarily met with in traversing, it is 
generally legitimate to use formulaB (21) or (21a) for short lin(\s. H(.*re 
the Y to be taken will be the mean of the F’s of the two ends of the liiu^, 
though in most cases it will make no appreciable difference if the Y of 
the initial station is used instead of the mean F. 

For reasonably short lines the formulae for the correction to direct ions 
may also be simplified to 

p — 0 L= — 5 - 2 - ^ ;;r • AX 

^ 2r*8inl 

where Y is the Y of the middle point of the leg. In this case there is no 
appreciable difference between the numerical values of the corrections 
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at the two ends of the line, as there is 
for long lines, but, of course, the signs are 
reversed. 

In working out th(i corrections to bearings 
which liave already been comput^Ml from the 
angles, it must not be forgottcni that the 
correction to one bearing affects those of 
subsequent bearings. Thus, in Fig. 132 let 
0 be the first azimuth station, K.O. the 
referring object, and Aq, O 2 . . . the observed angles. Then : — 

Bearing O to K.O. — A ± y = a'o 

where A is the observed azimuth O to K.O. and y is the convergence at O. 
The preliminary bearings used in working out the preliminary approxi- 
mate co-ordinates are : — 

0 to 1 = ai = ao' + ^0 

1 to 2 ao = ai ± 180^ + 0 ^ 

2 to 3 ==. ag = 0 L 2 -1: l‘S0° f 82 



r — 1 to r = a,. = a,. , ± 180® + 6^. 

Let (Jfo, Fo) J ^ 1 ) ’> i the co-ordinates 

of the points 0, 1, 2, ... r and let 

XX2^{X2 -X,); . . . .) 

The plane or grid bearing 0 to 1 is 

Spherical b(*aring 1 to 0 = 

n I i^’u^ A.Y,(2rH- 5’„) 

Splierieal bearing I to 2 - 

6r*smr +''' 

(bid bearing 1 to 2 = 

ft ft ^ 1S0° ^ e + r.) AX,(2y, + y.) 

P 2 ^Pi± + ‘'i ^r-i sill r Or* sin 1’ 

a. ,wno , . AX,(2yo + Y,) _ AX,(2y,+ yo) 

_AXs(2yj_-^ 

6r*Bin 1' 

3AXi(yo + ^i) _ AA%(2yi + y,) 

“ “* 6r® sin 1* sin 1* 
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Similarly, grid bearing 2 to 3 = 

- ft ± ISO" + ft - — 

= ..±,80" + ft-“iI5^- 


= ao ± 180° + 0. 


AX3(2r, f Y,) 
Or* sin T 

AA%( 2 r^ + Y^) 

Or-* sill I'' 


AX^{2Y^+i\) AX,(2Y^+Y,) 

OH sill r OH sill r 

3AA\( To + Y,) 3AX^{ Y, + Y .) AX,(2Y^-\^ Y,) 

^ OH sin 1" OH sill 1" OH sin I'". 

The mode of formation of the different corrections can now be clearly 
seen, and, for the rtli leg, we see that the correction to the preliminary 
approximate bearing a,, is given by : — 

.o _ AX^(ro+ YJ _ AX,{Y^ + Y,) AX,{Y., + Y,) 

■ 2Hsin r 2Hsin V ^ 2Hsin T 


AL^i + XiJ 

2 Hsin V 


^X,(2Y, . -f- Y,) 
O'Hsin 1" 


in which the factor -r -- — ri assumed to be the same for all legs in the 
Hsml 

potion. 

Note here that this expre.ssion Is very approximately equal to 

_ — — where A is the area, and c" the spluuical excess, of the 

Hsml 

figure contained by the r legs of the traverse, tlie axis of X and pcM*])endi- 
culars drawn to it from the stations O and r. 

If 8j3,. and 8j5,. , are the (j3 — a) corrections to the approximabi bearings 
of the rth and (r — l)th legs, 


.(Y,.., + 2Y.. 

■(i'Hsiii r 


AX^(2Y, , -[- Y,) 
OH sin 1" 


These corrections are all small quantities, and, in many cases, if the 
difference between the Y’s of the ends of the section is not too large, it 
will be sufficient to put Yj = Yg “ Y 3 . . . — Y,„, where Y,„ is the 
mean Y for the section. In this case the correction to the approximate 
spherical bearing of the rth leg to reduce it to a plane bearing is given 
by 

SA = “ + 2AX3 + . . . + 2AX,. , + AA.J 

= - o - Xo) + AX ,1 

2r*8iiil L J 

and the difference between the corrections to the bearings of the rth and 
(r — l)th legs by : — 

8 A -- SA . = - 2 r*sin ' "*■ 

The computation of these corrections is very simple if it is carried out 
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in a systematic manner, anti, for many purposes, it will be quite sufficient 
if a good slide rule is used for the multiplications. The following is a 
simple arrangement for a case in which Y,„ = 575,000 ft. and latitude 

= 2.r 10' N., so that log ,-rj- ! .. = iO-374 05 and = 0 000 1301. 

jdT Rill 1 2r^siri 1 


Lok 

AX 

25 ; 'ax -1- AX, 

Correction to 
Bearing 

1 

h S,6()0 

1- 8,000 

- r-oo 

2 

-1- (5,30<) j 

i -]■ 23,500 

-3 -20 

3 

1-4,200 ! 

! + .34,000 

-4 -63 

4 

— 5, (MX) 

! 1- 33,200 

- 4 -52 

5 

- 3,8(K) 

j 1-24,400 

- 3 -32 

6 

- 9,(i(M) 

-t- 7(X( ! 

1 -1- 1I,(X)0 

- 1 -50 


It will U; SHea from thia example that the entry for any leg in the third 
column is the sum of tlie entries in the second and tliird columas in the 
lino above, plus the entry in the second column in the line itself. Thu5, 
+:i3,200=+4,200+34.0(X)~5,000, and ~4"-52r=33,200x 0-000 1361. 
The check on the entries in the third column is 2Z’’;AX— AXj=2(Xg— XJ 
-AXe-2 X 700 -(- 9,600) = + 11,000. 

Computation of Secondary and Minor Traverses in Terms of Transverse 
Mercator Co-ordinates. The legs of secondary and minor traverses will 
generally be much shorter than those of first-order traverses, and, in 
addition, the work is of a lower order of accuracy so that less accurate 
methods of computing can therefore he used.^ Hence, further approxima- 
tions are permis.sihle. 

In the first place, since the latitudes are relatively small, the differences 
between the spherical and grid bearings will also be small and can usually 
be neglected. 

In the second place, it will hardly be necessary to correct each length 
to reduce it to grid length, and, instead of this, the traverse may be 
divided into fairly short sections and the differences in X and Y between 
the terminal points of sections corrected by means of formulae (21) or 
(21a), using the mean Y of the section as the Y to be used in computing 
the correction. Hence, tlio procedure is to apply the convergence to the 
terminal azimuths so as to obtain splierical bearings referred to planes 
parallel to that of the central meridian, and to use these bearings, and the 
observed angl(\s, to com])ute the bearings of the int-ermediate legs and 
the closing error in hearing at the end. In order to determine the con- 
vergence at the forward azimuth station it may be necessary to compute 
preliminary co-ordinates but it often happens that the position of the 
forward azimuth station can be scaled from a map, or from a preliminary 
plot, or determined with sufficient accuracy by some other means. After 
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the closing error in bearing has been distributed, the latitudes and depar- 
tures are computed by the ordinary methods for plane rectangular 
co-ordinates. 

Let (X, Y ) be the co-ordinates of the initial point and (X -f AX— Y + A Y), 
the approximate co-ordinates of the end point, AX and AY being the 
sums of the latitudes and departures for tlie section. Then, if Y,„ is the 
mean Y, the corrected sums of the latitudes and departures will be 

AX^l + AY^l + Hence the corrected co-ordinates 

of the terminal point will be : — 

JC' =. J + axA I- 
Y'.,r + Ai/i f 

If greater accuracy is desired, or if the section is rather long, tlu^ 
corrected AX and AY can be computed from formulie (13) or (13a). 
Normally, however, the work should be split up into such short sections 
that the difference between using the exact and the approximate formnlte 
for scale correction is negligible. 

Yates * has shown that the total angular error or twist at the end of a 
k*averse section with short legs, due to neglecting the difference between 
the spherical and plane angles is given by : — 


8a = — 


r^sin r 




where A is the area, and e" the spherical excess of the tigurc enclosed by 
the traverse section, the iierpendiculars from the terminal points on to 
the axis of X, and the X axis itself. This expression could, of course, he 
used as a correction to be distributed throughout tlu? bearings, l)ut there 
is no point in doing this siiicc the value will be includ(;d ami distributed 
with the apparent closing error in the usual way. It may, however, be 
useful on occasions, particularly when Y is very large, to compute it 
and apply it so as to get the real closing error in bearing, thus imabling a 
better estimate of the quality of the angular work to be determined. 

This formula may be compared with the approximate omj for 8j3, 
derived on page 3S2. If AX^ is very small compared with (X^,. - Xq), the 

Y (X — X ) 

expression for S/1,, becomes 1"" ” which is the splierical excess 


of the figure formed by the axis of X, the line joining the terminal points 
of the traverse, and ixirpendiculars drawn from these points to the axis 
of X. The expression given on i>age 3S2 is based on a mean value for Y, 
whereas Yates* expression takes the varying values of Y into account, 
and the difference in the two expressions is the splierical excess of the 
figure enclosed by the line of the traverse and the straight line joining 
the terminal points. Yates’ formula can, in fact, bo derived from the 


* Report of Proceedings^ Empire Conference of Survey Officers, 1928, pago 211. 
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first equation for 8j3, on page 382 by putting . . . 

AXy = dX and integrating as dX becomes infinitesimally small. 

Yates has also shown * that the Y component of the scale correction, 
wlien computed from point to point around a closed figure, is zero, but 
that the X component, when computed from point to point around the 

Ay 

same closed figure, is given hy the expression or c'" . Y,; sin T, where 


A is the area of the figure, e" its spherical excess in seconds of arc, and Yfj 
the distance of its centre of gravity from the 
X axis. This result can be used either to 
determine the true scale correction for a 
traverse with very sliort legs, taking into 
account its variation with T, or else to 
estimate the magnitude of the error involved 
y 2 > 


by using 


fM I5') 


as the scale correction 





factor for AX and AY in the formulae on ' 

page 3S4. Thus, in Fig. 133 the scale correction Fig. 133. 

to the Y’s around the clo.sed figure is zero. 

Hence, scale eoiieetion to the Y’s, as computed along the short-legged 
traverse HDO, is equal to the scale correction computed along the straight 
lino HC which joins the terminal points of the traverse. Consi'quently,^ 
using the formula for long lines, correction to (Y' — Y) is : — 



Y) 





For tlie X\s, we luave scale correction to (X' — X) along the traverse 

AY,. 

HDC plus scale correction along the straight line CB — Hence, 

Scale correction to (X' - X) along the traverse 
— + f calc correction to (X' -- X) along line BO 


AY, , ( 




As an example, let tlio eo-urdiaates of H bo X= 327,UU) O.S, Y = 742,406'i4 
aatl the approxiaiato co-onliaates of C be X —■ 3.70, 277-24, F = 7<0,S0S-90, so that 

A-Y- + 22,301-10, AF- + 2S, 342-10. Lot log = To-374 05, so that 


log ~ = 15-300 05. Tho traverse having been plofled on a fairly large scale, it was 

found that A 220.94S.000 scpiaro foot approximately and that F,; = 752.000 ft. 

i.oneo ^ = CS a. .u. (X' - X, 

X 0-000 05072 = 14 OS ft. Tho .scnlo corroction is therefore 0-3S + 14-08 = 15-00 ft. 
and tho corroctoil -Y' is X' ~ 327,9 lO-OS + 22,301-10 + 15-00 = 350,292-30. 


* Report of Proceedings, Empire Conference of Surt'cy Officers, 1928, page 209. 
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( Y ‘v 

1 + would have 

obtainod : — 

X'= 327,916 08 + 22,361 16 + 22,360 X 0 000 6566 
= 327,91608 + 22,375-84 
« 360,201-92. 


Hence, the error in computing by the approximate formula is only 0-3S ft. in 
22,362 ft. or 1 in 69,000 in the ^’s. 

For the F’s, the true scale correction 


= 28,340 X 0-000 6567= 18-61, 


and truo F' = 742,466-74 + 28,342-16 + 18-61 
= 770,827-51 ft., 

the same result being obtainod from the approxiinato formula. 

In this example, the Y is large, and it can therefore be seen that it is 
sufficient, in nil minor work, to correct the sums of the latitudes and 
departures between the terminal points of a reasonably short traverse 
section by means of the approximate formulae involving the mean Y of 
the section. In such a case, the correction for height above sea level, 
when this is appreciable, can also be applied to tlu‘ total latitude and 
^departure of the whole section, and not to individual legs, the height 
used in the computation of the correction being the mean height of the 
section. 

The method of determining the scale correction from the area of a 
figure and the distance of its centre of gravity from the X axis is some- 
times useful for computing the total scale correction for a fairly long 
traverse without having to work through intermediate sections, or as a 
check against gross error in the computation of the scale errors of the 
individual sections.. In many cases, the general route of the traverse, if 
it follows well-defined paths or roads, is shown on a map or else is plottevl 
on a plan, and, in such a case, the area and the Y co-ordinate of the 
centre of gravity can be obtained with sufficient accuracy by ordinary 
graphical means. 


The derivation of tho thoorom given above is very simple. Take any small oloinont 
PQ (Fig. 133) of length ds and lot (x^ y) be tho co-ordiiiutos of tho middle point of 
PQ. Then : — 

Grid length of ds = (/.v^l + 

CoiToctod latitudo 


- + !.)• 


Taking the sum of all the elements around tiio closed figure PDCJi wo have : 
Total correction to latitudes : 





GEODETIC COMPUTATION 387 

where the integral is the lino integral around the closed figure. Also, 



in which tho integral on the right is the surface integral over the figure. 

But, by tho definition of the centre of gravity, 

falA = AY,, 

I 

whore A is tho area of tho figure and Yfj the distance of its centre of gravity from tho 
axis of X. 

Similarly tho sum of tho corrections to the departures around the figure 

= - y*)= 0. 

t #' r* 

IJ*»nce, tlio tlieoroin follows. 


MISCELLANEOUS PROBLEMS 

Curves on the Spheroid. Altliough this point is not one of practical 
importance in ordii^ary triangulation with relatively short sides, mention 
must be made liere of tliree ctirves on the .splieroid wliich arc of interest 
ironi a tlieoretical point of view, while two of them arc of some importance 
in th(‘ ^ ase of iria igh*s with very long side.s. They are separate and 
distinct curves on the spheroid but they all merge into the one great circlf 
on the sphere. 

Tho first of these curves has already been r(3ferred to on page 326 in 
connection with Clarke's formulae for long lines. It is the plane curve 
traced out by tho plane containing the line of sight from a point A to a 
point B and containing the normal at A. This plane, although it contains 
the normal at A and passes through B, does not contain the normal at B. 
Similarly, the plane containing the normal at B and passing through A 
does not contain tlie normal at A. Each of these planes traces out a 
separate curve on the surface of tho spheroid^ and the onf* containing the 
normal at A is known as the “ plane curve from A to B, or the “ curve 
of normal section at A,” and the one containing the normal at B as the 
“ plane curve from B to A,” or “ curve of normal section at B." For all 
lines that can be sighted over, the diiTerence in length between the two 
curve.s is inappreciable and the angles between them are very small, being 
given by : — 

^ cos2 ^ 2 A 

^ 47^ (1 - c^) sin P ■ 

When both points lie north or south of the equator, the curves arc 
curve.s of single curvature, and, if A is the ix)int nearest to the equator, 
the plane curve from it to the point B lies nearer to the equator than the 
plane curve from B to A. This can be seen from the fact that the planer 
containing the curves intersect along the chord joining the two points, 
and the normal at the point with the smaller latitude cuts the minor axis 
of the spheroid higlier up than does the normal at the point with the 
greater latitude. 

The second curve is the line of shortest distance bet'weeii the two 
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points and is called the “ geodesic.*’ For points lying on the same skhj 
of the equator it is a curve of double curv^ature, and the relations between 
the angles contained between it and the plane curves arc as shown in 
Fig. 134. When both A and B lie on a nu‘ridian, 
Q the geodesic and the ])lane curves all coincide 
with, and become part of, the meridian. 

The geodesic, at every point along it, satisfies 
y ^ equation : — 

iy Rf, sin A N cos <f> sin A = constant, 

where R^, is the radius of a parallel of latitude 
and A is tlic geodetic azimutli. As a general 
^ rule, it lies between tlic plane curves, but, if the 

Fio. 134. terminal points are in nearly the same latitude, it 

may cross one of the plane curves.* Another 
characteristic property of the geodesic is that the principal normal to 
the curve at any point coincides with the normal to the surface at that 
point. For other references to this curve see pages 313, 315 ami 541. 

The third curve is the curve of alignment and it is the curv’^e traced 
out by the position of a perfectly adjusted tlieodolite as it moves from 
point to point and is set at each x>oint so that, when it is x^roperly levelled, 
the line of sight from it to the point A differs l)y ISO*’ from the line of sight 
to the jioint B. This curve is also one of do\ible curvature and 
itf lies very close to the geodesic, and usually between the two ])lanc 


curves. 

The differences in length between this curve and those of the geodesic 
and plane curves are inai)prcciable for all lines that can be sighted ovx'r 
in practice. 

Location of Boundaries. Geodetic computations are required in the 
operation of tracing out long lines, as in marking interstate boundaries 
situated along meridians, parallels of latitude, or great arcs in any 
direction. 

The best method consists in first running a triangulation chain along 
the general line and comj)uting the geodetic x)ositions of its stations. 
The distance and azimuth from those stations to any number of i)oints 
on the line are then calculated, and the latter are located by traversing 
or by intersection from the triangulation stations. If the exjiense of 
triangulation cannot be incurred, or the distance is comi^aratively short, 
the procedure is as follows. 

Meridians. To trace a meridian, the terminal stations are approxi- 
mately located, and their longitudes are determined by means of wireless 
time signals. The errors in longitude of the assumed positions are elimi- 
nated by moving the stations by the linear equivalents of the longitude 
errors. At the initial station the direction of the meridian is obtained 
by azimuth observations, and a forward instrument station is established 
on it. The line is extended by backsighting and foresighting at successive 


* The xnathematicai theory of the geodesic is very fully discussed by McCaw in 
papers on “ Oblique boundaries ’* and on “ Long Lines on the Earth ’* in the 
Survey Beview, Vol. I, No. 4, April, 1932 ; Vol. I, No. 6, October, 1932, and Vol. II. 
No. 9, July, 1933. 
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instnimont stationw, and tlio diHtances 
of intermediate points are directly 
measured. Observations for azimuth 
are made at intervals, 'fhe error 
discovered on reaching the terminal 
station is proportioned to the inter- 
mediate points. 

Arcs of Paralld. In locating a 
parallel of latitude, the position of 
the initial point A (Fig. 135) is estab- 
lished by astronomical observations. 

The direction AP of the meridian 
is obtained, and a perpendicular AB is set out 
loerted from tliis tangent. 
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The parallel AC is 


Since the azimuth of AB is 90° or 270°, the change of latitude in a 
distance s along AB is, by Puissant’s formula, 

(an (f) 


d<f> 


tan i , , 

ample precision. 


2NR,, 

TIui offset 0 is the linear ecpiivalent of d(j>, so that 

o = ia4.’^ 2 ,v ■ 

TJie dir(‘(dion of the offset differs from that of a perpendicular to 
AB by (I A, the conv<‘igence of tlie meridians, and 

(lA ~ (IL sin (f), with sufficient accuracy, 
s s(*e (f)' 


where dL — 


N 


To keep the offsets short, s should not exceed 50 miles, a new' tangent 
CD being then set out. The w'ork is controlled by latitude observations 
at intervals, and will be found to ri*quire some adjustment because of 
local deflections. 

Insteatl of using offsets, a series of chorcLs to a parallel of latitude may 
be laid out by means of deflection angles. In Fig. 135 let angle BAC = 8 
in seconds of arc and let s be the length of the chord AC. Then : — 

0 ^ s tan 8 = 5.8. sin 1'' 


8 - 


2.V sin r 


. tan (j). 


Hence, if a line of length s is laid out making an angle 90° — 8 with 
the meridian at the initial point, the end of the chord will lie on a parallel 
of latitude through the first point. When C is reached, the next chord of 
length 8 can be set out by turning off an angle of 180° — 28 from A. The 
process is therefore very similar to that of setting out a railway curve by 
means of deflection angles, but, of course, the chords used in setting 
out a parallel of latitude will be very much longer than those used in 
setting out railway curves. 
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A convenient chord length for setting out a parallel of latitude is about 
six miles, which gives a deflection angle of 2' 36^*4 in latitude 45°. . 

At any intermediate point the offset from the chord AC to the parallel 
of latitude is given by : — 

_ tan ^ 

® w 

where ^ | is the distance of the intermediate point along the chord from A. 
Hence, intermediate points are easily laid out from the chord. 

This method may be preferred to the method of offsets from the tangent, 
especially if the line has to be cut through bush, as it follows the actual 
line of the parallel more closely than the tangent does, and the offsets are 
shorter. Moreover, it produces a cut line free from sharp bends, which is 
an advantage from a traversing point of view, as short angular sights can 
thus be more easily avoided. 

ObliqtbeArca, In locating an oblique arc, the positions of the terminals 
> are first found by astronomical observations. The azimuth between 
these points is computed, and a line is run on this azimuth from the initial 
station. Intermediate points are marked at known distances, and the 
azimuth is checked at intervals, observed azimuths being corrected for 
convergence. The discrepancy found on reaching the end of the line is 
distributed to the intermediate points. 


EXAMPLES 

(1) Asa umin g that 6,378,300 m. and &» 6,356,860 m., compute the mean 
radius, y/H.N,, of the earth at a point in latitude 50° N. 

2. A lino AB from the above point has a length of 48,632 motros ami an azimuth, 
reckoned clockwise from. north, of 344® 17'. Compute the latitude of B. 

3. Find the lengths of 1 second of meridian and of parallel at the equator and in 
latitude 50°. 

4. Assuming that a= 6,378,249 m. and b= 6,356,515 m. (Clarke’s 1880 6gure), 
use the formula on page 2s2 to calculate, with seven-figure logarithms and to the 
noaroet metre, the meridional distances 50° to 51° and 51° to 52°. 

5. The following are the observed angles of a triangle : — 

A *= 49° 17' 23^-2 
B = 75 32 40 .7 
C= 55 09 53 1. 

The log length of the side AC in feet is 5-202 3904. Compute tho spherical excess of 
the triangle, adjust the angles €md use Legendre’s theorem to solve the triangle. 

STOTT- 


6. Assuming that the latitude and longitude of the point A of the triangle in the 
last example are 21° 40' 18''-2 South and 15® 18' 16'-4 East and that the azimuth 
of tho line AC is 221® 14' 16^-94, reckoned clockwise from north, use Clarko’s formulas 
for medium lines to compute the latitude and longitude of C and tho reverse azimuth 
of AC. Take 


log 


1 


2// jfiVjii sin r 
1 


log 


sin 1- 


, = 10*374 16, 

= 3-996 0860. 


log 


Ne sin r 


3-993 5273. 
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7. Given that the co-ordinates on the Transverse Mercator system of a point A 
are : — 

X (Northing) = 268,402-32 ft., Y (Easting) =r, 338,692-14 ft., 
and tliat the observed bearing and distance in feet to a point B are : — 
a= 242® 16' 08^-09 ; a= 166,429-2 ft., 

the bearing being reckoned clockwise from north, find the co-ordinates of the point B 
by using the forinulse for point-to-point working given on page 359 and then check 
by computing and using the grid bearing and distance. 

Take log , . ! = To-374 16. 

° 2r* sin I 

8. It is required to navigate an aeroplane from a point near Freetown, Sierra 
Leone, in latitude 7® TV, longitude 13® to a point near Khartoum in latitude 
16® TV, longitude 33J® ^ so as to follow the groat circle joining the two points. 
Assuming the earth to bo spherical, use spherical trigonometry to evolve suitable 
forinuliD for calculating the distance between the two points and the azimuths of 
the great circle at each. Taking the radius of the earth as 3,950 miles, calculate 
tho distance to the nearest tenth of a mile and the azimuths to the nearest decimal 
of a minuto. 

9. Use tho equation of tho ellipse to prove that 

(l-e*siu‘^)“ 

4 

(l~e*sin*^r 

where c* = (a* — b^)la^» 

10. (liven that the geodetic latitude of a place is 38® 15' 35'" and thaf 
a = 6,378,388 in., b = 6,356,909 m., find the goocentric latitude. Use the equation 
of tho ellipse to prove tho formula employed. 

In the following examples the meridional distances and geodetic factors used in working 
out the answers given at the end of the book have been taken from the l^or Office Publica- 
tion “ Geodetic Tables for the Clarke 1880 Figure in Feet for Latitudes 0® to 70®.’* 
(H.M.S.O., London. Prt'ce 9d.) 

11. Calculate the distance and azimuth from a point in latitude 66® 06' 2K.N., 
longitude 4® 64' 52'" W. to one in latitude 56® 20' XT' TV., longitude 4® 58' 31" W. 

12. Given that tho origin of co-ordinates is the point 10® North. 8® West, find the 
co-ordinato.s in foot on the rectangular spherical system of a poii*u whose geographical 
co-ordinatos aro latitude 12® 16' 12"-98 North, longitudo 9® 52' 31"-64 West. Trans- 
form these co-ordinates into others on the Transverse Morcator System and check 
by computing tho Transverse Mercator co-ordinatos directly from the geographical 
co-ordinates. 

13. The logarithm of the distance and tho observed azimuth of a point B from 
tho point whose co-ordinates are given in the above example are 

A = 163® 16' 28" 04. log 5= 5-104 6218. 

Calculate and apply tho convergence at A and find tho co-ordinates on the Transverse 
Mercator system of tho point B. The azimuth is, as usual, to be reckoned clockwise 
from north. 

14. Calculate tho geographical co-ordinates of the point B in tlo last example by 
using Puissant’s formula. 

15. From tho point A in example 12 a traverse, made up of short legs, is carried 
to a point C. The initial bearing used in the computation of tho latitudes and 
departures was tho bearing calculated in oxample 13. The plane rectangular latitude 
and departure of C with roferonco to A were found to be : Latitude = + 82,342-16 ft., 
departure = — 60,118-90 ft. Find tho Transverse Morcator co-ordinates of C. 

16. Given that a point A is in latitude 45t®iV. and longitude 107® IK., calculate 
its conical orthomorphic co-ordinates in feet and tho convergence in seconds, the 
origin being tho point 44® TV., 105® IK. 
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17. A series of chords of 50,000 ft. each were used to lay out a parallel of latitude 
along the 40th parallel. Calculate the deflection angle to be used at the beginning 
of each chord and the offset midway along the chord. 

If the method of offsets from the tangent wore employed, what would bo the length 
of the offset at 50,000 ft. along tlie tangent T 

Take log = 3-993 1234. 

® N sin 1 
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'J"he 0 |)(‘ration.s of g(?o(lotic levelling arc cliroctcd to tho dfjtermination 
of tho olovations of a iiumhor of vertical control points from which 
those of any otluT points tliroiighout tlio survey may he obtained. The 
elevations re({uin‘d are absolute (ihjvations from the datum of mean 
sea lev(;l, and, unless the levelling can be connected to that of an 
adjoining systenn, it will be necessary to establish the datum by tidal 
observations. 

Methods. Tin; eh ivalions of control ])oints are determined either by 
precise s])irit lev(‘lling or trigonometrical levelling, or by both. 

Precise spirit lev(*lling represemts the high(‘st developuKmt of the 
nu'thods of ordinary Icsvelling, every xm^caution being taken in the 
construction of tlu' instruments and in the field work to reduce errors 
to a minimum. By running lines of x)reeise levels along the most favour- 
ahh‘ routes through the survey, X)rimary bench marks are established 
for its ultimnt(‘ vertical control. From these points subsidiary lines are 
run and b(*nch maiks (‘stablisheil for the control of detail, and, in State 
surv(‘vs, for the inforiiiat ion of the x)ubli(;. Precise levelling is also 
ri‘quir(‘d to j)rovid(» data for geodetic rc'search relating to gravity, secular 
u])lieaval or d(‘pr(\ssion, and the (‘omparison of oe('an h‘vels. Investiga- 
tions in (connection vvilh certain classes of engineering work, i)articularly 
tlios(j r(*laling to the flow of water over considerable distances, also 
demand levc^lling of a high ordiT of accuracy, and the engineer is 
sometimes required to pn^duee work comi)arable to the be^t j)reeise 
levelling. 

In trigonometrical levelling, dith'nmec's of elevation an* determined 
from vertical angh*s and gecxletie or horiz(mt;il distanci*s The measure- 
ment of verti(.*al angles between triangulation stations is usually under- 
taken at t h(* same time as that of the horizontal angles. The same stations 
therefore* control the surv^ey both horizontally and vertically, and the 
(*levations can lx* di*termined (*eonomically. In point of accuracy trigono- 
metri(*al levelling is much inf(‘rior to juveise si)irit knelling, x>articularly 
in Hat districts, Fn rugg(*d country the method is of great value, and the 
results are comparatively more accurate. 

Determination of Mean Sea Level. In ordi'r to obtain a measureiuent 
of the av'(*rage elevation of the sea, a continuous record of its varying 
level is requiivd for as long a time as x)ossible. The period of observation 
should c( 3 ver an integral number of luntations, and unless it extends to 
at least a year tlu^ effect of the solar components will not be truly repre- 
sented. The emplovmeiit of a self-registering tide gauge is almost 
essential, and its zero must be connected and periodically checked by 
precise lev'clling to a permanent bench mark near at hand, iide gauges 
are discussed cm pag(*s i)39-o4IF of \ol. 1, and questions relating to 
mean sea level as a datum plane for levels on i)ages 543-540 of the same 
volume. 



398 


VJJiNE AND GEODETIC SURVEYING 


PRECISE SPIRIT LEVELLING 

There is no difference in principle between precise and ordinary levelling. 
In the latter, the distances run between checks are relatively short, and, 
with the usual precautions, the rt^sults are sufficiently accurate for every- 
day purposes. Since very small errors cannot be detected, the relative 
coarseness of the determinations may, through compensation of errors, 
give a fictitious idea of accuracy. In precise levelling, on the other hand, 
the circuits may be of considerable length, and the operations must be 
conducted so that the uncertainty of each individual determination as 
well as the actual closing error is reduced to a minimum. This necessitates 
the employment of high-class instruments of superior sensitiveness and 
their manipulation in such a manner that instrumental and observational 
errors are eliminated as far as possible. Success in precise levelling 
depends upon a due appreciation of the nature and relative in\portance 
of those errors and their treatment. 

Precise Levels. Precise levels belong in their essentials either to the 
wye or the dumpy type. Many different designs have been employed, 
and constructional details vary considerably. 

Stability is an important requirement, and is promoted by the provision 
of a broad levelling base and by having tlie height above the base and 
the exposed area as small as practicable. Fittings subject to wear are 
/ormed of hard cast steel or iron, and adequate protection must be given 
to parts exposed to unequal temperature changes. 

The telescope is an important feature, and it must afford superior 
definition, illumination, and flatness of field. The focal length of the 
objective ranges from 11 in. to over 20 in., and the effective aperture 
should be at least 1 J in. The eyepiece is generally non-erecting, and the 
magnifying powers range from 25 to 50 diameters. Stadia hairs are 
fitted. Focussing is performed cither by movement of the eyepiece end 
or by an internal lens, and the motion must be truly axial. 

The level tube is of very uniform curvature, and is furnished with an 
air chamber (Vol. I, page 34), so that a fairly constant length of bubble 
can be maintained. The liquid should be sulphuric ether in preference 
to alcohol on account of its superior mobility. In the more recent instru- 
ments of the highest class the angular value of a 2-mm. division of the 
level tube ranges from about L2 sec. to 3 sec. The tube is cither attached 
to the telescope, as in ordinary levelling instruments, or is arranged as a 
striding level to permit of its reversal without moving the telescope. 

The three foot screws are used only in the preliminary approximate 
levelling of the instrument, for which a circular spirit level or two small 
bubble tubes at right angles to each other are fitted. An important 
feature of precise levels is the provision under the telescope of a micro- 
meter levelling screw whereby the telescope can be tilted about a horizontal 
axis. By rotation of this screw the main bubble is brought to the centre 
of its run for each observation, the verticality of the vertical axis being 
neglected. To enable the operator to maintain the bubble central while 
he is observing, or to inform him of its position at the instant of reading 
the staff, a reflecting device is essential. This may consist of a mirror or 
an arrangement of prisms. 
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The Parallel Plate Uicioineter. The parallel plate micrometer is a 
de ice designed by Wild to reduce errors of estimation of readings on a 
levelling staff, and it is now generally fitted to most precise levels. It 
consists of a plate of glass, with opposite faces carefully ground so as to 
be exactly parallel to one another, mounted on a horizontal axis and 
fitted in front of the object glass of the level. The level being maintained 
in a horizontal position, inclination of the glass plate from the vertical 
displaces the image of the readings on the staff by an amount depending 
upon the angle of tilt. In taking an observation, the plate is turned 
by a rod connected with a screw carrying a graduated drum (13 and 14 in 
Fig. 140) until the image of the nearest graduation is brought into contact 
with the horizontal hair, and the fractional part of a staff division is 
read on the drum. By this means readings may be made direct to the 
nearest thousandth part of a foot and estimated to the nearest ten- 
thousandth part. 

In Fig. 136 ABCD is a plate of glass with carefully ground parallel 
faces AD and BC. Let this plate be tilted through an angle i with the 
vertical. Let OM be a horizontal ray of 
light falling on the face AD at M. Then 
this ray will be refracted into the glass, 
following the line MN, and will emerge at N 
parallel to OM but displaced vertically below 
it. If PMP' is the normal to the face AD 
at M, the angle PMO = i will be the angle 
of incidence of the ray and it will also be 
equal to the angle of tilt of the plate from 
the vertical. LincMN will make an angle 
r = P'MN with the line MP' and this angle 
will be equal to the angle of refraction of 
the ray into the glass. Hence, by Snell’s law of refraction : — 

sin i 
- — = 

sinr 

where /x is the index of refraction from air to glass. 

Through N draw Q'NQ perpendicular to BC at N and meeting AD at Q'. 
Then angle MNQ' = r, and, since NR is parallel to OM, angle QNR = i. 

Let S be the vertical displacement of NR below OM. Then : — 

8==MNsinMNR' 

= MN sin (i — r). 

Hut, MN = Q'N sec r 

= t sec r. 



where t is the thickness of the plate. Hence : — 
S = t sec r sin (i — r) 


f . . cos % sin r\ 

= i ( sin % I 

\ cos r J 

f . . cos i sin i\ 

— t I sin % ) 

V M cos r / 
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= t sin i 
= t sin i 

t sin i 



t sin i 


/ ^ \/l — sin‘^ i \ 

\ i ) 


i is always a small angle and we may therefore j)ut sin i ^ i and regard 
sin* i as negligible. We then liave : — 



Consequently, the deflection of the Jiorizontal line of sight is directly 
proportional to the thickness of the glass plate and to the angle of deflt'c- 
tion of the plate from the vertical. If, therefore, when the gk^ss plate is 



(Uy permission of Messrs. Trouyhton cfc Simms.) 

vertical with the drum adjusted to read zero, the line of sight appears to 
come between two divisions on the staff, it can easily be brought into 
coincidence with one of the divisions by rotating the plate, and tlu' 
amount of the rotation required can be used to measure the difference in 
elevation betAveeri the division and the position of the line of sight. The 
method of reading will now be clearly understood from Fig. 1117, the 
displacement due to the rotation of the ])late being read directly on the 
graduated drum provided for the purpose. 

Use of Colour Filters on Levels and Theodolites. During the last few 
years the Coast and Geodetic Survey have used a detachable colour filter, 
placed at the eye end of the telescope of a precise level, to help to 
eliminate the effects of the scattering of light of short wave length and 
of “boiling” due to irr(?gular changes in atmosphcTic refraction caused 
by heat radiation. The filter found most suitable for general use on a 
level is a Kodak Wratten No. 26, Stereo Red. In ordinary circum- 
stances, on dull days or even in light rain, the filter is a dis^ vantage 



GEODETIC LEVELLING 


401 


rather than an advantage, as it tends to absorb too much wanted light ; 
but, in bright sunlight, it has been found to be a great advantage, not 
only as regards increasing the accuracy attained but also by enabling a 
longer length of sight to be used, as it reduces “ boiling ** to a minimum. 

The use of colour filters on surveying instruments appears first to have 
been suggested by J. H. Churchill in an article in the Empire Survey 
RevieWt Vol. II, No. 7, January, 1933. He suggested that the lengths 
of sights observed with a theodolite might be increased in hazy weather if 
a colour filter were used to cut out unwanted scattered light of short wave 
length. The existing evidence about the advantages of filters on theo- 
dolites tends on the whole to bo rather contradictory, some surveyors 
claiming that a filter improves vision in certain circumstances, but others 
saying that it is no advantage and only reduces the amount of useful 
light entering the telescope. The general consensus of opinion, however, 
seems to be that a lilti^r may improve observing in certain atmospheric 
conditions, and the Coast and Geodetic Survey have now fitted a light 
amber Wrattem Filt(T No. 8, K-2 Orthochromatic, to a number of their 
th(*odolit(‘s. 

The Binocular Precise Level. The tyi)e of level designed by the United 
Stales Coast and Ct‘odctic Survey embodies several admirable features, 
and marked a decided advance in precise levelling instruments when it 
was introduced in. 1900. 



Fio. 13S. HiNocur.AK Precise Level. 

The instrument (Figs. 13S and 139) is of the dumpy type with non- 
r(»V(*r.sibJe bubbh' tube. As made by various firms in America and 
England, the telescope objective has a focal length of lb in. to 18 in., 
witli an aperture of about 1*7 in. Two ortho.scopic eyepieces are provided, 
the powers ranging from 25 to 32 and 40 to 50 respectively. The level 
tube has a sensitiveiU'ss of from I ‘2 to 2 sec. f)er 2-mm. division. 




Fig. 139 . Binoculaji Precise Level -Section. 


Steel. For the same reason, the bubble tube is placed as near as possible 
t6 the line of sight. The vertical axis is long, and carries the cylindrical 
tube 4, in which the telescojic is supported by the micrometer screw 5 
and two nickel steel points 6 diametrically opposite eacli other. The 
telescope is pivoted about the latter by rotation of the micrometer screw. 
The annular spaces between tlie telescope and the ends of the supporting 
tube are closed by leather hoods 7, vvliieh shut out air curnmt.s without 
affecting the action of the micrometer. The upper portion of the telescope 
and encasement is cut away opposite the level, and the outer tube is 
provided with a glass cover 9 for its protection. 

To present to the observer a view of both eiuls of tlie bubble with the 
graduations in their vicinity, the mirror 10 reflects their images into two 
prisms fitted in a t\ibe 11 alongside the telescope. The distance between 
these prisms is adjustable to suit the distance between the ends of the 
bubble. The images are reflected along the tube by the i)risms, and 
the optical arrangement is such that they are presented to the left eye of the 
observer at the normal distance of distinct vision. A lens suited to 
the requirements of an observer may be fitted at the eye end of the tube 
to adapt the normal distance to abnormal vision. The distance between 
the axes of the telescope and of the bubble-sighting tube is adjustable to 
suit the pupillary distance between the observer’s eyes. A tall tripod is 
used so that the observer can stand upright, and, wliile observing, lie has 
merely to examine the staff and bubble alternately without moving any 
part of the body. 

The preliminary levelling is performed with reference to a circular level 
fitted on the right-hand side of the telescope, and the final levelling by 
means of the micrometer screw 5, which has a pitch of 1/100 in. A cam 
with a lever handle is fitted at 12 for lifting the telescope off the micrometer 
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in order to avoid possible disturbance of the adjustment during transport 
of the instrument. 

Adjustmont of the Binocular Level. The intersection of the vertical 
hair with the middle horizontal hair having been placed by the maker 
in the optical axis, the user has to attend to one adjustment only, viz. to 
make the love! tube axis parallel to the line of sight. The adjustment is 
made in the same way as for the engineer’s dumpy level (Vol. I, page 124), 
the level tube having a vertical adjusting screw at the end next the eye- 
piece. 

Exact adjustment is difficult, and, instead of attempting to eliminate 
very small errors, the error of parallelism may be determined daily and 
corrections applied to observed differences of elevation. The United 
States Coast and Geodetic Survey routine in testing the instrument 
consists in driving two pins about 100 m. apart and setting the instrument 
about 10 in. beyond one. The average of the readings of the three hairs 
is taken on a staff held on each point, and the instrument is then moved 
to about tlie same distance beyond the second point, and the readings 
are repeated. A bubble error constant, C, is evaluated from 

Q __ sum of near staff readings — sum of distant staff readings 

sum of distant staff intercepts — sum of near staff intercepts. . 

For the best determinations tlie two distant staff readings arc corrected 
for curvature and refraction. The level is not adjusted if G is less thj^n 
•005, and it is not advisable to adjust unless 0 exceeds -Ol, the stadia 
ratio being 1/333. After an adjustment the value of 0 is at once re- 
determined. If C is positive (negative), the line of sight is depressed 
(elevated) from the horizontal. In deriving one elevation from another, 
the correction applicable to the observed result is C times the difference 
between the sum of the backsight staff intercepts and that of the foresights 
between tliein. The correction is of the same sign as G if the backsight 
intercepts are in excess and of opposite sign if the foresights are in 
excess. 

The Zeiss Level. This modern example of a European level (Fig. 140) 
has been employed by the Ordnance Survey on the Geodetic Levelling 
of England and Wales. As in the pattern used for ordinary levelling 
(Vol. I, page 117) the most distinctive features are the methods of 
mounting the telescope and level tube, the design of the telescope, and 
the arrangement for showing the observer if the bubble is central while 
he is sighting. 

The Icv'cl tube 5 is fixed on one side of the telescope. The metal tube 
carrying it is cut away both on top and bottom, and the whole is protected 
by being encased in a glass cylinder. The bubble is illuminated by means 
of the reflector 4. The telescope with the level tube is capable of rotation 
through 180° about its own axis, so that the level can lie either on the Icft- 
or right-hand side. The level tube is not graduated, but the observer can 
tell when the bubble is central by means of a combination of prisms 
contained within the casing S, the view presented in the upper prism 11 
being as illustrated in Vol. I, Fig. 102. 

The instrument is generally used with a parallel plate micrometer of 
which the operating mechanism is clearly shown in the figure. 
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/. Circular spirit Level. 3* 

2. Fine Levelling Screw. 

3. Clamp and Tangent Screw. 

4. Adjustable Mirror. 1 

5. Level Tube. 

6. Level Tube Collars. 

7. Level Tube Adjusting 

Screw. 


8. Prism Case. 

9. Prism Case 

Adjusting Screw. 

10. Loch Nut. 

1 1. Upper Pi ism. 

12. Casing for Glass 

Plate of Wild's 
Attachment. 

13. Connecting Rod of 
Wild's Attachment. 

E. GiaduntedDium of 
Wild's Attachment 


140. Zkiss Trecise Level. 


The instrument de.scTi])ecl above is the one that has been in use for 
some years in the Ordnance Survey and is still in use in many of the 
Colonies. A f(*\v yeai*:; ago, liowever, Messrs. Zeiss brought out an 
improved model wliich has an effective objective aperture of 2,1 [ in., 
with a magnification of 44 diamet(‘rs. Tlie principal improvenuuit is 
that the image of the bubble is made to appear in the left-hand sidt^ of 
the field of view of the telescope, in a maniuT similar to that adopted in 
the Cooke, Troughton & Simms geodetic level (Fig. 142), and the drum 
of the parallel plate micrometer can be seen and read through a special 
fixed magnifier from the observer’s position at the eye piece by moving 
the head a little to one side. 

Adjustment of the Zeiss Level. In addition to the means for reversal 
of the telescope about its own axis, the telcscoi)c fittings arc such that 
the ends can be reversed, the eyepiece being inserted in the objective cap. 
Observations can therefore be taken in four positions, viz. : 

1, 2. Eyepiece direct, bubble tube on left (right) of telescope ; 

3, 4. Eyepiece reversed, bubble tube on left (right) of telescope. 

The prism is reversed for positions 3 and 4. 
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If from one position of the instnunent a staff is read in each of these 
four ways, the mean of the', readings is free from instrumental error. 
Th(^ align lar error for each position can therefore be determined, as well 
as the combined error of jjfisitions 1 and 2, which may be used in con- 
junction with each other for precise work. To adjust for any position, it 
is only necessary to manipulate the fine levelling screw 2 to bring the 
horizontal liair to the mean of the four ri*adings. Tlie images of the 
ends of the bubble art* then made to coincide by releasing the locknut 10 
and displacing tlie prism easi* 8 by the screw 9. To adjust for positions 
1 and 2 together, the* m(‘an of th(^ reelings in tliose positions must be 
made to agreii with the mean of the four t(*st readings. 

The bubble has provision for lattTal adjustment to secure parallelism 
between the vcriical planes containing its axis and that of th(» telescope 
rcs|»ectively. The test and adjiistnuMit are performed as for the wye 
level (Vol. I, pag(^ 127), and any error shoiikl be eliminated before jiro- 
ceeding to the principal adjustment. 

Geodetic Level by Cooke, Troughton & Simms. This level, designed for 
primary work, was adopt( <1 br fore tin* war for use by the Ordnance Survey 
for work on the primary 


levelling of England. Its 
distinctive features are : — 

(1) A large aperture (2 
in.) objeetive which jx'r- 
mits of 0*01 ft. being 
resolved at a distance of 
1,350 ft. 

(2) Both bubble and 
staff arc seen simul- 
taneously in the eye-iJiece 
of the telescope. 

(3) The introduction of 
a scale on the bubbli* 
vial wliicli renders precise 
levidling of the telescope 
unnecessary, with a eoii- 
se([uent saving of time in 
the field. 

The teh'seope barrel of 
this level, which is shown 
without the parallel plate 
micrometer in Eig. 141, 



Fill. 141 . PinxisK I.KVKL «Y I’ooKE, Troughton 
& Simms. 


is made of nickel iron 

which has n])proximately tin* same eoefiieieiit of exjiinsion as glass, a 
point tliat is of some importaiiee when large lenses are involved, and the 
whole lelcHcopo can be rotated tlirougli 180° about the optical axis. 
The tid)e of the spirit level attaeliod to the telescope is barrel shaped 
longitudinally and of cinidar section at any point throughout its 
length, so that any longitudinal section is symmetrical about the 
longitudinal axis. Ifence, the instrument can he used first with the 
spirit level to the left of the observer and then with telescope rotated 
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through 180° about the optical axis, so that the bubble is on the right 
of the observer. 

As a precaution against teniporature changes, the bubble is enclosed 
in a glass tube, which, in turn, is protected by a metal shield. The vial 
itself is held in a “ geometric mounting ” so designed as to prevent the 
possibility of strain. When the bubble is near the centre of its run 
images of both ends are brought into the field of view of the telescope as 



Fig. 142 . Field of View of Telescoi e JOyeimec e. 

Tho lino appotiririg in both lialvoH of tho coinci(lt*n(M* sy^,tein (iinnuMlialoly 
undoi* tho (livi-sion numborod 0) roprosont.s tho two iiulox marks oji (ho 
.spirit lovol. 

{Jiy TpermUtion of Messrs. Cooke ^ Trowjhton A’ Simms.) 

shown in Fig. 142. A .scale is engraved on the bubble vial, oik* division of 
this scale corresponding to approximately 2 .seconds of arc, so that 
accurate measurements of actual dislcvelment can be made. 

Readings on the staff can be taken in one or oth(*r of four ways : — 

(1) By levelling the telescope precisely and e.stimating staff fractions. 

(2) As in (1) but using the parallel plate micrometer for d etermining 
staff fractions. 

(3) By directing tho cro.ss hairs on the staff divi.sion neanvst to true 
level and recording the position of the bubble, so that the true horizontal 
reading can be calculated later. 

(4) By levelling the instrument approximately and recording the bubble 
readings and the staff division fraction given by the jilate micrometer. 

Methods (1) and (2) involve precise levelling of the instrument but 
give direct results. Methods (3) and (4) avoid exact levelling of the 
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instrument and estimation of staff division fractions, so saving time in 
tile field, but cause additional computational work. The fourth method 
is the most accurate and is the one used by the Ordnance Survey. Both 
iji and method (3) also involve taking stadia readings, but in precise 
levelling it is usual to take these readings in any case in order to check 
approximate equality of back and fore sights. For the most precise 
work with this level, readings should in all cases be taken with the bubble 
in the two positions, once with it on one side of the observer and then 
with it on the other. 

The makers have also placed on the market a cheaper model of the 
geodetic level in which the bubble is viewed through a separate 
eyepiece. 

Adjustment ol C. T. & S. Geodetic Level. The adjustment of this 
inrtrument is very simple and consists in placing the longitudinal axis of 
the bubble parallel to the line of sight. First of all, the instrument is 
set up and levelled approximately, with the bubble on, say, the right of 
the observer. The telescope is then pointed at the staff, and, using the 
fine levelling screw, the images of the bubble are brought into coincidence 
and a staff reading taken. This procedure is then repeated with the 
telescope rotated through 180° about its longitudinal axis so that the 
bubble is on the left of the observer. This will give another staff reading 
which, in general, will differ from the first. The mean staff reading is 
then taken and the instrument set so that it reads this amount on t^e 
staff. The ends of the bubble will no longer coincide but can be made 
to do so by turning the milled screw at the rear of the bubble housing. 
The instrument should then be in adjustment for observation with the 
bubble on the left-hand side of the observer. This adjustment, however, 
may cause the calibration marks on the bubble (the line appearing in 
both halves of the coincidence system immediately under the zero division 
in Fig. 142) to separate. This does not matter if the instrument is to be 
levelled exactly for each reading by making both ends of the bubble 
coincide. If, however the instrument is to be used b*ibble right and 
bubble left the calibration marks must coincide and can be made to do so 
by means of the milled screw at the end of the bubble casing. Any 
resulting error in collimation will bo automatically eliminated by taking 
the means of the readings with bubble right and bubble left. 

Watts Precise Levels. Messrs. E. R. Watts & Sons (now ^lessrs. Hilgei* 
& Watts, Ltd.) make two precise levels that are suitable for geodetic 
levelling. Each of these instruments is provided with a Watts “ constant 
bubble (Vol. I, page 38) which is mounted at the side of the telescope in 
such a way that, as the latter is rotated through 180° about its longitu- 
dinal axis, the bubble moves with it and can be read in either position. 
Hence, as in the Cooke, Troughton & Simms instrument, readings can be 
taken with bubble left and bubble right, and collimation error can thus 
be adjusted or its effects eliminated. 

The telescope of the smaller of the two levels has an equivalent focus 
of 15-75 in. and an aperture of 1-6 in,, the magnifying power being 
35 diameters. The constant bubble, which is accurately reversible to 
1-75 secs, and has a sensitivity of 10 to 15 secs, per 2 mm., is read from 
the eyepiece end of the telescope through a reading lens and a prism. 
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This instrument is suitable for day-to-day work in precise levelling and 
0*01 ft. can be clearly read at 1,200 ft. distance. 

The larger level — known as the 21-iii. self-adjusting level — is rather 
heavy for ordinary day-to-day working and is suitable more particularly 
for levelling across wide gajis, siich as wide rivers, or for setting out work 
where the greatest possible precision is required. One of these instru- 
ments, for instance, was used in the lajdng out and construction of Sydney 
Harbour Bridge, and the makers claim for this particular model that, to 
the best of their knowledge and belief, it is the most accurate levelling 
apparatus of its kind that has yet been made. 

The telescope is of 21-in. focal length, with a clear aperture of 2i in., 
and is fitted with two eyepieces which give magnifications of 45 and 
65 diameters respectively. With this instrument, 0*01 ft. can be read 
at a distance of 1,600 ft. or more, according to atmospheric conditions. 



Fig. 1-4.3. .Self-.4djustixg Level by K. K. Waits & Son. 

The main bubble is accurately reversible to 1*5 secs, of arc, and its 
sensitiveness is 6 secs, to 7 secs, per 2 mm. run. The final setting of the 
level before reading is made by means of a patent slow motion differential 
screw and a special handle is provided for reversing the telescope and 
bubble about the longitudinal axis of the former. 

Both of the Watts precise levels can be supplied with parallel plate 
micrometers. The readings on the.se micrometers are not, however, 
taken on a graduated drum, which is the more usual arrangement, but 
on a graduated are fitted at the objective end of the telescope. The tuids 
of this arc can be seen in the illustration (Fig. 143). The graduations are 
to thousandths of a foot, but the scale is a reasonably oj)en one so that 
readings can be estimated to ten thousandths of a foot (O’OOOl ft.). 

Precise Staffs. The various forms of staff employed arc of the self- 
reading type and arc usually made in a single length of from 10 to 14 ft. 
To afford the necessary rigidity the cross section is either rectangular 
with stiffening side piecetj, tec-shaped, cruciform, or a liollow triangle. 
The staff is usually made of strips of well-seasoned yellow j)ine, and, 
before being painted, is subjected to immersion in boiling paraffin or to 
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other similar treatment in order to minimise the variation in length caused 
by change of humidity. Small metal plugs are sometimes inserted at 
intervals for use in determining the actual length. Handles are usually 
provided, and to ensure steadiness it is desirable to have the staff fitted 
with two back legs hinged either at its top or at an intermediate point, so 
that in use the whole forms a rigid tripod. Most types of staff have the 
base ending in a cylindrical pin of hard metal, the centre of which should 
lie in the ])lane of the graduation. Verticality is determined by means of 
a circular spirit level, or two level tubes, attached at the back. The level 
adj ustment is tested at frequent inter vals by a plumb bob, for which a fitting 
is provided. Temperature is measured on an attached thermometer. 

When metric graduation is adopted the division must be sufficiently 
fine to enable readings to be made to the nearest millimetre, but the 
pattern must be bold enough to facilitate rapid reading and prevent 
mistakes. The smallest division ranges from 1 mm. 


to 1 cm. 

When the graduations ani in f(‘et and dc^eimals of a 
foot the smallest graduations an* usually in hundredths 
but sonu'tiiiKss tln*y are in fiftie ths (0-02 ft.), the drum 
of the ])arall(d plate inierorneter being graduated 
accordingh\ Rf'adings are taken eitluT to tliousandths 
by estimation or to ftm-thousandths l)y means of the 
mierometer. 

I'he staff originally ado])ted by the Ordnance Surve^y 
for us(* on the S(*cond g('odrti(! levelling of England 
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and Wales was made by the Cambridge and Paul Instrument Co. and is 
illustrated in Fig. 144. The length is 10 ft., and, to eliminate uncer- 
tainties arising from temperature and humidity changes, the graduations, 
to 0-02 ft., are cut on a strip of invar. This is fixed to the foot of the 
staff, but is otherwise free to slide in a groove in the woodwork without 
side play. 

In more reeeiit 3 ^ears the Ordnance Survey has adopted a folding staff, 
10 ft. long, made by Messrs. Cooke, Troiighton & Simms. This staff is 
constructed of two sections of yellow pine into which are let graduated 
strips of “ Nilex ” steel, a steel with a low coefiicient of thermal expansion. 
Side pieces of mahogany form a protective edging for the face of the staff. 
The two sections are hinged so that they can be folded together with the 
divided strips facing inwards, the hinge being locked in the open position 
by a clip, which, in the folded position, fits into special recesses in the staff. 
The steel strips are let into recesses in the face of the staff but are supported 
clear of the woodwork on brass pads. The lower end of the strip is 
attached to the staff but otherwise the strip can expand and contract 
independently of the woodwork. A brass plunger, mounted in a brass 
box at the back of the staff, causes the strips in the upper and lower 
sections to maintain contact along a butt joint at the centre of the hinge 
when the staff is extended. The strips are graduatofl to 0‘02 ft., with 
black markings on a white background, the wood face being graduated 
to 0‘1 ft. 

• A plummet, steadying rods, circular spirit levels and holding handles 
are provided with each staff. 

American designs are illustrated in Figs. 145 and 14G. The former 
represents the U.S. Coast and Geodetic Survey rod, which is cruciform in 
section and carries a strip of nickel steel 10 ft. 2 in. long. The rod is divided 
to cm., the graduation being marked on the edge of the cross Fig. 146 
shows the rod designed by Prof. Molitor. It is tee-shaped in section, has 
a length of 3-5 in., and is divided to 2 mm. 

For the rigid support of a staff at change points either a footplate or 
2 >in is used. - The former is 'a cast iron disc of about 6 in. diameter with 
spikes on the underside. A steel pin driven nearly fiusli with the ground 
is found to be more generally satisfactory, and a suitable form is that 
designed by Molitor and illustrated in Fig. 14G. 

General Methods of Field Work. For the purpose of providing a 
chock on all bench marks and of ascertaining the quality of every portion 
of a line of precise levels, the work is invariably duplicated. For the 
best results, the two lines must be run in opposite dircctioiLs between 
the bench marks and preferably at different times of the day or on different 
days. If the discrepancy between the resulting differences of elevation 
exceeds a fixed amount, both lines are repeated until the required con- 
sistency is obtained. In the l>est work the allmvablc discrepancy varies 
from less than 3 mm .\/ K to about 4 ram .\/ Ky or, say, *010 ft.V ^ M to 
•017 My where K and 3/ represent the distance between the bench 
marks in kilometres and miles njspcctively. (See page 421.) 

Ill jilace of running two entirely separate lines, simultaneous duplicate 
lines have been much used. These arc less accurate, but can be usefully 
applied to refined engineering levellipg when speed is important. The 
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usual procedure consists in employing two staffs and having two sets of 
change points for each position of the instrument. The two lin(?s are 
affected nearly equally by settlement or heaving of the instrument and 
by errors due to natural caus(\s, so that the degree of consistency betw(Hin 
them is not a good index of their real precision. A simultaneous duplicate 
line may with advantage be divided into sections run alternately in oppo- 
site directions. 

Bench Marks. The lines of a large system of precise levelling are of 
at least two classes — ^primary and subsidiary — and the bench marks 
established on them are similarly distinguished. Primary bench marks 
form the fundamental control points. They arc comparatively widely 
spaced, and are marked in a thoroughly permanent manner. In the 
revision of the primary levelling of Great Britcain, commenced in 1911 by 
the Ordnance Survey, these fundamental marks are established at intervals 
of ab^jut 25 miles. Their sites are selected with reference to the geological 
structure so that they may be placed on sound strata clear of mining areas. 
They arc placed at about 3 ft. below the surface, and are embedded in 
the floor of a covered concrete cham})er formed in the solid rock. The new 
secondary bench marks, about 1 mile apart, are on plates, which ai-e 
fixed flush on vertical surfaces of walls, etc., with solid foundations. The 
tertiary marks, averaging about 400 yards apart, consist of copper plugs 
inserted in horizontal surfaces. 

The areas within and between lines of primary levels arc dealt with 
by subsidiary lines closing within shorter distances. The allowable 
discrefuincy between forward and back lines may be greater than in the 
Ciase of primary lines. The general methods, however, are the same, since 
the instruments and methods of observation used in primary work aie 
not prejudicial to good progress. The interval between subsidiaiy 
bench marks depends upon local circumstances, and should be suited to 
the needs of the detail survey's. A com])lete rc»cord must be made of the 
position and description of all bench niaiks. 

Precautions in Running Lines. In running a line of precise levels, the 
surveyor must consistently adhere to a definite routine of observatio»i. 
The routine depends upon the instrument used, and should be designed 
to reduce all possible errors to a minimum. 

To limit the effect of instrumental errors, the requirement of equality 
of backsight and foresight distances is all important. Thc‘.se distances 
arc given by the stadia hair readings, and a limit, of from 1 m. lo 10 m., 
is set to the maximum allowable difference between a backsiglit and the 
associated foresight. It is especially ncccs.sary that the sum of tlie 
backsight distances should balance that of the foresights between l)enches. 
TJie observed staff intercepts should therefore be kept summed by the 
recorder, and the total difference between tlie. backsight and foresight 
intercepts should be maintained throughout within narrow limits and bo 
balanced out on reaching a bench mark. 

In first-order work the standard graduation error of each staff has to 
be carefully determined. In the Ordnance Survey levelling this was done 
in the standard room by means of a standard invar ta})e for which the errors 
at every 0*1 ft. were known. Having brought the O-l-ft graduation on 
the tape into coincidence with the 0*i-ft. graduation on the invar strip. 
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the errors e at every 0'1-ft. mark were recorded on a calihra< ion .slu*et 
and 100 observation equations of the form 

X + By — e, 

in wliicJi X = index error of the zero mark, y = average graduation (Tror 
per foot run of staff and the readings R vary from 0-1 ft. to lU-0 ft., wcut; 
formed and solved by least squan^s for each staff. In tliis equation, 
Iiowever, x is the index error of the zero mark on the graduated strip liut 
this does not coincide witJi tlic zero error of the base of the staff, which is 
really the one required. Consequently, the true index error for each j>air 
of staffs was found by sotting up each staff of the pair alternately on the 
same mark and taking readings to it from a fixed position of the instru- 
ment. After the corrections from the two calibration sheets had bc(*n 
applied, the difference between the results gave the index error for the 
pair. 

For less precise work the graduation error per foot run may be obtained 
by measuring the distance between the zero and end graduations by 
means of a standardised invar tape. This should be done at least once 
a month and also after considerable changes in humidity. The adju.stmcnt 
of the staff level must also be tested regularly. 

The staffs should always be used in pairs with the index error of each 
pair determined as described above. The coefficient of expansion of the 
invar strip must be known and temperatures should be observed in the 
•iield while work is in progress. These temperature observations can be 
taken at every change point, but, if the coetficient of the invar is small, 
or if temperature conditions arc fairly sta})le, obsi^rvations at less fn^quent 
intervals will usually be sufficient. 

Errors of reading are kept low by limiting the hujgbh of sight. The 
allowable distance depends upon the atmospheric conditions as well as 
the quality of the telescoi^e and the sensitiveness of the bubble'. On the 
Ordnance Survey the length of sight rarely exceeds 40 yards and never 50. 
In some surveys it exceeds 100 metres under favoiirabhi conditions, 
but some fairly recent experiments in Ceylon indicate that, for tropical 
conditions such as arc met with there and using Watts and Cooke, 
Troughton & Simms’ precise levels, the ideal length of sight is about 
70 ft.* Readings arc taken agaiast the three horizontal hairs and 
averaged. Errors of estimation are thereby reduced, and comparison of 
the stadia hair readings with that of the centre hair affords a most useful 
check on the sighting and booking and helps to prevent gross errors. 

When a Cooke, Troughton & Simms or other similar type of level is 
used, one set of readings is taken with bubble left and then a similar set 
with bubble right. 

To minimise errors cau.sed by settlement or heaving of the instrument 
between observations, as little time as possible should elap.se between 
them, and from every second station the foresight should be read before 
the baclvsight. Two staffs should be used to economise time, and therefore 
the same staff is always observed first after setting up the instrument. 
The precaution of alternately reading the backsight and foresight first 

* Seo “ The Ideal Distaace for Prccirjo Levelling ” by W. W. Williams in The 
Empire ^Survey Review, Vol. I, No. 5, 1932. 
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would (eliminate the otfect of 'ifittleinent or heaving if the same change 
always occiirrc^d between o iStTvations. Errors caused by change of 
(‘l(ivation of a change jioiiit, although they are unlikely to be serious 
wlien pins are used, are reduced by running the duplicate lines in opposite 
dirc<5tions and distributing tlie discrepancy. 

Errors fioni natural causes may contribute largely to the closing error. 
The instrument must be shi(*ld('d from wind, and work suspended when 
the vibration of the staff intcrfcTr^s with the estimation of readings. 
Sources of cuTor due to tempruat lire an* threefohl : (a) variable atmospheric 
refraction ; (6) irregular refraction nc-ar ground level ; (c) un(.*qual expan- 
sion and contraction of the instrument. The effect of change in the 
eoefficiiuit of r(‘fraction occurring between backsights and foresights is 
retlueed by taking them in rapid succession. Refraction chang(*s most 
rapidly in the morning and evcuiing, and is steadiest during the middle of 
the day (page^ 42(5), but, unfortunately, irregular refraction, or shimmer, 
which eans(‘H an ap])arent trembling of the staff, is then at its worst. Tliis 
atmospheric disturbance is frequently siicli as to necessitate a suspension 
of work during the midday hours, but its effects can be greatly reduced by 
sliortening the length of sight and by avoiding readings near the ground. 
Unequal licating of the instrument may give rise to serious error, and in 
sunshine it is essential to shade the instrument during both observation 
and iranspuit 

Tlu; effect of curvaliin* and r(*fraction is generally very small because 
of the balancing of the backsight and fori*sight distances. When an* 
unusually long sight is unavoidable, as at a river crossing, reciprocal 
levelling (Vol. J, page 328) is preferable to equalising the sum of the 
backsight and foresight distances later, probably under different atmo- 
spheric conditions, fn tlie most refined method of reciprocal levelling, 
jiossibic error due to change of refraction wliile the instrument is being 
taken across the river is eliminated by simultaneous observations from 
both banks. Two instninionts arc u.sed, and the two staffs arc read from 
each, the long sights Ixu'ng simultaneous. The positions of the instruments 
are then interchanged, and the observations are repeat'^il. The mean of 
the four diff(*renu(‘s of Icwl so obtained is the required difference. 

Note-keeping. The columnar arrangement of the field book may 
take various forms, but at least the following quantities are tabulated 
in fivi' columns for the backsights and five for the foresiglits. 

J. TJi.* riN'idings of the three hairs. 

2. Their im*an. 

3. Th(^ two partial staff intercepts and their total. 

4. The sum of the whole intercepts up to each observation. 

5. The number of the staff observed. 

Tile n^cord also includes, either in tabular form or as remarks, a note 
of the beiieli marks between wliieli levelling is being conducted, whether 
the line is the forward or backward one, the hour of day, the staff tempera- 
tur(‘s, th(' slate of the weather as regards sunshine, wind, and clearness of 
atmosphere, and the direction of the line relatively to the sun and wind. 
The respective sums of the backsight and foresight mean readings between 
beneli marks are brought out, their difference being the observed difference 
of elevation. 
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Computation ol Levels. Differences of elevation shown in the field 
book are only approximate since they are subject to various corrections. 
To facilitate checking, corrections are best set out and applied in tabular 
form in a book into which are transferred from the field book the quantities 
required for computation. These include, for both the forward and back- 
ward lines, sums of backsights and foresights between bench marks, sums 
of staff intercepts for backsights and foresights, average staff tempera- 
tures, state of weather, and direction of line. The corrections to the 
approximate difference of elevation are for : (1) instrumental error ; (2) 
staff length and temperature ; (3) curvature and refraction ; (4) ortho- 
metric elevation. 

(1) Constant instrumental error, consisting of collimation error and 
other errors peculiar to particular types of instrument, is corrected by 
multiplying the difference between the sums of the baclcsight and foresight 
staff intercepts, or the corresponding actual distance, by the appropriate 
constant. 

(2) The staff correction to standard and for temperature is proportional 
to the observed difference of elevation, the temperature correction being 
derived with sufficient accuracy from the av^erage temperature during 
the observations between bench marks. 

(3) The curvature and refraction correction is a^iplicable only to the 
difference between the sums of the backsight and foresight distances, and 
^his should be so small that an average value of the refraction coefficient 
may safely be adopted. 

(4) The orthometric correction need not be applied to ordinary levelling 
but becomes appreciable wlien precise levelling is involved. It is described 
in the following paragraphs. 

Ortiiometric and Dynamic Heights and Corrections. The orthometric 
elevation of a point above mean sea level is the length of the vertical 
between that surface and the point. Its dynamic elevation is measured 
by the work required to raise unit mass from mc^an sea level to the point. 
A line of constant orthonietric elevation is parallel to the mean sea level 
surface, but, because of the variation of gravity with latitude (page 184), 
a line of constant dynamic elevation is parallel to nujan sea level only 
when it lies along a parallel of latitude. 

Tlie free surface of a still liquid is a dynamically level surface. Eleva- 
tions obtained by spirit levelling are therefore dependent upon gravity, 
and observed differences of elevation require corrections to transform 
them to orthometric differences of elevation. The amount of the correction 
becomes appreciable for lines at a considerable height above sea level 
and lying roughly north and south. Let c be the correction to be applied 
to an observed difference of elevation, as determined from a scries of staff 
readings with a level, to convert it to an orthomctric difference of eleva- 
tion, H the mean elevation of the two points above mean sea level, ^ 
their mean latitude and their difference in latitude in seconds of arc. 
Then, with c and H in the same linear units : — 

c ■=? 0*005302 H . sin 2(f> . 8^ , sin I''. 

The correction is subtractive (additive) to the observed difference of 
elevation when the fore-point lies north (south) of the rear-point. As a 
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general rule it is applied to differences of elevation between successive 
bench marks, not to differences between individual foresights and back- 
sights, and in southern latitudes the above rule of signs is revcfrscd. The 
correction, of course, takes no account of local deviations in the direction 
of gravity caused by irregularity of the distribution of mass in the 
earth’s crust (page 48). 

The difference between orthometric and dynamic heigiits, and the 
necessity for the orthometric correction, may, perhaps be better undcu- 
stood from a consideration of Fig. 147. Here A and B are two ])oints 
at sea level and C and D are two others 
which are vertically above A and B and 
lie on a dynamically level or equipotential 
surface DC. Owing to the variation of 
gravity with latitude and height of station, 
the two equipotential surfaces DC and AB 
tend to converge together towards tlie 
pole and to diverge from one another 
towards the equator. Hence, the height 
BC is less than the height AD. Dyna- 
mically, the height of C is equal to tlie 
height of D, so that, if the two points were connected by a pipe line, 
both would coincide with tlie water level in the pipe. TJie orthoractric 
elevations, however, are the heights AD and BC. Hence, although tlw 
dynamic heights arc equivalent, the orthometric elevations are not equal 
to one another. 

In the process of l(*velling. the axis of the bubble is tangential to the 
equipotential surface passing through it. so that tlie actual levelling of 
the instrument is a “ dynamicar' operation. On the other liand. the 
staff readings are the results of a purely ** orthometric ** operation. 
Hence ordinary levelling is a mixture of dynamical and orthometric 
processes in which a scries of orthometric measurements are made from 
lines tangential to different equipotential surfaces. Conse(|uently. in 
jirecise work all lines exccjit tho.'^e running along a parallel of latitude 
must have a series of small ((urections a])plied at fretpumt intervals to 
the observed differences of level — .say at the ends of the intervals between 
successive bench marks -in order to allow’ for the convergence t)f the 
eejuipotential surfaces at the ends of the lines of sight. 

From the point of view of hydraulics, the heights wliich are of most 
interest are the dynamic heights. To define the values for these in terms 
of foot-pounds of work is liighly inconvenient in practice. Accordingly, 
they arc often defined as follows ; In Fig. 147 let A be any point at sea 
level nearer than BC to the equator and on .some parallel of latitude 
which is chosen as a standard parallel. Through C draw a level or equi- 
potential surface to intersect the vertical tlirough A at D. TJicn BC is 
the orthometric elevation of the hill but AD is taken as its dynamic 
height. In this way it is possible to compare the dynamic heights of 
different points since they all liecome both dynamic and orthometrie 
heights on the standard parallel. This standard parallel is usually 
chosen so that it is situated about the mean latitude of the area under 
survey. In England it is the parallel 63® N. 


p 
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Orthonietric heights may easily be converted into dynamic heights by 
applying the correction 

, rj _ rjf ^ + 0-005302 sin* <!> \ 

\1 + 0-005302 sin* ^0 / 

where h = the dynamic height of the point, 

H = its orthometric elevation, 

<f> = its approximate latitude, 

(f>Q = the latitude of the standard parallel. 

A table giving this correction for H = 1,000 ft. and for dilTerent values 
of <f> can easily be compiled and the ai>x)lication of the correction then 
becomes a very easy matter. 

The formulae given above are easily derived from the expressions for 
the variation of ''g” with latitude and with height above sea level 
given on page 184. 

The orthometric and dynamical corrections are usually very small 
but still within the limits of observation when precise levelling methods 
are used. The lieights given on the Ordnance Survey maps, when these 
are based on the new geodetic levelling, arc orthonietric heights. 

For further information on this subject sec “ The Second Geodetic 
Levelling of England and Wales 1912-1921 ** or a paper by Jolly in the 
Empire Survey Review, Vol. II, Nos. 12 ami 14, 1934.* 

Propagation of Error in Precise Spirit Levelling, (i) LaUmmntVs 
Formulae As a result of a study of the results of th(‘ National h‘velling 
of France, Mons. C. Lallemand assumed that, apart from gross errors 
against which every precaution should be taken, ])ie(*is(‘ spirit li‘velling 
is subject to errors that may be either accidental or systematic. Tin? 
accidental errors arise from various causes - (‘rrors in estimation of stall 
r'eading, errois in sighting, effect of wind on instrument or* of sc'ttimmmt 
of staff, etc. — but the causes which give rise to systmnatic (‘t rors, if these 
exist, are not so clt*ar. In (beat Hritain, for instance, the pr(‘dominant 
error in the 1912-1921 lewlling of England and Wales was such as to 
make the end ])oint of a single liiu* of levelling too low with r‘es])ect to 
the starting point, but this was not the case in ( Vylon. whmr* the so-caII(‘d 
•systematic errors showed consi(ler*able variations in sign and direction. 

In the computations relating to the second geodetic l(*velling of England 
and Wales of 1912-1921, the metlnxl adopted for deternrining systi‘matic 
ciTor was a grajrhical oiu* used by M. Lallemand in which differences 
between the forward and backward levellings, as carried through from 
the same initial bench mark, are plotted against length of line. If no 
systematic error existed, these differences would tend to oscillate evenly 
on either side of th(» horizontal axis of distances, so that a give-and-take 
line dr-awn t() cv'on them out would coincide with this axis, and the oscilla- 
tions on either side of the line would represent errors that arc purely 
accidental. In practice, however, the give-and-take line seldom coincides 
with the axis of distance but shows a decided tendency to slope in one 
particular direction, ?ind this slope is taken as an indication, and a measure, 

• ** Local Attractirms and their Tnfliioiwc on th»' Dc'tcriiiiniiiion of Hcigfit aliovo 

Mean Sea Level,” by IL L. V. Jolly. Empire Surrey lieview, Vol. II, Nob. 12 and 14. 
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ui etjratciuatiu uiTur. xaus, n o iB me intercept in leet on trie axjs oi error 
for the ends of the givc-and^ake line, and L is the length of the line of 
levelling in miles, then < 7 ^, the probable systematic error of a single line 
of double levelling in feet per mile, is given by : — 

8 

3L 

In many cases a single give-and-take line, which will follow the plotted 
differences between buck and forward levellings reasonably closely, 
cannot be drawn from one (uid of the curve to the other, and it may be 
necessary to divide the curve into several parts and draw separate give- 
and-take lines for each part. In this ease, if aS'j, 82 , 8 ^, . . • are the 
differences between the ond ordinates of the individual give-and-take 
liiU'S, Lj, Lg, L 3 , . . . the corn\sponding lengths in miles, then 8 for the 
whe'e line nmy be calculated from : — 

V2 .<J 2 V 2 2 

1 1. -12. I I 

L Li ^ Lg * L 3 ^ ‘ ' 

wh(*re L Li Lg + L.^ . 

Fig. 148 shows a j)lot of forward minus backward h*vellings in which 



h'lr., us. 


four giv(»-and-take lines have becui drawn at points wliere thi‘ general 
direction of the curve changes nion* or less abruptly. 

For a single line of levelling, the probable accidental error ilerivcd 
from llu^ discrepancies between the forward and backward levellings is 
given by the formula ; — 

= iiiH - f’S] 

wliore L i.s tin? loiiKth of tho lino, [Ji-] is tho sum of tlio .squares of the 
(lifTercuK‘e.s between forwanl and baekwanl levellings ovi-r the spaee.« 
iHjtweeii iioighbonring bench marks, ami [r®] is the sum of the sqiian^s of 
the distances between bench marks. This formula, together with tlu? one 
already given for prohahle .systemalie error, is known a.s Lallamand's 
formula. 

When lines are combined to give general values for and we get 
the first two of the formiiliu adoi)ted by the International tJemletie 
Association in 1U12, which arc as follows 


P. A U. 8. 
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, for litiofc* not forming a nvi. 

^ 1 ^ network eontaiiring at luast 

~ ~ Vri^ij pohgons. 

In tJiefc?e forniute, [ J denotes summation over all tli(» lines or n<»t\vork 
forming the whole survey. In the last fonniiln,/ denotes the closing (‘iror 
of a poh’gon and L refers to the sides of the different polygons. J n Hritish 
practice, and A arc usually expressed as decimals of a foot and L in 
miles ; if metric units arc used, S and A are usually express(‘d in millt- 
nietres and L in kilometres. 

The International Geodetic Association, when adopting these as stan- 
dard formulaD, also laid it down that “ in future thcae be classified as 
‘Levelling of High Precision* the levelling on a line, group of lines, or 
lU'twork which has been run in both the forward and backward directions, 
on different dates if possible, and for which the probable (^rrors, uniformly 
computed by the given formula?, do not (‘Xceed ± !•() mm. j)er km.* and 

0-2 mm. per km.*’ * If probable errors are expr(\ssi‘d in dc'cimals of a 
foot and the lengths in miles these expressions Ixh'ouic : — 

Probable Accidental Error not to exceed i 0‘004l() ft. per mile*. 
Probable Systematic Error not to exceed dz d-ODlOfi ft. piu* milt‘. 

On the English geodetic levelling the values actually obtaiiu'd were : — 
rj,. = ± 0-00182 ft. per mile*. 

<7,. = 4^ 0-00119 ft. per niil(». 

<7,. = ± 0-00003 ft. i)er mile. 


1 


a,r — 


i)LL]LA 


(ii) Vifjnal and Jinnr's Fnrmnhv. On very long line's of Iev(*lling, or 
ill an extensive network eif line's, it has long bei*n nolieeil that eliKsing 
eiTois tend, on the whole, to vary in such a manner that IIk'V have' most 
of the characteristies of ace**ielental errors, so that they are* propeirtional 
to the sijuare reiot eif the length ejf the line, but tliat this is not altogi'ther 
tiue when lines are slie)rt. This fact aiul e>tiier e-emside'iations liave* h'el 
M. Jean Vignal, Directeur du Nivelleinent (hhiea’a! de la Frane-e. and 
either geoeU'sists, to exaininei and eritie-isu Lallemand’s hypotlu'sis of 
systematic error ami to propose other Ibrmuhe for e'aleulating the* probable 
erre)rs of precise levelling. These revised formuhe were* ado|)te*d officially 
in replacement of tluise eif Lalleinanel by the International Asseie iat ion eJ’ 
Geodesy in 1930. Hy that time, heiwever, a goexl de.‘al of important 
results had been published in which the precision of the re'sults had been 
calculated in terms of Lallemaner.s femnuhe. 

In the Miles ]m)])e)S(Hi by Vignal anel ado])t(*d by the Inte'inatiemal 
Association of Geode.sy, tw’o chiss(*.s of errors are recognise*d. The first 
class corresponds to the accidental type in Lallemand’s forniulaj and 
consists of ‘‘ T^-errors ” which are due to eausi's that act independently 
on each successive poilion of levelling and whicli obey the ordinary 
Gaussian law's of error. They are charac-leiised by a jirobalili* (ac^ei- 


* Comptes Rendus de la Conference. Geodinique Internationale, 1912, II, p. 252. 
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dental) ‘ ‘ly-error ’ jkt kilometre, r), such that the probable en*or, due to 
errors of this class, in the difference in elevation between two bench 
marks J) kilometres ajiart, is equal to ri'\/l), whatever the distance J) 
may b(*.” The sec(»iid class of error consists of f-errors ” whicli “ are 
du(‘ t(» caus(‘s that act in a similar way on successive* nv near-by jiieces of 
lcv(dling. TJi(‘y (h) ncit ob(*y th** Gair^sian laws. They act like accidental 
(‘rrors on two bench marks !) kilometres apart only if tlie distance D 
cxce(‘(ls a ceidain limit Z, of tin* order f>f ma^niturle of souk* tens of 
kilonrtdies, which is subj«*ct to \ai ration with tiu* mc*thod of levelling. 
They arc* ehaiaeterisc*d by a piobalile (aeeiclenial) ' ^-erior ’ |)(*r kilomcdie, 

such that if the* di-^tance /> l)<*t\\c‘en two l)c*nch marks is gn*ater than 
{he limit Z, the* pidbable error of thc*ir diffei(*ncc* of elevation due to 
thesc‘ soiir-ees of c*rr*or is ^\^ !>. If the* dUtance* is Ic'ss than the limit Z, 
the* coenici(*nt of ]ird|)ortionality of this probable* error aff(‘cting the* 
scpiarc* r*oot of !> dc'c teases tr'om the* \aluc‘ ^ to zcmo as I) d(*creaM*s fr’oni 
the* limit Z to z<*rd.’' * TIh'm* two errors can llie*tr Ire* combine‘d to give 
tire* ‘ total ])rdbabl(‘ (aeeielental) error*’ pe*r kilfanitie*. €, ^uch that, 
prervieU'd /> e\ce*e“ds Z. the total ))rdbabl(* (*rr<»r of the* diffe‘rc‘rict* in ele*\a- 
tionof two be*neh marks /> kilometre's a])at‘t is e‘(jual to e V /> and A\e* ha\ e* 

On the* Kr<*rrch ie sellirrg, it was found that the* limiting elivtaine* Z was 
ge*nerally e»f the order of somewhere abemt oO to tiO kilorru*tits. 

Now. u^irig Vignal's rrotatiorr in whie h 2’ r’e*place*s [ |. h*t 

r irrte*r\al l)e*twe*e*rt twer e*on^e*( irtive* bene'h maik^. 
rrre*an value* eif this inte‘r\al. 

t\ ^ numl>e*r of inte*r\als be*twe‘e*n e*e»rrse'eutiv(* l)e*n(‘h marks. 

2V the* total le*rrgtli e»f the'se* irrte*rvals. eeiiial to the* total le*ngth of 
the* ne*t (2V 27y // ' r.„), 

f) the* dise*re*|)ane*y be*twe*e‘rr the re*sults of the* twe) le*ve*lling o])e*ia- 
tiears e*onsidered (if the* levellirrg consiele*re‘el is the* mean e)f 
two sireh operatieerrs), few two eM^nseeutive* beruh marks. 

L length e»f erne e>f the ** jrortions ” Lute) which the ne*t may br 
elivided arbit rarily. 

Ij me*an le*nglh of these* irortiems, 

n, the* number of tlu*se le*ngths, 

2JL their tertal le*ngth (2L a, X L,„). 

A elise*re*pancy between the results erf twer le*ve*llings be*twe*en the* 
e*rrels of a jrerrtiern, 

Z limiting distaiu'e beyond whi(*h the ])rdl)able errew erf the eliffer- 
ence of I'lenation be*twt*('n twrr jrerints is ]rrerperrtiernal ter the 
se|Uare' rerot erf the distaiu*e betwe'en the' perints. 
length erf the ])eriinete*r erf a clersed surrenind. 

P the* me*an vrdue* erf the* 7^'s of the* diffe'i’e*nt sur'tdunels ferraning the' 
ne‘twerrk, 

n^, the number of the* .surrerunds, 

2JP the* sum of the* lengths erf their ]HMime'te*rs (IP ~ w. \ ). 

* “ Iiiti*rnatierunl Ke'serlutiiriis Holative* ter Li*\ elling of High riveision. " HitlUtm 

OMosique, No. til, ,Ianvie'r-Ft*vrior-MHrs. page? 177. 
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/ = tlie closing error of a surround after the application of all instru- 
mental and theoretical corrections have been applied, including 
the orthoniorpliie and dynamic corrections. 

Two sets of formulai are given, one in which the observations aio of 
equal weight and the other in whicli they are given weights pro])oi tional 
to r, L and P respectively. The first method gives a better a})])roximation, 
especially when the number of elements is small ; the other involves 
slightly simpler calculations. 

Let 

K«liial Wi'luhts Wci^lits proportional to r, />, P 


II 

I 

„ "2 ^ r-2 

' ■ ^ 

il 

e, — - 27. t* 

' !»27^ 

4 n 

c '2 --- 2'*'- • 

1)/;, P’ 

4 

//2 y' f 2 

• ^ \)EP 


If i)ossil)lc, the value of n in each of these ex])rcssions should not be 
less than 10. (Calculate the values of or for dilTenait values of 
or and note when they tend to have a eonstant value iiuh^pendeiit 
of or P„,. The distance where this occurs gives the rt*([uire(l a])j)roxi- 
mate value of Z. Let Ej and denote* flu* limits towards which e, aiul 
f'^.^tend. The probable rj- and j-errors ])er kilonu*tr(*l and tiu* probahh* 
total error per kilometre!, €, are then found from : — 





1 

^ Z 2V 


« — A,, : e - 

In all cases in th(*se formuhe p. A,f. -q, e, and e are ex|)ressed in milli- 
metres and r, L, P afid Z in kilometres. 

In the above, when the limit is reached, it is best to take intf) account 
the closing error and peiimeter of the outer surround in the expressions 
for and We then write 


= 




1) P’ 


4 

+ 1)1 


[; ^ 'EP ^ p\ 


in which the term E in the first exj)ression includes the figures for the 


outer surround, and the first term in the square bracket on tin* right of 
the second expression does not include the figures for tlu* outer surround, 

P 

as the second term, is intended to embody th(*se figures. 


If T^llemand’s formulai have already be(*n used to calculate the 
“probable systematic error,” a, the results can be used to calculate { 
and €. In this case, for />,„ greater than Z, 


Ip El, - 
** = A’?, - W, 
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whore 

from 


AVs- tlie limiting value of for ^/.s being calculated 


I N2 
Ij 


or 


p"2 

LS 


\)EL 


ES\ 


For any length of the formula for ct, in Lallemaiurs h)rinula may be 
replaced by 


(7 


2 




where cr is the rcvise/l value? and is the value computed by Lallemand’s 
formula.* 

Consequent on the adoption of these new formuluj in 1930. th<^ Inter- 
national Assocication of (hMjdcsy also laid down two new definitions and 
classifications of ])rccisc levelling. 

(1) “ Levelling ()f Higli Prevision ” in which the total probable error € 
docs not exce(*d 2 millimetres ]>(‘r kilometrcL 

(2) “ Precise r^evelling in which the total probable error € does not 
exceed ti millimetres per kilometre^ 

When ])j()])able errors au* (expressed as fractions of a foot and distances 
in terms of miles, this means that levelling is “ levelling of high ])recision 
if € does rot ('\eeed 0'(Mj83 ft. ])er milef, aiul it is “ precise levelling ” 
if e does not excised 0*02r)0 ft. per milcL 

Allowable Discrepancies between Forward and Backward Leveling. 

While th(j rules just given afford a useful measure of the quality of the 
completed work as a whok*, they do not give the surveyor in the field a 
convenient working rule by means of which he can know whether his work 
is acce])table or not. For this j)urpose, other working rules have been 
d(‘vise(l which are based on the assumption that the errors of levelling 
ai(‘ accidental only, and thus obey the usual square root law. According 
to the rules adopt<*(i by the International (Geodetic Association in 1912, the 
prob{il)le accid(*ntal error of a single line? of levelling should not exceed, in 
fo<'f, 0*004\/j/, where M is the length of the liTie in miles. This 
limit should not normally be exceeded if the maximum allowable dis- 
cri*pancy of the forward and backward levellings between a single pair of 
neighbouring bench marks is taken to be, say, ± 0-010\/jf where M is 
the distance between the two bench marks in miles. Usually, the 
discrepamw actually measured should be less than this, but, if it is more, 
the line should be relevelled. 

In the CVylon levelling, the rule adopted was that the section was to be 
renu^asured if the difference between forward and backward levellings 
was more than i 0-00 o\/F, where F is the leiiglh of a section between 
adjacent bench marks in thousands of feet.f This is equivalent to 
i 0-0llo\/j/, where is the length of the sect’on in miles. In the 


* “ Kapport sur Ij'Kvaluation ties Krrours Prohahlo ‘ ^ ' Systoiiiaticjue Totalo 
par Kiluin^tro il’uno Mt^tluule ilo Xivellcnwiit par Ic I’rociMlo (ios Droitos Monoiiiu*s,*‘ 
}iy Prof. (J. K. Kune and Jean Visual, liulktin iitoiiisiquc^ Xo. 1)2, A\ ril-Mai-Juin, 
pages 442 453. 

t yoe “Geodetic Levelling of Ceylon/* by T. P. Price, Empin^ Survey Ihvitiv, 
Vol. I, No. 5, 1932. 
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Ordnance Survey levelling the rule is that the diff(Menee should not 
exceed * ()•()! 17 \/J/. 

At its I1).*U> meeting, the International Association of (Jeodesy gave no 
easy rules foi* the allowable tolerances which are so convenic^nt as the 
earlier rules, but recommended that those ])arts of a line of levelling 
whi(‘h is to be regarded as levelling of high ])recision should re-levelled 
if the discrepancy between forward and backward l(‘vc*llings i‘xc(*eds 
the following values in millimetres : — 

(1) For the T^-discrepancy, p — ' t) to S 7]\^r, 

(2) For tlie ^-discrepancy. For a length L less than stweral tens of 

kilometres, A - ' 2 to 2-o e/J and for a length gn^ater tlian several 

tens of kliometres A ~ _i. (J to S e\/ L. 

In addition, tlie total ])robable error €, comjmtcd for the whoU* work, 
should not exceed the limit of 2 millimeties per kilometre* laid down for 
levelling of high jmvision. 

Jn all (*ases, the values of and € to be used in tlu^se ruli‘s aie those 
found for ” levelling o])erations ])erformed by the same nudhod as the 
levelling operations in (picstion.’' 

Adjustment of a Network of Precise Spirit Levels. In theory, t\w 
difficulty in the adjustment of a network of pnxu'se spirit hovels is the 
assignment of proper weights to the observed dilferenees in elevation 
l/ctween the ends of tlie different lines. It would, of course, be possible 
to calculate the probable errors by the rules given above, taking into 
account the systematic errors by the methods already dcvscribed, and 
then to weight the observations inversely as the squares of the probable 
errors. In any long liju*, however, the systematic (*rrors vary in such a 
way over the different parts of the line that it is legitimatt* to consider 
them, in the .aggregate, as being of the same ncalure, or rather having 
much the same chargeterisi ics and obeying the sanu^ laws, as accidental 
errors, and this .assumption becomes even more justific'd when a nctw'ork 
of different lines is considered as a whole. Thus, in the English levelling, 
it was found that, for lines exceeding 35 miles in length, the errors were 
of an accidental nature as regards their effect on tlie line as a whole. 
Th is being so, the probable error tends to be proportional to tin* square 
root of tli(i length and hence the tveight to be assigned to the observed difference 
of elevation of the end points of any particular line should be the reciprocal 
of the length of the line. When liiu*s are V(*ry short, and jiolygons are 
cons(‘quently small, this rule m.ay not Ix' (*ntin‘ly valid and it may lx* 
advisable to take into account the effects of systematic (uror. Usually, 
however, the simplest procedure is to adopt tlx; ordinary rule for a 
preliminary adjustment, and then, if the cornictions se‘em to be out of 
proportion, to adopt new weights and make a new adjustnuuit. This 
should seldom be necessary, and it may be notccl that, after the ordi- 
nary adjustment with wtjights iiiversely proportional to the lengths of 
the lines, no further adjustment was considered necessary on the 
English, Indian and American networks, even although the two latter 
showed much larger systematic errors on long lines than the English 
levelling did. 
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After the weights to be used have been decided, the solution is best 
carried out by least squares, though, for work that is not of the first order, 
a system of weighted means may be used if necessary. 

The whole question of the propagation of error in precise hjvelling, 
and of the adjustment of networks of lines 
of levels, is discussed in considerable detail 
by H. L. P. Jolly in “ The Second Geodetic 
Levelling of England and Wales, 1912-21,** 
to which the reader is referred for further 
information. 

Ah ail oxamplo of a solution by loast squares 
take tho small network shown in Fig. 149 for 
which tho data are sot out below. 

Elevation of Point 0= 1,4!{4*025S ft. obove 
]M.S.L. 



yroiii 

■lo 

Uilfcreiu'C of KlevAfion 

Length 

Corrcttiori. 



Fict 

Milfts 


i) 

1 

• I3(I040!» 

151-9 

‘''i 

1 

2 

:u 1-91 IS 

95-4 


2 

:i 

2:ke9 44.S 

^7-2 


:i 

9 

29.1 0291 

74-5 


0 

4 

i .>2- 1992 

Sit 

•^'6 

4 

a 

i 12-97()9 

.‘12-1 


o 

1 

! «)4-.S295 

49'2 

•^7 • 

4 

4 

-- 152-7774 

39-0 


2 

f) 

- :i7C}‘7:i44 

59- 1 



All tho a!)Ovo diffisn'iices of elevation, which are purely imaginary, arc supposed 
to hav'o hail tho orthoim-trie correction already applied to them. 

Thero aro U ob.servat ions, so that if ol)*>erviitiou equations, with assumed approxi- 
mates heights for tho points I, 2, 9, 4 and were ii^od, thero would bo 9 observation 
equations ami o normal equations. If coiniitiou equations aro iiM*d thero an' 9 lines, 
eacli of wlii»’h will lix a point, and there are 5 mwv point.s to be tixod. Conseipiently, 
there will b(i 9 — "» — 4 eorulitions, giving 4 nurmAl equation'^ ' ly. Tb*iico, it will 
ho quicker to umo r«)uditioii equations,* 

The tir.-^t condition equation is for the circuit t)154(b and hence tlie equMtion is 

i;ii)-0109 {- - t51S29o - 12-97(>t) - .I’e - 021902 -- ./ jj - U 


.'1 - - -*'7 + « 

Similarly, for tin* thiee other circuits, 12ol, 23b)2 ami 40411 : - 

.< 2 -f .r, 4- .r, f 0 t)009 = 9 (B) 

•»'a + -'*0 r — >9 —00118=0 (C) 

•''4 -! -<'5 - J’s “ O OltM =0 (D) 


Tlio weights are inxersely as the longth.s of the line.s. so that the reciprocals of the 
weights will he the lengths of the lines theraselvivs, and. in order to avoid large 
numbers, it will he c«>n\enient to express the lengths in terms of a hundred mde*.. 
Hence, we liave llu' follow ing table for forming the correlative t'qiiations ; — 

* Tho conilition that tho number of eouditioual normal equations should be less 
than tlie number of observation normal equations is that / — n should bo less than 
n ; that is, / < 2/i, where I is tho numher of linos and /i tho numbor of ncic points 

to bo fixed. 



424 


PLANE AND GEODETIC SURVEYING 


T 



W 

A 

B 

C 

D 

Sum. 

a*i 

1*52 

+ 1 




4- 1 

^'2 

0!)6 


+ 1 



1- 1 


0-87 



+ 1 


+ 1 


0-74 




d- 1 

+ 1 

•Tg 

0*81 

- 1 



+ 1 

0 

^6 

0*32 

- 1 


+ 1 


0 

X. 

0-46 

- 1 

+ 1 



0 

Xg 

0-36 



+ 1 

- 1 

0 

Xg 

0*50 


+ 1 

- 1 


0 


In this tablo tho length of each lino has been divided by 100, so that tho unit of 
length is 100 miles. 


Tho correlative normal equations are ; — 


A B 

C 

D 

Abn. 

Sum. 

+ 311 -0-46 

- 0-32 

- 0-81 

+ 0-0392 

+ 1-5592 

+ 2-00 

- 0-59 

0 

+ 0-0069 

+ 0-9569 

which give tho correlatives 

+ 2-14 

- 0-36 
+ 1-01 

~ 0-0118 
- 0-0465 

+ 0-8582 
+ 0-6933 


■ 0-00613 

; C=^ 

+ 0-00780 ; 


11= - 

■ 0-00256 

; i>== 

+ 0-02321 ; 


aifil the corrections : — 

a-i = - 0-0003 ; 

Xg =s 

+ 0-0172 

; .r, = + 0 0016; 

- 0-0024 ; 


+ 0-0238 

: — 

0 00.">r> ; 

X, = + 0-0068 ; 

Xg = 

+ 0-0045 

; r, -. - 

00001. 


Hence, the corrected diffiTenc(»s of elevation are : — 


0 - 1 = I- J 30 0310 

1 - + 3110004 

2 - - 230 03SO 

3 - 0 ==:• - 205 0020 


and tho corrected elov'ations are 

0- -^ 1434 0253 

1 - - 15010500 
2= 1870-8003 


- 4-= 


52-2200 

— 5 =: 

f- 

12-9805 

~ 1 

f- 

61-8311 


— 

152-7829 

- 5 

-- 

376-7405, 


3- 1030-0283; 

4- 1847 1453; 
5= 1500-1258. 


Since the differences between forward an<l backwarri levellings are not given it is 
impossible to use th(3 International formukn for the cak-ulation of probable (Mrors, 
but we can cornputrj a probable «*rrorfroin tho formuho giving tlif> probable errors of 
conditioner! obs«*rvations. Taking lOO inik's as tho unit of k^igth so as to ker'p tlu^ 
weights somewhere in tho neighbourhood of unity, thrvse weights are obtained by 
dividing unity by tho quantities tabulated in the second column of tho abovr' 
table. Hence, the weights become 0-66, 1-05, 1-15, etc., and their sum [^e] is 
15-17. Multiplying the square of each correction by its appropriate weight and 
taking tho sum, wo get [w.v®] = 0-00142434. Then, using the formula given on page 
280, wo have : — p.e. of an unadjusted observation of unit weight 


± 0-6745^ 


/o-oo 142434 


ond y).e. of an adjusted observation of unit weight 


± 0-0127 ft. 


:t 0*0127 




1 51 7 


_+ 0 0073 ft. 
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These are the probable errors for a line 100 miles long, and, as probable errors 
are proportional to the square roots of the lengths, the p.o. for a line M miles long 
will ho given by : — 

p.e. of an unadjusted observation = ± 0-00127 \/ M 
p.o. of an adjusted observation = ± 0 *00073 

TJIIOONOMETRICAL LEVELLING 

Altliough ov(*n tlie best trigonometrical levelling will not give results 
that are any more accurate than those obtained from ordinary spirit 
levelling, and, from the i)oint of accuracy, cannot thus be put in the same 
cfitegory as precise si)irit levelling, yet trigonometrical levelling forms an 
important part of ge()detic surveying and serves to fix elevations of high 
points that could not easily be reached by lines of precise spirit levels. 
Hence, for the sake of convenience it is treated in the present chapter as 
part of the general subject of precise levelling. 

The postulate that precise spirit levelling is not suitable for determining 
the elevations of high points holds mainly for the common case where 
these points arc on high hills that rise abruptly above the surrounding 
plain, so that the approach to them is very ste<*p. In such circumstances, 
the one essential condition for obtaining accurate results by precise 
levelling methods the necessity for maintaining equality of foresights 
and backsights — cannot conveniently be maintained. In any event, 
extremely accurate determinations of the elevations of high isolatcTi 
points are seldom, or never, required in practical engineering work, but, 
with care, trigonometiical levelling will give results wdiich are of sufficient 
accuracy for all onlinary mapping purpo.ses. Moreover, when extreme 
accuracy is not essential, elcvatioiLs (letermiiied by trigonometrical means 
serve to cover quickly a definite belt of country with control heights, 
whereas a line of levels is confined to a single line only and several lines are 
required to cover an area of any width. In addition, precise spirit levelling 
is usually commenced long after the majn horizontal framework is 
complete, or widl on the way to completion. Cons^^ipiently, in nearly 
all cases, it is economically sound to take the opportunity of observing 
vertical angles at the same time as the horizontal angles are measured. 

Angle Measurement. Refinement in angular observation is necessary 
in order to obtain satisfactory results with long sights. For the best work 
the theodolite should have the vertical circle fitted with micrometers 
rciading to single socoJids and by estimation to tenths, and the angular 
value of a division of the bubble tube attached to the micrometer arm 
should not exceed 2 sec. The instrument known as the vertical circle has 
been extensively used in trigonometrical levelling. It possesses all the 
features of the Vertical angle measuring part of the theodolite without 
those for horizontal measurement, and may have the circle of repeating 
or non-repeating pattern. 

The record of an observation must include the height of the instrument 
axis above the ground point and tlic height of the observed point above 
the distant station, in order that, by application of the eye and object 
correction, the difference of elevation between the station marks may be 
determined. Each observation is made face right and face left, and is 



426 


PLANE AND GEODETIC SURVEYING 


accompanied by readings of the position of the bubble for ap]>lication of 
the level correction. At least two such observations constitute a measiiwi- 
ment. The pointings may bo made by means of the eyepiece micromotiir. 
If the several angles to be measured at a station are so nearly equal 
that their differences are within the range of the eyepiece micrometer, 
these differences may be observed micrometrically with reference to one 
or more points, the elevation of which is either known or is measured in 
the usual way. Iti the case of important determinations, one or more 
measurements are made each day during the tenancy of the instrument 
station for triangulation. For points of minor importance, a single 
observation, face right and face left, is all that is required. Each elevation 
should be determined by measurements from at least two points, and if 
observations liave to be made from a satellite station, the results must 
be corrected for eccentricity.* 

Large vertical angles can never be measured as accurately as horizontal 
ones because they cannot be observed on different zeroes, as horizontal 
ones can. Consequently, it is impossible to eliminate the effects of small 
errors of graduation of tlie circle. Small angles, however, may he observed 
with great accuracy by means of the eyepiece micrometer, as explained 
above. 

Refraction. Owing to the curvature of the line of sight caused by 
atmospheric refraction, an observed vertical angle differs from the true 
angle which the straight line joining the instrument to the signal makes 
with the horizontal through the instrument. The chief source of error in 
trigonometrical levelling is that arising from uncertainty regarding the 
amount of refraction. The uncertainty is greater in the case of terrestrial 
refraction, with which we are liere concerned, than for celestial or astro- 
nomical refraction, since the sights of trigonometrical levelling are never 
greatly inclined to the horizontal 

The usual way of dealing with the question is by use of the coeffieient 
of refraction. This is defined as tlu* ratio b(‘tw(*en the refraction angle, or 
angle at the instrument bet^veen the ideal straight line of sight and the? 
actual curved line ol sight, and the angh' which the two stations subtend 
at the centre of the earth. The line of sight is assumed to b(* a circular 
arc, and the coefficient of refraction to be indt'pendent of its elevation or 
inclination, but these assumptions are not strictly correct. Dr. Hunter, 
of the Survey of India,! has shown that refraction depends very largely 
on the rate at which the temperature changes with height and with tlu* 
change of this rate, and that it also depends on the height above tlu* 
horizontal plane through the observing station to which the ray extends. 
Thus, the refraction on a ray of given length differs accoixling as the ray is 
ascending or descending. 

It is well known that refraction varies in amount throughout the day. 
It is greatest in the morning and evening, and least and 8t(;adiest during 
the middle of tlie day. Its variation from day to day is found to be li^ss 
during the period of minimum refraction than at other hours. Vertical 

* See Gillespie, Surveying, Part It. 

t See “ Formula) for Atmospheric Refraction and thoir Application to Torrostrial 
Refraction and Geodesy,” by J. do Graaf Hunter. Survey of India, ProfoMsional 
Paper, No. 14, 1913. 
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angle observations should bo confined to this period, the duration of 
which, howevcT, varies in different parts of the earth, and should be 
investigated in important surveys by preliminary reciprocal observations. 
Generally speaking, the jXiriod from noon to 3 p.m. is the best, but in some 
ca^cs good observations are possible from about 10 a.m. to 4 p.m . Itefrac- 
tion may thus b(j least wlien “ shimmer ” is at its worst. 

The value of the coefficient of refraction to be used in reducing obscrva- 
tions is its average minimum value for the district, and should, if possible, 
be determined by simultaneous observation of reciprocal angles. Other- 
wise its value must be estimated from the results obtained under similar 
conditions. For the British Isles, Ool. Clarke obtained mean values of 
0*0750 and 0*0809 for sights over land and sea respectively.* The average 
values obtained by the United States Coast and Geodetic Survey range 
frc ni 0*065 for the ulterior to 0*078 for lines crossing x^arts of the sca.t 
A moan value of 0*065 was found in the measurement of the Uganda arc, 
and of 0*060 for observations to the highest peaks. J 
Methods ot Trigonometrical Levelling. Two general methods are 
employed to obtain the difference of elevation of two points of known 
distance apart. In th(^ first, it is determined from vertical angles observed 
from each station to the other. The object of such reciprocal observations 
is to reinovi.* ‘he effect of uneertaint}' regarding the value of the coefficient 
of refraction. Tlu' angle of refraction is taken as being the same for both 
stations, and is eliminated in the reduction. For the best results tfee 
reciprocal observations should be taken simultaneously. Owing to the 
difficulty of arranging for simultaneous observations, the measurements 
are sometiiiK's made at the time of minimum refraction on different days 
but with less accurate n^sults. 

In the second method, the difference of elevation is computed from 
the vertical angle niea.sured at one of the stations only, and a knowledge 
of the value of tlie n^fraction coefficient is required. This method is 
available for determ i»iing tlie elevation of the station occupied by observa- 
tion to a point of know/i elevation and it must be used f"'r determining the 
(‘levations of inaccessible a^ul int(‘rseeted iwints. 

Notation. In developing reduction formula), it will be supposed that 
it is required to d(‘termine the elevation of a station B from that of a 
station A, assumed known. The notation adox)ted is as follows : 

^ elevation of A above M.S.L. ; 

//o )t B ,, ,, 

D = g(*od(*fio or M.S.L. distance between A and B ; 

R -- radius of the earth at the mid-latitud(' of A and B ; 

0 ^ angle subtended at the centre of the eartli by /) ; 
a — observed vertical angle from A to B, corrected in recix>rocal 
observations for the difference in lieight of the instrument and 
the signal above the ground ; 
fc ,, from B to A ; 

* OrdiiaiK'O Survey, “ Account of tho Principal Triantziilatioii,” 1S5S. 
t Uiiitod States Coast and Uoodetic Survey lloport, 18S2, Appendix No. 9. 

X “ lieport of tlie Monsureinont of an Arc of Meridian in Uganda.” Colonial 
Survey Commit toe, 1913. 
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Jc = coeflScient of refraction, h6 being the angle of refraction ; 
c = angular eye and object correction for reciprocal observations ; 
i = height of the instrument above the ground ; 

3 = height of the point sighted above the ground. 

Reciprocal Observations. Eye and Object Correction, lu trigono- 
metrical levelling generally, it usually happens that the height above 
the ground, or above the station mark, at wliich the angle is observed is 
different from that of the signal. The difference of elevation obtained 
from an observation at one end of the line is that between the instrument 
and the point sighted, and is finally corrected for their difference of height 
above the ground. In the ctise of reciprocal observations, however, 
when the point observed to at each station is not that from which tlui 

observations are made, the observed angles 
O must bo reduced to true reciprocity before they 
are used in computing the difference oi elcva- 
S' tion. The amount of this angular correction to 
the observed angles may be (leduced as follows. 

In Fig. 150, let A represent tlu^ centre of thc^ 
instrument at one station. Let B at the other 
station represent a point at the same laugh t 
above the ground point as A, and lc*t C, at a 
distance i = (« — i), from B, be the point 
sighted. It is required to obtain the value of 
the angle c subt(*n(led by t at A. Mark A^ on 
OC at the Stame elevation above mean s(‘a l(»vel 
as A, and join AAj. AHj is the horizontal at A, 
and (a + c) is the angle* of elevation aelually 
Fio. 150 . observed at A. 

^ . . . . sin c t 




In triangle ABC. = 


but ABC = AOB + OAB == QO” + a . + 6(1 - k), 

amlAC-AA AA,C AA, sin (90° + 16) 

AA, (90-> _ o _ c - 6(1 - k))' 

. I sin (90° + « + ®(1 — ^■)) ■ sin (90° - « - - c — 6(1 — k)) 

^ ~ AA, sin (90° + \d) ' ■ 

__ i cos^ (a + c + 0(1 — k)) 

”” AAj cos \d ' 

where AA| = 2{R + sin \0. 

But, with sufficient accuracy for the purpose, D may be substituted for 
AAj, and since 0 is small, we have, with a smaller error than that- of 
refraction, 

t cos* (a + c) 
sin c = ^ 

or, since r is a very small angle, 

,, tco8*(a + c) 

® = i)8inl' ‘0 
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When the observed angle (a + c) is very small, it is suffieient to take 

t 


c 


( 2 ) 


jDsinr* 

winch is the more commonly used formula. 

The angle observed at B is similarly corrected for the corresponding 
value of attention being paid to the signs of the corrections. 

Difference of Elevation from Reciprocal Observations. Two cases may 
occur : (1) the difference in elevation of the two points may be sufficiently 
great that one of the observed angles is an elevation and the other a 
depression ; (2) the difference in elevation may be small enough in 
•relation to tlu? distance between the points that both angles are depressions. 

Case (1). Fig. 151 illustrates the ca.se in which 
B, the point of unknown elevation, is higher than 
A. The angles a and b are the observed angles 
corrected for difference in height of eye and 
obj('ct, and may be treated as the angles which Y 
would be observed at and to A and B, the h,\ 
respective ground points. 

The required ditlenuice of elevation (/« 2 “ ^i) 
is obtaiiu‘d by solving triangle AOB, of which 
th(^ known quantit ies are OA ~ (It + Aj), AOB = 

0 — DJli in circular measure, and (GAB — OBA) 

-= (90^ + a -- k0) - (90^ - b -- k0) - (a -f- 6). 

Solving, we have 


inu ^ ^ - (/t f- /t2) — -h 

2 (It A 2 ) + (Ji + ^i) 2* 



Fio. 151. 


( 3 ) 


or (ho -- /'i) ^ = tan ^ ^ • tan (2/^ + ho). 

0 D * 

Sub.'flituting for tan— its (‘xpan.sion, + . . . , 

(A 2 - ” tan ^ ^1 1 + 1211^ J 

In applying this formula, a first approximation is derived from 

(//g— h^) == and the value of ho so obtained is u.scd for a 

second approximation by the formula. 

An alt(»rnntive metluxl of .solution consists in first obtaining the 
true vertical angles lIiAB and HgBA by eliminating the refraction 
angles. 

HiAB = (a - i-fl), and H 2 BA = (5 + k0), but H.,BA - H^AB = 0, 

■ M _ 


. . ( 4 ) 
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Let tlio values of HjAB and H^^^A so obtained l)e denoted by «' and h'. 
Then, solving triangle AOB, we have 
It + 7*2 _ sin (90° + a') 

R + h] ~ sin (90° — b'Y 

whence (/ij — h^) = (It + hi) 

+ <■-» 

Case (2). (Fig. 152). For tlio first nietJiod of 
I solution, 

h, (OAB — OBA) is now = (/; — a), and 

A /I I X n. . (^*1 + ^*2) , \ nn 

^ (7/, — 7<i) = Dtan — - — ( 1 -( ^ ^ 

// In the second method, (HjAR f- lloBA) ~ so 

// that 

// ( 7 ) 

q// and the expression for (A 2 — ^^ 1 ) the same as before*. 

Difference of Elevation from Observations at One 
^ Fio. 152 . Station. In the case where observations an* tak(*n at 

one end of the line only, a vahio must be assigned to k. A lik(‘ly value* 
may be assumed, but it is preferable to determine it by m(*ans of (‘([uation 
(4) or (7) from simultaneous reciproeal observations takt'u in tin* sanu* 
locality. Otherwise the coefficient may be deduced from an observat ion 
to a point of known elevation. 

Let A (Fig. 151) be the station occupie<l, and I(*t a be tiu* uneorrect(*d 
angle of elevation observed to B. The previous formula? an* applicable if 
the corresponding angle 6 a: B is deduced. From (4) or (7), 

« == a + 0 — 2kd, 

a being positive for an elevation and n(*gativ(* for a depression : a ni‘gative 
value of 6 indicates an angh? of elevation at B. The* value of b so (h*flueed 
includes all errors of observation and in the assumed value* for k. On 
substituting this value of 6, we* have*, corns])emeling to (5) anel (0), 


(Ag — hi) — D tan (a + (I • - k)0)( 1 -}- 


(A, -!-A2) , 


/>" \ 

277 ^/ ' • 


in which a is given a negative sign if a elepression. The term may 

cinf.vl.r It.', y vir., ! 4 4 ^ ^ ~ ^ •rtnir 1 4 - .0 4- . .. 1 r 1 u ■ 1 . .f r 1 1 ( r i l.l « 1 lit f'/'iiiirli 


safely be omitted, and 


may be tn*ate?el as ne*gligible*, in rough 


determinations. 

For the second method of .solution we have* 1/ -=- (a' -| 0), r/' be*irig 
given the negative; sign for a tlepr(*ssion, anel 
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Eye and Object Correction, When reciprocal observations are not taken, 
(Ag — Aj) represents the difference of elevation between the instrument 
axis and the point sighted, and must be corrected to give the difference 
of elevation between the ground ])oints. If i and 8 denote the respective 
heights of instrument and signal (if any) above the ground, the required 
difference of elevation 

= (^2 (Ai i) — (^2 Aj) (i — 5 ). 

Rough Determinations. Wlien, as in plane tabling, the angular observa- 
tions an; not made with a liigJi dcgn'c of precision, the reductions are 
commonly made with tlui aid of a table of curvature and refraction 
(page 150). The value of thtj correction is 

D- 

'Hi ~ *5747)2 ft. for k — 0*07 and 7) in miles. A rough value 

for (A 2 — Aj) in ft. is therefore given by 

(Ao ~ Ai) “ 52S0 D tan a -f -5747)2, where 7) is in miles ; 
or, wh(‘ii a is small, tan a == a" tan V = -000004818 a'', and 
(Ao — Aj) ^ -025() Da"' -5747)2. 

Errors oi Trigonometrical Levelling. Tlui probable error computed 
from tb(' (liff(*n*ne(-s of elevation giv(‘n by repeated vertical angle obserV';^- 
tions is not Iik(*ly to hr a trustworthy indi-x of the precision of a result. 
Kven in simultaneous r(*eiproeal ol)servations, constant errors are intro- 
duced ill tiu- assumptions made regarding the effect of refraction. The 
(luality of a system of trigononu;trical levelling is best ascertained by 
coniUH ting it at intervals to lines of spirit levelling or by reference to its 
own errors of closure. 

If exju’ession (3) on page* 420 is differentiated with respect to a and 
the last two t<*rms in the liraeket are neglectyKl, we have 

8A - W s('c2 l{a + b) . Sr/, 

in which SA may be considered to be the error in (Ao ~ A^) n^sulting from 
an t*rror Sr/ in the* nu-asununent of the angle a. Hence, if th(' angular 
errors an* assumed to be independent of the length of the* line, the 
mror in the computed difference of elevation will be directly proportional 
to tin* k*ngth of the line. 

In actual ]uactie(*, the angle i(// + b) is generally small so that 
s('c2 i(a -1 b) in the above cipiatioirmay be put equal to unity. Accord- 
inglv, if we assuiiK* that- all t*rrors are of the accidental type, and if is 
the probable* error of (Ao - AJ, r„ is the probable error of the angle a and 
r,, the pn)l)a»»le error of the angle 6, we can, by the rules for the combina- 
tion of prol)al)le (*rrors given on page 27S, write : — 

and, if r„ and r,, an* in seeomls of arc, is in feet and in miles, this 
iH'conu's : ■ 

h J: 2()4() /) . sin r ('•/ I ' ± 0-012S . /)(v + 
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This expression gives the probable error of a single line and it varies 
directly as the length of the line. Now take a long stretch of trigono- 
metrical levelling of length L and made up of a series of N equal linos, 
each of length D. Further, assume that the probable error of each 
angle is the same and equal to Then, combining the different probable 
errors, 

Tj = ± 0-0128 r,[2D2 + 2D^ + . . . to N t(^rms]l 
= ± 0-0128 r„^/Wiy^ 

= ± 0-0128 r„'\/2LD. 


Hence, in this case is proportional to tlie square root of the total 
distance L as well as to the square root of a single line. 

In practice, it is usual to express the errors of trigonometrical levelling 
as being proportional to the square root of the length of the line, although 
it will be seen from the above that this involves the rather unj::stifiable 
assumption that is proportional to Thus, one rule of this kind 

lays it down that the probable error of reciprocal, but not simultaneous, 
observations, as computed from closing errors on fixed deviations, should 
not exceed 0-1 to 0-3 \/ D ft. for sights of from 5 to 20 miles and 0*2 to 
0-6\/D ft. for sights ov'er 20 miles, where D is in miles. Anotlnu* rule, 
given in the official publication Survey Computations, is that the 
probable error of a difference in deviation, as carried along a chain of 
trtangulation, which can be expected at the end of the chain is about 
0-35\/5 ft. for reciprocal (simultaneous) observiations and 0-o\/5 ft. for 
single rays with rough signals, s being the total length of the chain in 
miles reckoned along the shortest route between the terminal j)oints. 

As regards errors in refraction, it is obvious from equation (8), pag(‘ 43t), 
that, provided they obey the ordinary laws of accidental i*rror. these will 
behave exactly similar to accidental angular errors wIkui the line is 
observ^ed in one direction oidy. If reciprocal observations art^ taken, and 
the coefficients of refraction at the two stations are not equal, it is easy 
to show that equation (3), page 429, will contain the extra term 




(^2 “ 1 “ 


in which the first term will be much larger than either of the other two, 
and fcg represent the coefficients of refraction at 1^ and A respec- 
tively. Hence, if (^2 ^i) = is treated as an error in the ndraction, 

we hav'c 


ij 

Sh = approximatd 3 % 
K 


and, in this case, the error varies as the square of D. On rc])lacing 28fc by 
the probable variation of the coefficient of r(*fraction from its m(\an 
value, and combining, as before, the probable (Trors of N equal lines of 


length D, we get 


r/ = ± = ± - Vi'D 


where L = N.D. and is the probable error of the compute<l diffidence 



GEODETIC LEVELLING 


433 


in elevation of two points at the ends of the N linos. As r*. will very seldom 
be known, it is usually impossible to compute this probable error. From 
this argument, however, we see that r/ and Sh can be proportional to 's/Z 
only when is proportional to D"*. 

Adjustment of a Network ot Trigonometrical Heights. In many cases 
it is sufficient to adjust a network of trigonometrical heights by weighted 
means, but, if the qualit}" of the observations is known to be good and 
it is desired to make the most of them, it will be worth while making a 
least square adjustment. Either observation or condition equations may 
l>e used for the least square adjustment, but the labour will be least by 
condition equations if the number of lines is less than twice the number 
of new points to be fixed. Whatever the method used, it is necessary to 
deeide on the weights to ])e allotted to the different lines. A common 
rule is to weight each computed differenc(; of level inversely as the length 
of the line, giving half the normal weight or less to a line observed in one 
direction only. AnotluT rule is based on the ex[)ression r,, = ± 0-0128 . D . 

alrea<ly found. If is the probable error of a single observa- 
tion of an angle, and there are r?„ observations at A and n,, at B, then 

r, ~ rjV = ^alV ”I. a'"! >'«I = ± 0-0128/)raf— + iV. Weights 

\K 1^1, J 

are inversely pruj/urlional to tlu^ squares of the probable errors. Hence, 
the W(*ig}it to b(' as.signed to an observed differ(*nce of level will bo : — 

1 1 / njh, \ * 

( 0 - 0128 )*Z>VV”.. + J 

_ 8103/ vji,, \ 

~ Z)VVW,. + «-./■ 

On the trigononu'trieal survey of Fiji McCaw used this expression in 
the form : — 



In this, liowov(*r, ho took ??„ and w,, as the number of days on which 
observations were made at the two stations, and, if more than one 
observation was taken on oiu* day, t\vo were counted as and three as 
tnvo. For a line* observed in only one direction he used the formula : — 

W;, = 90n,/Z)2, 

in which the much lower value of the numerical coefficient makes allow’ance 
for the unknown error in the assumed value of the ccx^fficient of refraction. 

The above results involve thi' assumption that the co(‘fficient of refrac- 
tion is the same for all angles of elevation. It is known that this is not 
strictly true, and, from a consideration of the likely variation of the 
coeffici(‘nt of refraction with angle of elevation caust'd by variations of 
the atmospheric pressuie and temperature with height above sea level 
or height «)Fline above ground level, Morlev has suggested that lines should 
be weighted (1) inversely as />, (2) inversely as {/f., - /?,), (3) directly as 
Wh + ^'0’ 'vhere /t^ and //., are station heights above onlinary ground 
fevel. (See Kmi'in Snnrij Hvriar, Vol. IV, No. 23.) 
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TOPOGltAPllWAL AND UKCONNAIUHANCE SURVEYING 

Topographical Surveys. Topographical survcy-s have for their object 
the preparation of inaj).s as complete in detail as th(j scale will allow. 
They are distinct from cadastral surveys, the j)rimary ol)j(‘ct of which 
is the location and rcpr(‘S(*ntation of houMdarics and the measurement 
of ar(*as of land. National tf)pographical surveys are undertaken for the 
production of maps which, wliik? on smallcT scales than those of cadastral 
snrv(jys, will fulfil tluj various ])ur])oses, civil and military, for uldch 
reference to gcmeral maps is nrpiin'rl. 

Tue representation of ndied is an i.'Sential feature of a topographical 
map, and to the engineer’ such maps are of the gr<*atest utility as an aid 
to tlui location of railways, roads, (canals, resjTVoirs, pipe liiK's, etc. In 
the absence of existing maps he must (ruploy the mothofls of topographical 
surveying in location surveys, .\rethods applicable to the production of 
larg(j scale contoured plans of small areas ha\c been dealt with in Vol. I, 
Chapter VIII. In the following pages arc considered the field operations 
required for the [reparation of mai)s of larg{‘ ar(‘as on smalhr’ scales. 

T*)pograi)hical suiveying is a siilqect in itsedf and it is only possible 
ill these pages to give a geiUTal sketch of the nudhods used. Specimeiii 
of topograpliical maps of variou.s countries will bi^ found in Close and 
Winterbot ham’s 2\xt Book of Topofjnipliicnl Snrveyintj, a book wliieli 
should l)e, consulted by anyone who is called nprin to und rtake topo- 
graidiieal work in the fudd. 

General Features of Topographical Surveys. To prevent cxce.ssive 
accumulation of error, a topograpliical survey must bo based upon a 
sy.stem of horizontal control points located wijtli such jneeision that their 
errors of position cannot be detected on the ^ealcj of the map. Between 
these points detail surveys arc coudueted \v lueth" suited to the 
character of the country and with a standard of accuracy so ndated to 
the distance between their control points that tlu» errors in location of 
detail may also be negligible. The most rigid framework is available if 
the counlry has been covered by triangulation of geodetic standard. 
IViangulation affords much the best control, but the prineijial system 
need not necessarily attain first-order precision, and may be of a nuieli 
lower standard when tin* mapping is to be executed only on a small scale. 
In flat and densely wooded country, for which triangulation is unsuitable, 
a framework of primary Ira verse must take its place. 

In a similar manner, tlie .sui’V(*y of relief sliould be based upon a frame- 
work of accurate, though not necessarily precise, spirit levelling. The 
distances between tlie bench marks established must lie such that the less 
refined dependent work may not develop errors sufficient to affect appre- 
ciably tlio location of the contours. The methods to be adopted both in 
the spirit and tlio subsidiary levelling dejKuid not only upon the scale 
but also upon the cliaraeter of the counlry. In regions characterised by 
fiat slopes a given error of elevation will produce a inon' serious tlisplaee- 

• 4:r» 
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ment of the contours than in rugged country, and a higher glade of work 
is required. 

The scale adopted for a general topographical map depends not only 
upon the physical character of the country, but in greater degree upon its 
state of development and wealth. Tlie purposes for which the map will 
be used are, however, so varied that it is impossible to select a scale to 
suit them all, and a wide range — between 1/25,000 and about 1/125,000 — 
has been adopted for wiiat may properly be classed as topographical 
maps. The more important nations possess topograpliical maps on more 
than one scale ; those of tlic Ordnance Survey are 1/63,360 and 1/126,720, 
or one inch and half-inch to a mile. For topographical surveys in connec- 
tion with engineering schemes the requirements as to scale depend upon 
the nature of the work. The scale adopted is commonly larger than the 
above owing to the necessity for the inclusion of what would in gimeral 
mapping be regarded as minor topographic features. 

Geographical Surveys. Where the expense of a deliberate topograpliical 
surve}^ is not warranted, the survey may be executed with a view to 
reproduction on a smaller scale. Surveys on scales of less Ilian about 
half-inch to one mile are sometimes distinguished as geographical, but no 
hard and fast distinction can be drawn between topographical and 
geographical surveys, since both aim at the production of maps as accurate 
as the scale will allow. 

Exploratory and Reconnaissance Surveys. As the name implies, an 
f^exploratory survey is one made to record the geography of the country 
passed through by an exploring party. The same methods are applicable 
to rapid reconnaissance executed as an aid to the planning of deliberate 
surveys, as well as to military reconnaissance conducted undt*r active 
service conditions. They are employed by tlui civil cnginecT for pr(‘- 
liminary location surveys and in connection with reports on proposed 
schemes. A high grade of work is not expected, since only the most 
rapid methods are available and the most portable iiistru incuts are used. 
The scale is usually smallj'aiid may be as low as 1/1,000,000. 

For locating a system ot* points to control the sketching, triangulation 
is to be preferred, even although it is of low grade, and time-saving 
methods are freely used. If the survey can proceed from or terminate 
on stations of an existing survey, difficulties of base measurement are 
removed, but, even so, triangulation may be impracticable on account 
of the limited time available or the nature of the ground. In this case, 
a system of points may be located by astronomical obsiTvations, or a 
rough travei*sc is conducted along the route followed. Tlic disadvantages 
and inaccuracies of a primary control consisting solely of astronomical 
observations have been discussed on page 31 , but the inaccuracies to 
be expected are of no great importance if the survey is to be drawn on 
a very small scale or is of an exploratory nature only. I'he method of 
route traversing has been greatly favoured by explorers because of its 
rapidity. This method, however, is of low precision, and errors must be 
kept in check and adjusted at intervals by means of observations for 
latitude and azimuth) and, if the route lies east and west, for longitude 
difference. A sufficient number of elevations to control the sketching 
of relief are obtained by trigonometrical levelling if a theodolite is carried. 
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Otherwise, the barometer or the boiling-point thermometer, or both, are 
employed. 

Methods. In the absence of an existing framework for the ultimate 
control of a topographical or geographical survey, the principal factors 
which influence the jilanniiig of the work are the nature of the country 
and the accuracy required. ReconnaLssance will reveal whether triangula- 
fcion can bo economically conducted over the whole area or whether 
primary traverse may have to be substituted in parts. The substitution 
of traversing for triangulation as primary control is justifiable only in 
densely wooded or flat country , where the latter would involve unreasonable 
delay and expense. Unless great care is taken with it, particularly with 
regard to the question of the elimination of gross error in the field work 
or of serious mistakes in the computations, traversing is inferior to good 
t riangalation. The qm^stion of accuracy is, however, largely dependent 
upon the scale of the mapping. No greater refinement is warranted than is 
necessitat(‘d by the requirement that the errors will not show in scaling. 

There is a considerable ehoic(i of methods for the survey of detail, 
and exp('rit*nce is required to enable' the topographer to select that best 
suited to a particular case. The plane table is by far the most useful 
instruiiK'nt when tlu' country is fairly open and a close network of control 
points has been ^ ..tablished, as the advantage of being able to sketch the 
topography with the grouiul in view is universally recognised. Whatever 
s3^stem is adopted for the survt'V of ndief, the sketching of topographic 
form is a highly important feature of the work, and the topographer 
must ])e qualified to produce a good representation of the characteristic 
physical hvatun's of tlui country' and to eliminate the unessential. To 
this (Uidsome slight geological knowledge, particularly that relating to the 
causes and origin of common land forms, is a great asset to the surveyor. 
In exploratory survey’s onlv" the most i)rominent features can be recorded, 
and the sketching is controlled bv fewer i^oints. 

Like almost ev('ry other kind of survi'V, tbpographical work must 
proceed from the whole to the part, winch meins a reasr, ,ably accurate 
horizontal and vertical franu'work followed b\" less accuiate methods of 
detail survey, 'rhe methods in use for the survey of the framework and 
detail may bi^ summarised as follows : — 


Clasfl of Survey 

TopoRrnplUoal and Ocographlcal 

Exploratory and Reconnaissance 

Horizontal Control 

Trianj'ulation 

Rapid Theodolite Triangula- 


rriinarv. 

tion 


Soooiulary, 

Plano Tahio Triangnlation 


IVrtiary. 

I.atitude and Azimuth 


or 

Traverse 


Topojzraphieal 1' riangn la- 
tion of jiifTorent (Jrndes 
Primary Theodolite Traverse 

Ast ronomical Posit ions 

Horizontal Detail 

Plano 'rabliiig 

Plane Tabling 


ilosectioii. 

Resection 


Jntoraoction, 

Route Traverse 


Traversing 

Sketching 
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Class of Survey 

I 

TopoRrapliical aud Geogriiphlcnl 

Exploratory and Kcconnalssanec 

Horizontal Detail 

Soi'ondary Tlioo*lolito 
''.rravcM-st^ 

Tficheoinot ly 

C'oiiipas.s 'rravorso 
IMiotojiiJiphio Survey iiifi 
Skctchinix 

1 

Vertiral Control 

Spirit Lovollinji 
Tri'^niiunu'trical Levelling I 

Trigonometrical Lo\ ellinfi; 
llaroinct ric Levelling 

Vortical Detail 

Spirit Levelling 
Tri^oiunnetrical Levellinj^: l>> 
'J’lieoiltUite, 'rach(*oineter, 
or I'lann 'J'alilo ('linoineter 
Daroinotric J.ovolling 
rhoto^iu}>liie Survey in^ 
lSket(‘liin‘' 

Daroini't rie Lex ellin^; 
Sket(*Iiin^ 


HORIZONTAL CONl^^OL 

Topographical and Geograpliical Triangulation. Altliou^rii (1 h> 
nients of first-order triaiigulation ar(‘ not r(‘qiiirr(l wIk^m tlu' r(\siills are 
to be applied only to mapping, tlu* nietliods c^nployed for tlu‘ prineii)al 
control of deliberate topographical survejs of exti‘nd(‘d areas arc vi^ry 
similar, particularly if it is necessary to pioduee maps (>f eeitain districts 
on larger scales than the general scale adopt(Ml. On the other hand, 
considt'rable deviation from the rigorous methods of primary triangulation 
is allowable in work' to b(» mapped on a gt'ographieal s(*al(‘ only. For 
any surve}’, standards of accuracy must be set for the various operations, 
and rules are formulated to ei sure consistency in the quality of the woi’k 
of different field parties. { 

In the highest class of \oi)ographical survey, tlui conduct of the pre- 
liminary operations of reconnai.ssance, signal buihling, and station 
marking is the same as that described under gi'odetic surve\ing. The 
erection of Iiigh towers is, howcv(T, avoided, even at the expense' of 
introducing figures not as well -conditioned as would be lecpiired in first- 
order triangulation. If the work is not connected to an exist ing triangula- 
tion system of suitable precision, a base, at l(‘ast a mile long, must be 
measured witli an accuracy re])resentcd by a probable error of 1/100, t)00 
to l/2o0,000, the latter for the most exteircled work. 'Fhis degr('(* of 
precision may be attained with k’ss labour by the use of invar tap(*s or 
wires than by steel tapes, but either are u.s(‘d. If the catenary apparatrrs 
(page 173) is not employed, the tai>c is suspended in (*at('nary between 
mark posts with copper or zinc strips io receive tlu' scratches, a constant 
tension being applied by a tape stretcher through a spring balance. Tire* 
base must be measured at least once in eaclr direction. TIk^ methods of 
horizontal angle measurenrent must be such as will yield a ti’iangular 
error not exceeding 3'' to in the principal syst(‘m, 10'' to 15" in the 
second, and 20" to 30" in the, third. 

In the majority of topographical surveys and in g(‘ograi>hical s\irv<'ys. 
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the Htanrtard of acciiraoy may bo considerably low(;r, and progress is 
more rapid. Altliough the lime available for tlio field work may be 
limited, a preliminary reconnaissance by plane tabJ(» or compass can 
never be dispensed with, unless existing mai)s sufiicieiit for the purpose 
are available. During reconnaissances as many stations as possi})le are 
beaconed by cairns of stones or other simple means, but artificial signals 
arc^ frequ(‘ntly dispfuised witli in the triangulatioji propter if well-defined 
hilltops, is()lal(‘(l trees, njcks, (;tc. can be iis('d as station points, liases 
necessary should be at least half a mile long, special attention being paid 
to securing a W(‘lI-condiiioned (expansion. The precision of the base 
measurement is of the ordcii* 1/10,000 to 1/50,000. Invar or steel tapes 
are used suspiuidc'd biitw(ien mark posts, or, alternatively, the tape may 
be laid on the ground, which is first graded between the posts. The 
allovnble triangular errors of the atigular measurements may be increased 
to twice those cit(‘d above. 

Computation of Topographical and Geographical Triangulation. In 

the highest class of extendc'd topographical triangiilation the methods of 
adjusting the angles and ealcailating the sides and station positions 
follow those given in Chaps. IV, V, the approximate methods and 
formulai being sufiicient. In topijgraphical surveying generally and in 
geographical surveying no attempt at elalmratc adjustment is required. 
Spherical cxc(‘ss can geiuTally i)e n(‘gl(‘ctcd, and the angles of each 
triangle are adjusted for its total error without reference to side conditions 
but tiui check provided by computing each side in two ways should not^ 
be omitt(‘d. 

Theodolite Traverse. Tlie methods of fiist-order traversing described 
in Chap. Ill an; more particularly applieal)Ie to geodetic work, to the 
control of a survey which is to be plotted o?i a large scab*, or to other 
work in w’hieh gn'at pn'cision is required. For piindy topographical 
or gt'Ographieal work, a vtu'y high degree of accuracy is not necessary, 
and the methods already dcserilxHl may the vforc be modified accord- 
ingly. If the area to be covered is very lajge, an acenraey of about 
1/30,000 should ])rovi(L‘ a good ])rimary control for topograi)Iiical woik 
and tile methods used can bi* based on those di*seribed on pages 240 to 24S 
for the survey of second-order traverses. For ineLlium or smaller ari'as — 
say less than about 2,500 square miles — ordinary good th(‘odolitc travers- 
ing, carried out by the inetliods described in Vol. 1, can safely be used 
as a primary tojmgraphical control, provhled angles are measured with 
a theodolite n‘ading direct by micronuder to 10" of arc and by estimation 
to 1" or 2" and dislanct's are measured with eandiilly standardised steel 
tapes, used in catenary as described on page> 155 to 158 of \ ol. I. For 
this class of work, angles may be observed on two zeros, with change of 
face betweiMi each zero. This last class of traverse may also lie used to 
break down large blocks formed by a network of traverses surveyed by 
second-order methods. If t he traver.se is a long one, azimutli observations 
should be taken at intervals imt exceeding twenty miles, or fifty instru- 
ment stations, whichever is the shorter. 

Min or Theodolite Traverse Work. The main control traverses for a 
topographical survey should divide the country into blocks in which 
these main traverses are not more than thirty or forty miles apart, and 
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those blocks should, where possible, be sub-divided into several smaller 
blocks by means of minor theodolite traverses. Short minor traverses 
can be surveyed, if necessary, by vernier instruments, with angles 
observed on two zeros and change of face between each zero, distances 
being measured with a steel tape used either in catenary or stretched 
along the ground. Slopes on these minor traverses, unless needed for 
working out heights, need not be observed in flat eountry, but should be 
read, or distances very carefull}" stepped (Vol. I, page 142), in broken or 
hilly country, and, unless they are likely to be exceedingly variable during 
working hours, temperatures need not be observed. 

Computation of Theodolite Traverses. Topographical surveys may 
either be plotted in terms of some system of rectangular co-ordinates or 
by means of geograj^hieal co-ordinates, but, even if geograph icals are 
used for plotting, it is generally convenient to compute a theodolite 
traverse in terms of some system of rectangular co-ordinates in which the 
rectangular values of some, or all, of the fixed permanent points can 
easily be converted into geographicals later. If a special system of 
co-ordinates, such as spherical rectangular or Transverse Mercator, is 
already in use in the area under survey, the primary traverses should be 
computed in terms of it, using, if nect'ssary, any approximations, such 
as those described in pages 3S0 to 386, which are justified when the 
work is not of first-order accuracy. Indeed, if such a system of co- 
ordinates is not already in use, it is advisable to select the one most suitable 
Tor the area under survey, and to work in terms of it, because triangulation 
and traverses executed as a primary control for purely topographical 
work may, in a later state of development, often be incori)orated as 
second- or third-order work in a framework intended for more general 
purposes. Both the rectangular spherical and Transverse Mercator 
systems arc more suitable for traverse work than the conical ortho- 
morphic one, and should be used in preference where the choice exists. 

Approximate methods of comxmtiiig traverses in terms of the Trans- 
verse Mercator system are Explained in pages 383 to 386, and, when legs 
are short and azimuths are properly corrected for convergence, they merely 
involve application of scale correction to the plane latitudes and departures 
between the permanently marked stations or between azimuth stations. 
If spherical rectangular co-ordinates are used, convergence is aiiplied in 
the usual wa}^ to the observed azimuths to give bearings referred to the 
central meridian, and, after the intermediate bearings have been adjusted 
for closure, plane rectangular co-ordinates are computed from one azimuth 
station to another. As the sj^herical rectangular co-ordinates of the 
starting point are known, the latitude and departure between the azimuth 
stations can be used as the ^ . sin a and s . cos a terms in formulsa (7) and 
(8) on page 348 for point-to-point working. After corrected rectangular 
co-ordinates have been obtained, the geographical co-ordinates can easily 
be comi)uted. 

An alternative method is to use plane rectangular co-ordinates which 
arc local for each traverse section and are based on the true meridian 
at the initial station of the section as axis of X. Application of local 
convergence to the observed azimuth at the second station will give a 
bearing referred to the meridian through the first station which can be 
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used for the adjustment of the intermediate bearings. Plane rectangular 
co-ordinates will then give the total latitude and departure of the second 
station with reference to the first, and these become the quantities 
s . cos A and s . sin A to be used in Puissant’s formulae (page 333) for 
computing differences of latitude and longitude from azimuth and 
distance. 

When the geograpliical co-ordinates of the end azimuth station of the 
section have been obtained, those of intermediate points can be computed 
by assuming them to bo proportional to their latitude and departure, 
as compared with the total latitude and departure of the end point with 
respect to the initial point. 

In the case of minor theodolite traverses a still simpler method of 
obtaining geographical co-ordinates can be employed. The initial bearing 
to be used in this case is the true azimuth, and intermediate bearings are 
adjusted to the true azimuth at the terminal point of the section, and not 
the azimuth corr(‘cted for convergence, so that all intermediate bearings 
are very approximately triui azimuths. Latitudes and departures are 
then comput('d in the usual way and it is now assumed that the resulting 
latitudes are meridional distaiiees and the departures approximate arcs 
of parallels of latitude. Hence, if the traverse latitude is divided by the 
number of feet in one second of arc measured along the meridian, the 
result will be tlie diff<Tcncc in geodetic latitude, in seconds of arc, between 
the two points conc(*rned. Similarly, if the departure is divided by the 
number of f(‘et in one second of longitude, taken out for the mid-latitude* 
of the line, the result will bo the difference in longitude in seconds of arc. 

In g(‘neral, the geogiaphical co-ordinates of fixed permanent points or 
of the terminal points of the section only need be computed in this 
manner ; if those of intermediate points arc needed they can he obtained 
from simph' proj)()rtion from the rectangular co-ordinates, although the 
labour of computing them in the manner above described is not very 
great. This method is described more fully in plose and Winterbotham’s 
Text-book of Topographical Surveying, which «"lso gives an example and 
contains the necessary tables (Tables III ana IV). G^^y short minor 
trav(Tses, which are not intended to reach an accurac}^ greater than hbout 
1/3,000 to 1/5,000, should be computed in this way as it is only approxi- 
mate. jMajor compass traverses, in which magnetic bearings are corrected 
for declination, so as to reduce them to true azimuths, can also be com- 
puted in this manner. 

In the case of all theodolite traverses, the calculation of the latitudes 
and departure's should be thoroughly checked by an independent computa- 
tion involving the u.se of auxiliary bearings (Vol. I, page 262). 

Rapid Triangulation. In applying theodolite triangulation to the 
control of exploratory and reconnaissance surveys, the required rate of 
progress can be maintained only by considerable deviation from the 
methods of rigid triangulation. Time is saved not only by omitting 
rcfincnu'nts of measurement, but in greater degree by the adoption of 
devices for continuing the chain of triangles which would not be allowable 
in deliberate work. Ix\ss attention is paid to the proportions of the 
triangles, and greater dqx'ndence is placed upon stations fixed by inter- 
section, or astronomical observations. 
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Methods comprised under rapid triangulation vary greatly according 
to the speed required, the strength of the party, and the equipment 
carried. Under favourable circumstances they merge into those of 
geographical surveying, and the results are then much superior to those 
which can be expected from an explorer using the most portable of 
instruments under conditions deman^ng the utmost speed. 

Triangulation may proceed simultaneously with the sketching of 
topograpliy. Otherwise the triangiilation is executed by a party working 
in advance of the detail surveyors. In the latter case, the geographical 
co-ordinates of the stations fixed are worked out as soon as possible, and 
this information, along with a description of the sites, is sent back at 
frequent intervals for insertion on the plane table sheets. Preliminary 
reconnaissance and beaconing of stations before occupation are, as* a 
rule, impracticable, except {)erhaps for the base net. The survt^yor will 
have only a general idea of the direction in which the triangulation will 
develop, so that success depends greatly upon his skill in selecting and 
using elevated features wliich come into view as the party advances. 

Rapid Base Measurement. Wlien the survey is isolated from existing 
systems, a base, at least half a mile long, is measured, but it may bo a 
difficult matter to find a suitable site unless time is spent in reconnoitring. 
Since a refined measurement is not attempted, a very level site is not 
required, and the inexactness of the measurement makes it more than 
ever necessary to have a good extension net. If the base is well-con - 
Mitioned, the error of a rough base affects only the scale of the survey, 
and can be corrected by the measurement of a check base when a suitable 
site is reached. 

Whenever possible, the base should be measured by tape. Usually 
the best that can be done is a double measurement by steel tape with 
the slopes measured or the tape held horizontally. When a suitable; 
site for a taped base cannot be obtained, the measurement may be made 
tacheometrically with an improvised subtense bar. Otherwise, an astro- 
nomical base, lying rougli^y north and south, may be computed in the* 
manner of a latitude and azimuth traverse (page 445) from the observed 
latitudes of its end stations and the observed or computed azimuth of the 
line joining them. Because of the uncertainties arising from local devia- 
tion, the greater the distance between astronon)ical base stations the 
better, and this method should be regarded only as a temporary expedient 
until a base can be measured. 

Angle Measurement of Rapid Triangulation. In some classes of rapid 
triangulation a 6-in. micrometer theodolite is used, but when weight 
must be reduced to a minimum a light reconnaissance or mountain transit 
is all that can be carried. Remarkably good work can be done with modern 
3-in. and 4-in. theodolites. These may be obtained with vernier reading 
to 1' for the 3-in. instrument and to T, 30"', or 20'" in the case of the 4-in., 
the latter having a weight as low as 14 lbs., including tripod, eases, and 
accessories. A compass, preferably of trough form, is essential. 

The azimuth of the base and the latitude of one end must be observed. 
If possible, a telegraphic longitude or one based on wirek\s8 time signals 
will be obtained : otherwise, a value is assumed for the longitude. The 
error of the assumed value affects all the positions equally, and may be 
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corrected out when tlie longitude of any station can bo obtained tele- 
graplii(!ally or by wir(‘leHs time signals. 

In measuring tJie angles of the base net, only very definite marks 
must be used for observing upon })ecause of tlie comparative shortness 
of the sights. Whenever possible, hma extension stations should be 
beaconed. It is then justifiable to observe four rounds of angles, with 
change of face and zero between each round, but otherwise it is sufficient 
to take face rigid and face left readings, with change of zero between 
each face. 

From the stations of the base net the surveyor must observe to all 
prominent natural features which may prove suitable for theodolite 
stations. Direct ions are also measured for the future fixing by intersection 
of such additional points as are likely to serve either as plane table 
stations or as guides to the sk(jtching. Face right and face left rounds 
should 1)(^ taken more to guard against mistakes of reading and booking 
than to eliminate instrumental error. In judging as to which of the 
points befoic him will serve ;is future theodolite stations, the surveyor is 
usually faced with the difficulty that he will be unable to visit points 
unless near the route to be followed. The future course of the journey is 
probably not definitely known, and must b(5 estimated from information 
obtained as to easy loutes of travel and positions of camping grounds 
and water. It is theiefore advisable to observe as many prominent 
objects as possible in the time available, as it frequently becomes necessary 
to occupy a station which was intended only as an intersected point. * 

Having completed the observations at a station and descended to the 
route of the march, the surveyor will find that many of the points to 
which sights have been takc'ii arc no longer visible, and their changing 
aspect cannot be watched as the journey proceeds. When the next 
station is occupied, it will be found no easy matter to recognise them 
from th(^ new point of view'. 

Identification of Points. To avoid a breakdown in the continuity of 
the triangulation through failure to identify r>tations, the triangle sides 
must be kept shorter than would be necessary if the stations were regularly 
beaconed. The lines of the chain .should s(*ldom exceed twenty miles in 
length, although longer sights are allowable to intersect points outside it. 
In observing, a good general rule is to sight only to the highest points of 
hills, but if the top is rather flat and pre.sents no definite mark for sighting, 
th(^ obs(»rvation is made on an isolated tree or prominent rock near the 
summit. Such marks, ho^vever, are apt to prove especially troublesome 
to recognise from diiferent standpoints. 

Additional precautions affecting the routine of oliservation must be 
regularly fidopted. At each station the theodolite should be oriented 
by compass, so that the observed directions are magnetic bearings. On 
proceeding to occupy a point, rc‘ferenco to the back bearing of a preceding 
station affortls a valuable check against gross mistakes of position. The 
record at each station should include notes and sketches of the appearance 
of the marks bisected and of the outline of the surrounding ground as 
seen through the telescope. 

As an aid to the identification of points, a plane table proves of great 
service, and, if at all jiossible, the triangiilator should carry one of light 
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pattern, even although he may not be required to take topography. By 
its means a small scale diagram of the triangulation is kept up by drawing 
a ray to every point observed with the theodolite. The diagram, besides 
affording a ready means of identifying points, also exhibits the state of 
the work at any time, and enables the surveyor to judge the quality of 
intersections. Points wliich have been observed for the first time are 
approximately located on the sheet by the intersection of rays drawn 
from the theodolite station and from a subsidiary plane table station 
fixed by resection two or three miles distant in a direction transverse to 
the triangiilation chain. The forward points should be easily recognised, 
as their appearance will not have changed greatly in the limited distance 
between the two positions of the plane table. During the journey, when 
opportunities occur of obtaining good views of the forward points, the 
plane table is set up, and its position is plotted by resecting on back 
stations or intersected points. Then, by pointing the alidade through 
the plotted points representing cither intended theodolite stations or 
points to be further intersected, their changed aj)pcarancc may be 
examined as an aid to their future identification. At the same time, 
points to which only one ray has previously been drawn are approximately 
located, and a new set of points may be plotted during the journey for 
use in resecting the surveyor’s position when finding his way towards a 
station. Plane table resections provide a check against setting up the 
theodolite on the wrong peak, but the identifieation of the actual spot 
*to be occupied must be based upon the sketches of the site made at back 
stations. 

Use of Intersected and Resected Stations in Rapid Triangulation. When 
it is impracticable to observe all three angles of each triangle, the system 
can be carried forward by the aid of intersected 
points. In Fig. 153, A, B, C, D, and E are stations 
lying along the route followed, and only these are 
occupied. Points a, 6, c, d, and e are among those 
intersected, and, because of their favourable situa- 
tion and natural marking, arc selected for use in 
continuing the chain. The length of side AB 
having been computed through the preceding 
figures, triangle ABa is solved for Ba, and the 
result is used in solving B('a for BC. Distance CD 
may now be obtained by solving BC6 for C6, and 
CD6 for CD, but it may also be derived from the 
results of the observations to c by solving BCc for 
Cc, and CDc for CD. The mean of the two values 
for CD is to be adopted for continuing the com- 
putation. Whenever possible, a pair of intersected 
points should be thus used : these may lie on the 
same side of the line of occupied stations or on 
Fia. 153. opposite sides, as at d and e. 

It is sometimes necessary to occupy a point to 
which no forward sights have been taken. Observations must then be 
made upon previously located points to enable the position of the 
instrument station to be computed by the method of trigonometrical 
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interpolation or resection (Vol. I, page 564). A suflSciently good reeult 
may be secured if attention is paid to the quality of the fix, and this can 
first be tested on the jjlane table. The accuracy of the method is much 
imi^rovcd by observation of an astronomical azimuth to one of the back 
stations. 

It may be found impracticable to maintain a continuous system of 
triangulation, particularly when the route passes through belts of wooded 
country. Triangulation is then confined to the more favourable ground, 
each section having its own base line determined by latitude and azimuth 
or measured roughly along the ground. The intervening gaps may be 
bridged by latitude and azimuth traverse, or, if the route lies nearly east 
and west, longitude may be determined by wireless, by transport of 
chronometer watches, or by an absolute method. 

Graphic Triangulation. Triangulation by means of a small plane table 
is sometimes employed for the main control of reconnaissance surveys. 
The general features of the field work are similar to those of rapid triangu- 
lation by theodolite. The method is best adapted for running subsidiary 
chains in topographical and gcograi)hical surveys, the sketching of detail 
proceeding simultaneously. The conduct of the work and its adjustment 
between known positions arc described in Vol. I, Chap. VII. 

Latitude and Azmiutb Traverse. If the route lies approximately north 
and south, the method of latitude and azimuth traverse is available for 
the rapid location of a system of rather widely separated but intervisible 
j)oints. If A and B are two such points, a latitude determination is made 
at each, and the azimuth of the line between them is observed at A or B 
or from both stations. From these data the length of AB and the longitude 
di (Terence are computed. 

The accuracy of the method is controlled not only by that with which 
the latitude and azimuth determinations are made, but also by the 
value of the azimuth. Errors of observation have least influence when 
the course lies north and south, and their effect increases as the direction 
deviates from the iiKuidian. The method is in, possible of application in 
the case of a course lying east and west, and should not be used for 
azimuths within 45° of that direction. Since errom of astronomical 
observation and the Unknown effects of local deviation are independent 
of the distance between the stations, the tatter should be as great as 
po.ssible compatible w^ith good visibility. 

Although not capable of a high grade of accuracy, the method is useful 
for rapid work in rough country. The circumstance that a forward 
sight is not essential proves an advantage when it is found necessary to 
depart from the intended route of march. When, after conducting a 
latitude and azimuth traverse so far, the general direction of the route 
turns towards the east or west so that the azimuths cannot be kept 
within 45° of the meridian, triangulation or ordinary traverse must be 
substituted until the method can be resumed. 

The method of calculating distances and differences of longitude is 
described on pages .‘1119 and 1140. 

Control by Astronomical Positions. In this method the latitudes and 
longiiiides of rather widely spaced points are obtained, the subsidiary 
work consisting of rough traverse. The method is suitable for the rapid 
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survey of flat country, in which latitude and azimuth traversing cannot 
be employed. Tlic application of wireless telegraphy to longitude deter- 
mination has removed the difiieulty of obtaining satisfactory longitudes, 
and with its aid the method has been found particularly useful in regions 
barren of detail. In such circumstances the route traverse need not bo 
continuous. 

VERTICAL CONTROL 

The methods of precise and trigomctrical levelling have been described 
in Chap. VI and those of ordinary spirit levelling in Vol. I, Chap. VI. 
Where possible, precise levelling should be employed as the basis for the 
primary vertical control of important or extcTuled topographical surveys, 
but ordinary spirit levelling may be used for less important or smaller 
surveys. It may, however, be impracticable to run more than a few lines 
of precise or ordinary spirit levels, from which trigonometrical levelling 
may proceed, and very often the latter is exclusively used. Barometric 
levelling, although much less suitable for control than for detail work, is 
frequently applied to the entire levelling of reconnaissance survey s. 

Barometric Levelling. In barometric levelling the relative altitudes 
of points arc determined by ascertaining the difference of their depths 
below the upper surface of the atmosphere, an operation analogous to 
sounding in hydrographical work. The measurement is perfoimed by 
.observing the atmospheric pressure at the several points and deducing 
the corresponding relative elevations. The pressure.^ are measured by 
(1) mercurial barometer, (2) aneroid barometer, (3) boiling-point thermo- 
meter. The mercurial barometer measures the height of a column of 
mercury which balances the column of air above the instrument. The 
aneroid records the pressure exerted against a hermetically scaled clastic 
box. The temperature of boiling water as ascertained by the boiling-point 
thermometer affords an indirect method of barometry, since water boils 
when the elastic force of *the vapour equals the extertial pressure on the 
water surface. 

Scope. The great merit of barometric levelling lies in the rapidity 
with which measurement may be made of the difference of elevation of 
points at considerable horizontal or vertical distances apart. On this 
account it is greatly used in preliminary reconnaissance and exploratory 
surveys, but the degree of accuracy to be expected is much inferior to 
that of spirit levelling. 

Mercurial Barometers. The mercurial barometer consists essentially 
of a vertical glass tube about 33 in. long, closed at the top and having 
the bottom placed in a bath of mercury. The tube being exhausted of 
air, and the bath exposed to atmospheric pressure, mercury will stand 
in the tube at a height suflScient to balance the pressure of the atmosphere 
on the free surface of the mercury in the reservoir. 

The arrangement of a vertical tube standing in a bath of mercury is 
that adopted in the cistern barometer. In the syphon barometer the 
tube is bent up at the lower end to form a short vertical branch, the 
mercury in which is 'exposed to atmospheric pressure by the admission 
of air through a small opening near the top. The cistern barometer is 
the better type of mercurial instrument. 
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The Cistern Barometer. Figs. 154 and 155 show the arrangement of a 
cistern barometer on the Fortin system, the particular feature of which 
consists in having the bottom of the cistern formed of fine-grained leather. 
The leather is permeable to air, and the mercury is subject to the action 
of the atmosphere without danger of leakage. Tlie leather bag is attached 
to the bottom of the cistern, and is supported by the screw 5, by means 
of which the level of the free surface of the mercury can be adjusted. 
At the top of the cistern there is fitted a glass sighting cylinder held 

against packings at top and 



bottom by four screws. The glass 
barometer tube enters the cistern 
through a collar where a secure 
joint is formed by leather or silk 
and glue. This collar carries the 
ivory gauge pcjg 7. 



Fig. l.’io. Ke.vdjng 


Fig. irj4. Fortin Hakometer. 


A RU AN G E ME NT. 


Tlie barometer tube is enclosed in a brass casing, th(» upper part of 
which is slotted on both sides to expose the mercurial column (Fig. 155). 
Graduations to -05 in. are marked on one side. A tii])e, fitting the inside 
of the external casing, carries a vernier index, and, by means of a rack 
actuated by a pinion through the milled head shown, the lower edge of 
the vernier is brought to coincidence with the top of the mercury, and 
readings can be carried to *002 in. About midway up the barometer tube 
a thermometer is attached inside the external casing and close to the glass 
tube. For levelling work the instriiinent is mounted on a tripod, the head 
of which is arranged to ensure that the instrument maintains a vertical 
position. 

To read the barometer, the surface of the mercury in the cistern is 
viewed through the glass 6 , and is adjusted by the screw 5 until it just 
touches the point of the gauge peg. To effect this with the necessary 
precision, the eye should be placed level with the surface of the mercury 
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and the cistern tapped gently to overcome adhesion between the mercury 
surface and the glass. The vernier index must then be set to tlie top of 
the mercurial column. The glass tube is first tapped near this point, 
and the index is racked until its front and back lower edges appear 
tangential to the convex surface of the mercury. The heading can then be 
observed. At each reading of the barometer it is necessary to record 
the temperature registered by the attached thermometer, and this 
reading should be taken first. 

Other forms * of mercurial barometer are also used in levelling. Some 
of these arc designed to afford maximum portability with minimum risk 
of breakage. 

The great disadvantage of the mercurial barometer is the ease with 
which it is broken and its consequent lack of portability. When a 
barometer of the Fortin type is being transported from one place to 
another, the adjusting screw 5 should bo screwed up until the mercury 
completely fills the barometer tube, and the instrument should always 
be carried in a vertical position with the cistern down. 

The Aneroid Barometer. The features essential to all aneroids are 
(1) a thin metal box exhausted of air and hermetically sealed, (2) some 
mechanical or optical means whereby the small displacements of the 
surface of the box due to changes of atmospheric pressure may be magnified 
and read. 

The form almost exclusively used for levelling purposes is of tin* Vidi 
type, in which the movement is multiplied by delicate levers and is shown 
by a pointer travelling over the graduations on a dial of from 2 in. to 0 in. 
diameter (Fig. 156). The interior arrangement is shown diagram rnaiically 
in Fig. 157. The vacuum box is made in the form of a flat cylinder, and 



Fio. 15(5. 

Aneboii) Barometer. 



3 Bridge Piece 12 Drum 

4 Spring 13 Spiral Hair Spring 

6 Vacuum Box A ki!> 14 Pointer. 

6 Cotter or Kmfe E dqe IS Graduated Face. 

Fio. 157. Diagrammatic 
Section of Aneroid Barometer. 


is corrugated at top and bottom to increase its sensitiveness. The 
bottom of the box is fixed at the centre to the base plate, and the post, or 
axis, 5 is attached to the top and communicates the tension of the spring 4, 
which is as broad as the casing. Increase of atmospheric pressure causes 

• See Hints to Travellers^ Vols. I and II. 
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the knife-edge 6 to descend and vice versa ^ and this motion is transferred 
by the levers 7, 8, 9^ and 10 through the watch chain 11 to the pointer. 
The hair spring 18 keeps the cliain taut by pulling against it with a force 
just sufficient to overcome axial friction. 

The graduations on the dial represent inches of mercury, the spacing 
being obtained by subjecting the aneroid to known pressures under an 
air pump or by comparison with a standard mercurial barometer. By 
means of an adjusting screw at the back of the instrument the pointer 
may be moved over the scale, and the instrument thereby set to agree 
at any time with a standard barometer uiidcjr the pressure then prevailing. 
A scale of altitudes is usually provided, the divisions being spaced by 
conversion from the scale of inches by the use of a formula, but the indica- 
tions of the altitude scale cannot be accepted for the best work unless a 
correction for the temperature of the air is applied. The altitude scale is 
commonly engraved upon a movable ring so that the graduation repre- 
senting the known elevation of a station occupied can be set under the 
pointer. The absolute elevations of other points to which the instrument 
is carried can then be read directly. This is a convenient arrangement 
for rough observations, but introduces an additional source of error, 
since rat(‘ of increase of altitude is not equal to rate of decrease of 
pressure. 

In reading the aiicroid, it should always be held in the same po.sition, 
verticallv or horizontall}', and the case tapped lightly to overcome any 
friction in the recording mechanism. In estimating the position of the? 
pointer, care must be exercised to avoid error due to parallax. In order 
to enable this to be done some aneroids are provided with a thin 
reflecting circular strip placed near, and concentric with, the graduated 
scale. Readings on the scale are then taken when the pointer and its 
r(;llect(’d image appear to coincide. 

On account of its portability and the greater speed with which observa- 
tions may be made, the aneroid is i)referred to. the mercurial barometer in 
taking topography. With the neces.sary precautions, results may be 
obtaiiK'd with sufficient accuracy for the plotting of 2o ft. contours on 
small scales, but in point of precision the oidinaiv aneroid ranks 
considerably below tiu' mercurial instrument (see ])age 44(>), especially 
when absolute heights, as o|)[)os(m1 to dift’erenees of elevation, are re- 
quired. 

One trouble with the ordinary aneroid barometer is a certain amount 
of friction in the working parts, and of sluggishness or “ hysteresis ” in 
n'sponding to rapid changes in pressure. To overcome this, the Paulin 
Co. of Stockholm, for whom Messrs. E. R. Watts & Sons are the English 
agents, have produced an improved type ot aneroid for wdiich it is claimed 
that the effects of friction and hysteresis are virtually eliminated. In this 
instrument, the movement of the diaphragm of the vacuum box is 
balanced by the ttuision of a precise spring, this tension being controlled 
by [i knurled knob to w4iich a pointer is attached. When a reading is 
to be taken, the knob is turned until the pointer coincides with a fixed 
index line. Turning the knob also rotates a cam, and a second pointer, 
working against this cam, then indicates the pressure or height on a 
graduated scale. Since the whole apparatus w'orks on the principle of a 

1‘. & 0. .K. • 
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balance, there are practically no moving parts, such as there are in an 
ordinary aneroid. The latest moilel of this instriiinent, the “ surveying 
micro-altimeter,” reads to single feet and has a range of (5,000 ft. 
( — 1,000 ft. to 0 to t- i),000 ft.). Other models, known as “ surveying 
altimeters,” are graduated at intervals of 2 ft., 5 ft. and 10 ft., with rang(vs 
of — 760 ft. to 0 to + 3,600 ft., - 900 ft. to 0 to + 9,700 ft. and - 500 ft. 
to 0 to + 14,500 ft. respectively. Much more accurate n'sults may 
be obtained with these instruments than witli an ordinary aneroicl, 
especially if the results are carefully corrected for air ti‘m[)erature and 
humidity. 

Observations. The barometric determination of elevations would be 
comparatively simple and accurate if the atmospheric pressures were 
always equal at points of equal elevation. In reality, since the air is 
continually in motion, this is far from being tlie case, and, although the 
assumption of static equilibrium of the atmosphere forms tlic basis of the 
barometric levelling formulaa in practical use, the observatio.is should 
be made in a manner designed to eliminate as far as possible errors due 
to variation in pressure throughout level layers of the atmosphere. 

Changes of atmospheric conditions may be classified as those due to 
(1) gradient, (2) temperature, (3) humidity. 

(^adient. If the atmosphere were in static equilibrium, surfaces 
passing through all points at which the pressure is the same would be 
level surfaces. Actually, surfaces of equal pressure are irregular, and are 
tubject to continual change of form. Under normal conditions such a 
surface may within a limited area be regarded as a plane, the inclination 
of which to the horizontal is termed the barometric gradient. Tlie direc- 
tion and amount of the barometric gradient are subject to co?itinual 
changes, which may be analysed as periodic, due to diurnal * and annual 
fluctuations in temperature, and non-periodic, arising from local condi- 
tions as to weather and topography. 

Temperature. The weight of the column of air of depth equal to the 
difference of level Between two stations being compared de|)ends upon 
its temperature. Observations for temperature should be taken at botli 
stations, but the mean of these may be considerably different from the 
mean temperature of the air column, since the thermouKiter is read in the 
stratum of air at the surface of the earth, which is warmer than t he air 
column throughout the day and cooler at night. The consequent un- 
certainty with regard to the mean temperature of the air column forms 
an important source of error. The lapse-rate formuJm given on pages 
456 to 457 are designed to reduce this source of error as much as possible. 

Humidity. The proportion of water vapour present in tlu? atmosphere 
is continually changing, and, as its density is much less than that of dry 
air, change of humidity is a second factor in varying the weight of tlie air 
column. In the best work, observations for humidity arc taken by means 
of the wet bulb hygrometer, but as these are necessarily made near the 
ground, where the proportion of vapour is greatest and most variable, 
estimation of the mean humidity of the air column is as uncertain as tliat 
of its temperature. 

* See “ Diurnal Atmospheric Variation in tho Troy^ios, and Surveying with the 
Aneroid,” by T. G. Gribble. Min. Froc. Inst. C.JS., Vol. OLXXI. 
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Field Work. A good determination of the difference of level between 
distant points can be obtained barometrically only from an extended 
Hcri(\s of observations at both stations by means of mercurial barometers. 
Tlie greater the distance between the stations, the greater is the number 
of observations required for averaging. In the ordinary operation of 
taking topograpliy by aneroid the usual problem, however, is to find 
the elevations of points at moderate distances from a station, the eleva- 
tion of which has been otherwis(i ascertained. The determinations 
are then based upon either (1) single observations, (2) simultaneous 
observations. 

Single Observations. Tliis is the commoner but less accurate method. 
The instrument is read at the reference station, and is then carried 
from point to point, and a reading is taken at eacli. When speed is 
of greater importance than accuracy, use is made of the altitude scale, 
which is first set at tlic base station to the known elevation of that 
point, and tlie (4evations of the other points are read directly. The 
results of single observations may be very considerably in error if no 
attempt is made to eliminate errors arising from variations in atmospheric 
conditions. 

The accura(;y of the method may, however, be improved without 
much extra trouble. Change of gradient may ])e roughly ascertained by 
arrangiiig t!ie rouit' so that a return to the reference station is made at 
intervals. By observing the aneroid on such occasions, the rate of 
changes of pressure is asc(‘rtained, and intermediate readings can bb 
roughly corrected by time intervals on the supposition that the variation 
at the base re])resents that througliout the surrounding area. Otherwise, 
tlu^ rate of change may be roughly obtained during a circuit by remaining 
at one point for half an hour or so and noting any variation which may 
occur. If the route extends between two stations of known elevation, 
any change of pressure wliich has occurred during the journey will be 
evidiMieed at the second station by a discrepaMcy in the difference of level 
obtained, and can be roughly distributed to the intermediate points. 
The atmospheric temperatures are taken at the several points for correc- 
tion of the barometer readings. 

Simultaneous Observations. In this method tAvo instruments, Avhich 
iiave previously been compared, are employed. One is kept at the base 
station, and is rc^ad at regular intervals throughout the day : the second 
is carried to the various points to be levelled, and each reading is taken 
simultaneously with an observation at the base. Otlierwise, the trans- 
ported instrument is read at irregular intervals as required, and the 
simultaneous pressure at the base is deduced by interpolation from the 
values observed there. 

The method is designed to reduce the effects of atmospheric changes 
to a greater degree than is possible by single observations, and is to be 
preferred, particularly where reference stations are Avidely separated. 

The barometer used at the base station may be a good self-recording 
micro-barograph, Avith a suitable range of reading, as this AA'ill obviate 
the necessity for a special observer at the base. The scale on the chart 
of an ordinary barograph is not largo enough for tins class of work and 
hence a micro-barograph must be used instead. 
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Aneroid Observations in the Tropics. It has been found that in some 
parts of the tropics great variations in the readings of the barometer do 
not occur at any particular place, and that the main variation is one 
which occurs during the course of the day and repeats itself witli great 
regularity from day to day, with slight variations from season to season. 
Readings taken at one station throughout the day tend to show maxima 
about 3 to 4 p.m. and minima about 8 to 9 a.m., but the variations from 
the mean curve are least between about 7 a.m. and 2 p.m., although 
tliose times may vary slightly in different localities. This fact is sometimes 
taken advantage of to introduce correctiojis to aneroid readings, even 
when sj'stcmatic observations are not taken at regular intervals during 
the day at a central station. 

The procedure in this case is to take half-hourly readings on each 
instrument at a fixed station for several successive days, the time of efieh 
reading being carefully noted. Each diiy’s readings for one instrument 
are plotted against time on a single piece of squared paper and curves are 
drawn through each set of readings. A mean curve is then drawm to 
represent the average of all the curves, and this mean curve is used as a 
basis for drawing up a table of corrections to be applied to readings at 
any times of the day to reduce them to the equivalent readings at a 
certain time chosen as standard. In the field, therefore, the work consists 
of observing the time at which a particular reading is taken and applying 
the correction necessary to n'ducc it to the equivalent height at the 
^andard time. 

Correction curves should bo obtained at fairly frequent inb'ivals in 
case there should be any very appreciable^ change in the form of tlu' 
diurnal wave. Time will be saved if each surveyor of a group is supi)li('d 
with several aneroids, so that some can be used in the field while otliers 
are sent to have their individual waves determined at a central camp. 
Alternatively, a battery of several aneroids may be kept at tlu^ central 
camp and correction^, bas«d on the readings of all the ambroids in the 
battery, sent out for field use. 

This system is only used* when a good framework of cojitrol heights, 
established by spirit levelling, already exists, and each line of aneroid 
heights begins and (;nds on a bench mark established by spirit levelling. 
Such lines are not generally allowed to exceed 15 miles in length, and 
the closing error on the end bench mark is distributed botwt'cn 
the intermediate readings ])roportionately to the distance from the 
initial bench mark. The method is used extensively in West Africa, 
where it forms the basis of ’the detail levelling for contouring for the 
standard official maps on the 1/62,500 and 1/125,000 scales with 
contours at 50-ft. or 100-ft. vertical intervals. It is only applicable 
in countries where the diurnal pressure wave is known to bo regular and 
steady. 

It is obvious that tliis method demands a reasonably accurate know- 
ledge of time. If an ordinary wireless set is not available, or for some 
reason cannot be used, local time can be obtained very simply by observing 
the sun, either with an Abney level or with a sim])le clinometer, when it 
is at a standard elevation — say 15° — above the horizon. Eor this purpose, 
a table giving these times to the nearest minute at half monthly intervals 
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can easily b(3 computed for any i>articular latitude and longitude. Exact 
times are not needed, as errors of several minutes in the time will make no 
[)ractieal differenee to reduced heights, and, onee computed, a table of 
the kind described will be valid for several decades. The formulae for 
coniputing it arc : — 

tan* - -= - P) 

2 sin s sin {s — z) ’ 

wliere t — sun’s hour angle in angular measure, 

sun’s polar distatice = 90"^ — sun’s declination, 

z -- sun’s zenith distance — 90^ -- sun’s altitude, 

A = co-latitude of i)lace — 90° -- latitude^ 

« = Up + 2 1- A). 

Then, in(‘an time of observation whcui sun’s zenitli distaner^ is z — 12^^ Jz ^ 
(converted into tinui) equation of time. If the sun is observed at an 
altitude of 15°, z may be taken as 75° 03 J', as tin; refraction for an altitude 
ot 15° is about 3J'. 

Eor a change in latitude of c/<^, the corresponding change in t, in time, is 
givtm by - 

(It (l(j} eosec A cot Aflo 

in which Ay the sun’s azimntli, is computed from , 

2 ^ _ idn (.9 — z) sin (s -- A) 

2 sin . 5 . sin {s — j^) 


An auxiliary tal)le, giving dt in minut(‘s of time for -- 1° or bO', can 
easily be eomi)uted for tlu' middle day of each month, and this table used to 
obtain the correction for a snmll difference (up to 2"^ or 3°) from the latitude 
for which the main table has been calculati‘d^ 

Reduction of Observations. From the nature of tlie ease, a simple 
formula for dilference of elevation is not available. Ihe surveyor uses 
tabular valiu‘s i)repared from one or other of tlu^ various formuke which 
have been ])roposed. 

Theoretical investigation of the subject was first made by Lajilace, 
who showed that 


l)itferenc(' of elevation C (log //j — log //') X a X 6 X c . . (1) 


where //j, IV == baromet(*r readings in inches at lower and upper stations 
re.spectively, both rt‘duee<l to 32° F., 

C a constant, variously estimated as (>0,159 to 60,384 for ft. units, 
a =r--- a factor allowing for the mean temperature of the air column and 

- - 64> 

average * * ^ 


an 


amount of moisture = ( 1 + 


le = 


t»U0 


— whtre 


™ air temperatures in degrees Fahr. at lower and upper 
stations respectively, 

b - a factor allowing for the variation of gravity with latitude 
= (I f *0026 cos 2<^), wluTo ^ = mid-latitude of the stations, 
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c = a factor aliowing for the diminutioii of gravity with alt-itiuh* 

f, . X -t- r>2,252 -I- ‘ r I .. 

I 1 _| f I, where A ^ ditrerence of ehwatioii 

as obtained without this factor, == elevation of lower station, 
and li — radius of earth in ft. = 20*89 X 10®. 

The reduction of barometric readings to the temperature 32° F. requires 
a knowledge of the temperature, T, of the instrument as given by the 
attached thermometer. The reduction formula is 

Beading reduced to 32° F. = Actual Reading (1 — — 32) ), . . (2) 

where a = differential coeffieicut of expansion of mercury and the metal 
(brass) of the scale = say *00009. 

Readings of compensated aneroids are not snbjt'ct to this reduction, aisl 
the term 52,252 in the c factor is omitted iji their case. 

The Laplace formula has been tabulated in various ways. Loomis* 
Tables are frequently used, and are published in tlic^ Indian Surv<*y 
Auxiliary Tables, the Smithsonian Miscellaneous (\)llections, to 

Travellers, etc. 

Several modifications of the formula have been made. That by Haily is 
Difference of elevation in ft. = 60,346 (log - - log IT) X d X a X h. . (3) 

where lli, H* = unreduced barometer readings at lower and upper 
stations res])ectively, 

(i= temperature correction to barometer ™ — ,/,/;> when; 

I -f" ’UvU 1 ( * 1 ^ ) 

Tj, T' = readings of the attached thermometers at lowt'r and uppj r 
stations respectively, 
a = as before, 

b = latitude factor — (1 -j- *002695 cos 2^), where ^ - mid-latitude. 
Baily*s Tables arc given in the Indian Auxiliary Tabit's, llie Smithsonian 
Collection, Close and Winterbotham’s Text Book of Topographical and 
Geographical Surveying, etc. 

The formula now adoj)tcd as a standard for international use tak(*s 
into account the actual humidity of the air at the time's of observation, 
and although not so convenient as those given above*, may be employed 
for the most precise work. With heights in feet, j)ressur(‘s in inches of 
mercury and temperatures in degrees Fahrenheit, it is : - - 
Difference of elevation in feet -= 

aivxnci n . _ \ \ ...... ojl i I" \ \ 


where 


60370 (log Hi 


l') X (] 


0-l)02G4 c(w 2^ 


:iP\ 


(1 + 0-002()3(5(<,„ - 32) ) (4) 

where H,„ is tlie mean barometric i)ro.ssure in inelies, the meiiii (ejn|>fra- 
ture at the two stations and P is tlic mean water vapour pressure. 

P is calculated from : — 

P = P„, - 0-0()a45//„.(<„ • - (5) 

where and are readings on the dry and wet bulbs of tlu^ hygrometer, 
in degrees Fahrenheit, .and the saturation pressure of water vapour, 
must be taken from tables such as those given in Hints to Travellers, 
Vol. II. 
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For logarithmic work this formula takes the form : — 
log (7ii - hi) = 4-780 82 + 0-00264 M cos 2^ -f 

^MP n 7/ H 

+ 877;: ~ ) + • • 

whoro M is the modulus of tlie common logarithms (log M == 1-637 78). 


Tho classical Jjaplaco formula for diffcrcnco of barometric pressure with difference 
of height is easily derived as follo^AS : tho charigo of weight per unit area (i.e., the 
change of prc'ssuro) dji for a chang(3 of elevation dh is given l>y dj) — — |7p7/i, where p 
is the (lerisity of air at pressure p ami nhsobda temperature T and g is th(i acceleration 
diU3 to gravity. Ihit, by the Hoyle-(lay-Lussae law for a p -rfect gas, p . v —■ 0 . 7'., 
wlu'ro O is the gas constant, v being the volume of the gas. Let and p* bo tho 

volume, density and firessure of th(^ gas at a standarrl absolute trunperaturo T,. Then 


pv 


For the same mass of gas, vp — 

. ’’-P- 


1KV» 

T/ 

p.^\ T_ 
p • 7’ • 

V /I\ 
;).■'* T' 


<lp =-. - gp.PJ.h.m, 

7P- I * V 

A?»suming tlu‘ .-.ame ab.Milute tempeiature T for both upper and lower stations, 
and integrating between the limits /ij ami /d and p^ and p^ we g(*t 


y,. /,, -= . r[lo{;7.-, - loprp']. 

7P ' 


Tutting pj — /■ . //i ami p* — k . IP and 

11 / -Y r)L\2.">2 

1- -{\ f O-OO^tillo cos 26)( 1 i ■ — 

0 Un \ . P 

wln*re f/„ is tin* \iilue of gravity at the eiiuator, we have 

/,1 _ . h ,'‘1 (\oir II lofi //>) ( 1 O OOitill.) cos 2^)( 1 

(fnpM * M \ 


•2/1 A 


Y-} r>2.2r)2-^2/i, 
JI 


) 


If p^ and p^ are taken to be the prosMire and den>ity of unit \ohimc of air at the 

fiee/ing point of water, then is a constant which wo can put equal to C. Tf wo 

f/..p. 


also take 7' as the inenns of the absolute temperatures at the two stations, and T, 
as tin* ab'^oliite temperature of the frei zing point of water, we have T — 32** 

-j. 7’^ -}. p _ _|. 7 ’j ^ 7 ’^ j. |. p , (U“). Hence the expression becomes: - 


/d 


hi- .ur(|„^ //, - l„jr 11 ') X (I +- 0 00-Jtl!).', cos 24) X (l + - 


x(l 


t- 2/,,> 


in wbieli the modulus M of the ciunmoii logarithms has been intioduced to reihice 
Naperiau to eommoii logarithms. 

Hut fn'eziiig point on the ahsoluto seale corresponds to 401 Fahrenheit degrtv's, 
so that 0S2‘\ In order, however, to allow* for average humidity, the tigure 

000 lias bcMMi taken inst(*ad of 0S2 in tho formula for a in (1) above. 
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Lapse-rate Formulae for Aneroid Height Scales. The formula given 
above is derived on the assumption that the temperature of the air 
column is uniform at all heights. This, however, is contrary to normal 
experience as it is known tliat, up to a certain limiting height, the tempera- 
ture of the air decreases with increase in elevation. The fall in temperature 
does not obey an absolutely linear law but normally it does Jiot depart 
greatly from one. The wliolo question of the variation of barometric 
pressure with elevation, with which is connected the altitude scale on 
aneroids, has assumed new importance in recent years owing to the 
needs of aviation, and this has led to a certain amount of research work 
on the subject. Accordingly, in 1930, an inter-departmental committee, 
consisting of representatives from the Admiralty, War Office, Air Ministry 
and the National Physical Laboratory, to wJiich representatives of 
instrument makers were added later, was formed to investigate the ques- 
tion of the most suitable formula on which to base tlic height scale for 
aneroids. This Committee has now recomnu'iuled certain forrnulo) and 
has calculated tables * which make allowance for the variation of tempera- 
ture with height. Both formulae and tables are based on the assiim])tion 
of a constant “ lapse-rate — that is, the rate of decrefisc of tem])erature 
per unit difference of heiglit — amounting to 3*506° F. or 1*981° C. pc'r 
1,000 ft. 

For a dry-air lapse-rate k it can be shown that, witli an absolute tem- 
perature at sea level and — kh at height h above sea level, 



where is the atmospheric pressure at sea level, p is the corresponding 
.pressure at height h abovx* sea level, p, is the density of the air at sea h‘vel 
and g is the acceleration of gravity. 

If Pj, and are tlie pr(\ss»ire and density of the air at some oth(*r 
temperature which is e^ioseii as a standard temperatun* at sisi level, 

we have from the la\Cs relating to a perfect gas 

bis =.pIs = 1 

P. P. 0 

where c is a constant for tlic gas. Accordingly, we can write 



where p,. and can be chosen at convi^nience. 

Assuming that g — 980*02 e.g.s. units (the aec(*[)ted value at latitude 
45°), that at mean sea level the temperature is 15" (!. or 59° F. and tin; 
barometric height, reduced to 0° C, is 700 rnm. of mercury, that in tliese 
conditions 1 cc. of air weighs 1*2257 milligrammes, and that the laf)se-rate 
is 1*981° C. per 1,000 ft., this gives : — 

^ = [(288 - 0-00]98/t)/288]'‘’2‘’®, 

where h is in feet. 

* “Aneroid Tables iiased on ii iStiiiifliinl At mospboro mid h Stmidiird LnpHo- 
Rate.“ H.M.S.O., London, 193/5. 
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This formula, wliicjh is based on ono due to L. Touissant, is the one 
recoin mended hy the Committee as a basis for the graduation of aneroid 
barometers and Ihe figures in the second column’ of tlui following table 
have been computed from it on the assumption that p. = 29*921 inches 
and T, = 59^^ E. 


nciRht. 

l^rcaaure. 

DIff. 

Temperature. 

Feet above Mean 
Sea bevel. 

Inches of mercury 
at 32** F. with g * 
9S0-62 dynes. 


Fahrenheit. 

- 1,000 

0 

•f- l.(K)0 
-1- 2,000 
-1- 3,(K)0 
-1- 4,000 
+ 0,000 
+ 10,000 

31-018 

29-921 

28-850 

27-821 

20-817 

25-842 

24-890 

20-528 

- 1-097 

- 1-005 

- 1-035 
- 1-004 

- 0-975 

- 0-940 

- 4-308 

02“-6 

59 -0 

55 -4 

51 -9 

48 -3 

44 -7 

41 -2 

23 -3 


Temperature correction may be obtained from : — 

- A = 0*001929/d(^ - t„) 

in wliieh A,, is the collected height, A the height at standard temperature, 
botli in feet, t the observed temperature in degrees Fahrenheit and the 
standard temperature in degrees Fahrenheit for lieight A — that is, tlie 
temperature given in the last column against height A or computed from 
(59^ — 0*()()3r)()() . A). 

In the tables published by the Committee, the correction for tempera- 
ture is combined with one for humidity and it is advisable to use the 
tables when it is di'sired to appl}’^ these corrections, especially as the 
humidity correction is not one that can be computed very easily. The 
ex])lanation at the beginning of the tables igives the procedure to be 
followed when si*lecting a scale to be adopted for an aneroid that is to be 
used throughout at an average temperature differing greatly from the 
standard temperature ot 15^ C. or 59"^ F. 

The corrections for variation of gravity with height and latitude are 
both small, and, if required, can be computed in the ordinary way, but 
it is much easier to take them from the official tables where they are 
combined together in Table A. 

Tlio fonmila Kiveii iibovo for tho rolatiou Ijolwooii the iavssiiro8 at .-soa level and 
nt h»*iizht h abovo it may easily bo deriviHl in a manner similar to that used in 
ilerivin^ tho Laplaei' furiiuihi. Taking 'l\ ns the absolute tomperatiiro at sea level, 
the temperatnro at height h above sea level will ho T, — k . h. ilenco, if p,, p. and 
r, are tho pressure, ilensity niul voliimo of tho gas at sea level, we have as before : — 


pv p, i\ 

'I\ - k.h"^ 


and this leads to 


V 



^ ' \lh 

Integrating, we get 



log p log 

h p^ 

— kh) 'f- constant. 
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But p = Pe wlioii h = 0, and p ^ p when h = //. Hence, 



As regards the temperature correction, let p* he the observed pressure. Corre- 
sponding to this pressure, the height in the standard atmosphere (that is the lieight 
rogistereil on the aneroid or given in the table) will be h and the pressure at sea level 
in this atmosphere will bo p^,, the temperature there being the standard temperature 
T^f.. Assuming the same sea level pressure at the time of observation but a new 
sea level temperature the observed temperature at height //,. will be (7\, — k . //<.). 
Accordingly, wo may write 


which reduces to 




h, -h = 


h(T, - 7\) 


so, assuming that — 7^^ is the same as t — and, as 7\ = .'ilS®, tliis gives : 
h,-h = = 0 00192y/j(« - <„). 

ulo 


Sources of Error. Tiicsc may be classed as : 

(1) Errors due to Natural Causes ; 

(2) Instrumental Errors ; 

(3) Errors of Observation ; 

(4) Errors of Reduction. 

(1) Errors due to atmospheric conditions arc the most important. 
The most diflScult of elimination are those arising from the existence of 
permanent gradient and the impossibility of accurately estiinating the 
temperature and humidity of the air column. Observations must, of 
course, be suspended during storms, and should not be made in situations 
where wind eddies will cause abnormal readings, as may occur on the 
leeward side of obstruction^. 

(2) Instrumental efrors arc of minor importance in the case of a good 
mercurial barometer if the necessary precautions are taken in using and 
transporting it. The instrument with its attached thermometer must 
have been compared with a standard, and a table of corrections obtained. 

The ordinary aneroid, on the other hand, cannot Imj regarded as a 
precise instrument. Accurate graduation is a matti*r of considerable 
difficulty, and the readings should be comi)ared under various tempera- 
tures with those of a standardised mercurial inst rument, and the correc- 
tions noted. Tliese corrections do not, however, remain constant with 
the lapse of time. The variations arise from changing elasticity of the 
vacuum box and the mainsprifig, wear, and temperature effecits (in 


• The assumption that the pressure at moan sea level is the same at the time of 

observation as it is in the standard atmo.sphoro leads to the omission of a tci’in whieh, 
for absolute determinations at a single .station, may not bo negligible, but whieh is 
eliminated when the difference of height between two stations is being determined. 
Assuming that there is no change of pressure at sea level between the observations 


c So 

at the two stations, the .value of this term is — , 7* . — , where 8p = (p^ — p^t^)- 

1/ Pur 

See paper by G. T. McCaw on ** New Aneroid Tables ” in the Empire Survey Review^ 
Vol. Ill, No. 16, 1936. 
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“ compensated ’’ as well as uncompensated instruments). Refined 
reading is impracticable. The fineness of reading possible dei)ends upon 
the range of the instrument, as the graduation is, bf course, more (jpen in 
an instrument designerl for reading elevations from 0 to 1,0(X) ft. than in 
one ranging from 0 to 10,000 ft. For work covering large variations in 
altitude, aneroids of different ranges are carried, e.(j, 0 to 5,000 ft., 4,000 
to 10,000 ft., etc., overlaps being necessary since the indications are 
uncertain towarrls the extremes of the scale. 

(3) In observing, precautions are necessary to avoid anomalous indica- 
tions arising from unrepresentative temperature conditions and sluggish- 
ness or drag in the instrument. Barometers should therefore be carefully 
shielded from the rays of the sun. The existence of drag is evident after 
a sudden cliange of elevation, as the instrument does not respond imme- 
diately. After ascending or descending a steep slope, a stoppage should 
bo made for a few minutes, and the barometer then gently tapped and 
read. 

Errors of parallax in reading the instruments are almost always present. 
In the mercurial instrument they occur in inaccuracy of contact between 
the gauge pi*g and the surface of the mercury, in setting the vernier index, 
and in reading the thermometer. Parallax error in reading the aneroid is 
considerablv greater, <and depends upon the distance between the pointer 
and th*' dud. Tln^ error, howeveu*, can be greatly reduced or practically 
eliminated if the instrument is provided with a “ parallax mirror 
(page 449) set concentrically uith, and close to, the scale. Errors »f 
reading an* reduced to negligible limits by repetition of observations. 

(4) The formnhe b\ whicJi differences of barometer readings arc reduced 
to difference's of elevation are not of an exact nature, but it may be taken 
that errors thus introduced are negligible in comparison with those due 
to the foregoing causes. 

Limits of Error. Looking to the uncertainties inherent in barometric 
levelling as performed in taking topographyj it is very difficult to set a 
value on t he dt'gree of accuracy which may be expected. Some remarkably 
close agreements with the results of spirit levelling have been obtained 
by prolonged observations with mercurial barometers, but such methods 
are usually impracticable in ordinary topographical surveying. The 
errors arising from tlie use of an an(*roid are, of course, greater than those 
arising from the use of mercurial barometers, and, with a single aneroid 
in the field controlled by simultaneous observations at the base station, 
the error of any single observation ina}" be anywhere betwTon 10 and 
100 ft., but this error may be reduced to from 5 to 20 ft. if batteries of 
not less than 3 aneroids are used at a time and atmaspheric conditions 
are relatively stable. In some parts of the tropics, duplicate runs, or 
even single runs over lines already levelled by s])irit levelling, with 
corrections applied from the diurnal wave, have showm comparatively 
small discrepancies of from 2 to 20 ft., but it is known that single errors 
much larger than this will sometimes occur. Adjustment between fixed 
points of known height will, of course, do something to reduce error 
taken on the whole but it will not appreciably reiluee errors of large 
amount. These remarks apply to work with ordinary aneroids, but much 
greater accuracy may be obtained if instruments of the Paulin type are 
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used. The whole question of accurate height determinations has assumed 
new importance in connection with air survey, and research is now going 
on, or is likely to be commenced, with a view to improving the accuracy 
of aneroid and altimeter determinations. Already tlu^ i^iulin instruments 
have set new standards for ground survey work, and 
excellent results have also been obtained with the surveying 
altimeter manufactured for the II.S. War De])artmont by 
the Wallace and Tiernan Products Inc., of Helleville, Now 
Jersey, U.S.A., an instrument which, like the Paulin, is 
remarkably free from hysteresis and drag. 

Errors in levelling will, in general, tend to bo greatest 
at high altitudes and at latitudes near the poles and 
equator. 

The Boiling-point Theimometer. Fig. 15S illustrates the 
usual portable form of boiling-point thermometer or hypso- 
meter. Sensitiveness is an essential requirement in the 
thermometer, which is graduated from about 180" to 215° 
F. and divided to 0*2°. The thcrmomeler is held by the 
rubber washer 4, so that the bulb is immersed in the steam 
in the boiler, and the stem is subjected to a current of 
steam in the telcscoinc jacket 3. 

Ill using the instrument, the boiler is aliout one-third 
filled with rain-water. The thermometer is introduced 
through the tube leading from (lie boiler, and is adjusted 
so that the bulb is just clear of the water. The spirit lamp 
is lit, and the thermometer is read when the mercury 
becomes stationary. When not in use, the (hermometer is 
cai-ried in a brass tube with a rubber lining. 

Observations and Reduction. The general procedure in 
observing is the same as that with the barometer. Simul- 
taneous observations give the best results, hut are often 
impracticable.. In the method of single observations, if the 
surveyor is remote from the reference station, he must rely 
upon estimated values for the atmospheric pressure th(*re at 
the times of his various observations. Mean pressures at 
different seasons arc given in published charts. 

Before reducing, the thermometer readings an^ corrected for indiiX 
error, which should be ascertained periodica lly. Diffrrcncc of elevation 
may be obtained from barometric tables if tlio barometer readings equiva- 
lent to the boiling-points are computed. Several tables of elevations 
corresponding to boiling-points arc, however, available. Examples will 
be found in Ilint^i to Travellers and Close and Winterbotham's Text Book 
of Topograjiihical urul Geographical Surveying. 

In the absence of a table, the following empirical formula may bo 
used : 

E = t (521 + -75 t) X a, 

where E = elevation in ft. above that at which water boils at 212°, 
t == degrees Fahr. of boiling-point below 212°, 
a = air temperature factor of the barometric formulae. 
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Only roiigli results arc possible since the tlicnnonujter can be read 
only to the ncar(?st -01 in., which corresponds to over 50 ft. of elevation. 

THE SURVEY OF DETAIL 

With the cxcci^tion of photographic surveying, the methods for the 
survey of d(3tail tabulated on page have already been dealt with in 
this volume and in Vol. I, Chap. Ill, IV, VI, VII, VIII and XI. Features 
of tlio work special to small scale mapping are given below, but the 
subjects of theodolite traverse find taclieomctry are not treated further. 
Although excellent for close contouring, tacheomeiry, on other than the 
subtense bar system, is of minor utility for rapid work on small scales. 

• Plane Tabling. In view of tlM'. great importance of plotting detail in 
the field, plane tabling is the most extensively used method for the survey 
of topography. It is particularly useful in open ground, but for surveying 
through tracts of bush the plaiuj table is employed only to a limited 
extent in small scale mapping, and compass travx'rsing is preftjrred. The 
methods of plane table surveying have been treated in Vol. I, Chap. VII, 
and it remains to outline here the routine followed in the mapping of 
dtdail on to])ographi(ial and geographical scales. 

Field Sheets. The sheets on which the field mapping is performed are 
called field she(‘(s. The scale adopted is commonly that on which the final 
map is to be mad(*, but if it is intended to reproduce the survey on 
more than one scale, the largest must be used for plotting the field sheejs. 
In country favourable for ])lane tabling the field sheets are completed on 
the plane tables. If, hovv(»ver, the survey includes compass traversing in 
parts, such work is usually better plotted on a larger scale in the first 
instance. These subsidiary surveys arc laid down on auxiliary sheets, 
and an* subsequently reduc(*d and incorporated in the field sheets in 
camp. 

Each fK'ld slieet is to contain a definite part of the survey, bounded 
by meridians and ])ara1lels, and commonly embraces a quarter of the 
ar(*a inehnh'd in the final ma[) sheets. A degree of latitude and of longitude 
can 1)0 taken on the 1/250,000 scale, and pro})ortionately less on larger 
scales. This leaves sufficient margin on a m(*dium-sized board. 

Preparation of Field Sheets. Before proceeding to take topography, 
th(j surv(»yor must pr(*])arc his sheet, after it has been ])roperly seasoned, 
by drawing the graticule and idotting the positions of the trigonometrical 
points by which his mapping will be controlled. The graticule, or network 
of meridians and ])arallels, for the area embraced by the field sheet is 
construct(*d as d(*seribed on page 41KS. The graticule interval must be a 
sim])li^ fract ion of a degre(*, the sinall(*r the greater the scale. It is generally 
made 15' for ma])ping on geographical or topographical scales, and may 
be subdivided to 5'. Tln^ graticule must extend beyond the limits of the 
area to be surveyed to give a siirroiiiuling margin of sufficient breadth 
to contain trigonometrical points which, although outside the section, 
will be used to control detail near the edge. 

As soon as tin? graticule is inked in, the positions of triangulation and 
traverse stations and of intersected points are plotted thereon as described 
on page 500. In addition to cheeking the plotting by scaling between 
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the points, tlieir plotted positions are verified in the field. The table is set 
up at one of therii whicli occupies a commanding position, and is oriented 
by the ray to any othef. The plotting of all stations witliin view is then 
checked by sighting them successively. 

Field Work. Plane table stations are almost exclusively located by 
resection from trigonometrical points. The stations are situated as far 
as possible on elevated ground, but occasional fixings are required on 
the lower ground for the survey of detail which cannot be obtained from 
the hill stations. It is economical to work from liigh ground to low. The 
distance between plane table stations naturally depends upon the openness 
of the country, and is likely to be greater with an experienced than with 
an inexperienced topographer. On the easiest ground four or five fixings 
per square mile are recognised as sufficient for work on the 1/62,506 
scale. For smaller scales the number of points occupied may be con- 
siderably reduced. 

Detail is surveyed by sketching between a few intersected ])oints. 
Elevations are taken by vertical angles with the telescopic alidade or 
the Indian clinometer (Vol. I, page 351), by aneroid, or by a combination 
of vertical angles and aneroid readings. The elevations of plane table 
stations arc obtained by observing the vertical angles and scaling the 
distances to two trigonometrical stations, one result serving to check the 
other. The elevations of intersected points are obtaiiu'd from those 
of the plane table stations by similar measurements, and tin? contours 
Of form lines arc then sketched in by estimation. Barometric hovelling 
is a valuable adjunct for determining spot heights around a station or on 
the route between stations. As the scale (lecreases, fewer points are 
fixed for the control of sketching : the requirements of g(‘ographical 
mapping are met by sketching topography entirely from the plane table 
positions and elevations. 

The art of sketching topographic form is one which demands consider- 
able judgment. The incxp(^rienced survejw usually errs by including 
unimportant detail too small to show clearly upon the finishe(l maj). The 
topographer should possess it sound knowledge of land forms in order 
that he may select for representation the significant features which express 
the character of the region. The ability to sketch these witli the desirc’d 
accuracy is acquired by experience. The natural tendency to exaggerate 
the roughness of difficult country and the smootliness of flat ground 
should be recognised and avoided. 

The area mapped in each field sheet should extend bc^yond the strict 
boundary of the section by the inclusion of an additional strip, about 
half a mile to a mile wide, round it. Tliis overlap between acljoining 
sheets is necessary to ensure a good connection between them by the 
adjustment of small discrepancies. 

Compass Kaversing. Recourse is had to compass traversing (Vol. I, 
page 245) between theodolite stations for the survey of detail in thickly 
wooded regions. The lengths of the course are usually strictly limited 
by the nature of the country, and this adds to the other inaccuracies of 
the method. When a wide region has to be surveyed by compass, the 
area is divided up by systems of deliberate compass traverse forming a 
framework from which the bulk of the detail is surveyed by rapid traverses 
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of short length. For economy, the framework itself usually comprises 
traverses of different grades of precision, and in extended work may con- 
sist of primary, secondary, and tertiary systems. • 

Primary Compass Traverse. Routes for primary traverse arc selected 
over ground favourable for linear measurement, and so that as long 
courses ns possible may be obtained with a minimum of clearing. The 
instrument is either a circumferentor or a large size prismatic mounted 
on a tripod. Bearings arc read to the nearest 5', both forivard and back 
bearings being observed at each station. The steel tape is stretched 
under a constant tension, and the slopes are measured by clinometer. 
A double measurement is made as a check. The chainages at which 
roads, streams, etc. are crossed are entered in the field book, and important 
features of detail on either side are surveyed by intersection, bearing and 
distance, or rough offsets. Clinometri^ or aneroid heights are observed 
aloiig the traverse. 

When there is a considerable distance between control points, primary 
traverses should be arranged to intersect each other and form closed 
figures capable of adjustment. Traverses must also fit between the control 
points on the theodolite framework. A graphical adjustment is usually 
sufficient in small scale work. 

Secondary and Tertiary Compass Traverse. Secondary traverses are 
run bctw( (Ui .siations of the main framework or of the primary compass 
traverses. Because of the smaller distance between checks, rougher 
work is allowable, and greater speed is attained. A 4-in. prismatic 
com]>ass on a tripod or staff is suitable, and forward and back bearings are 
read to tlie nearest 10' or 15'. Ordinary steel taping is sufficient, the tape 
being held liorizontally or the inclinations measured. Distances should 
bo chocked for mistakes by pacing. 

In tertiary traverse the forward and baek bearings need only be read 
to the nearest degree with the prismatic held in the hand. Steel taping is 
commonly employed, but tlic use of a light steel wire rope 200 ft. or 
300 ft. long is sometimes preferred on account of its sujx'rior strength. A 
chain is objectionable in dense undergrowth. 

It is usually sufficient to plot secondary and tertiary traverses by 
protractor ami to make a graphical adjustment between control points. 

Rope and Sound Traverse. This method of rough traversing is much 
used in certain heavnly forested parts of the tro]»ics for supplying relatively 
unimportant detail, such as semi-permanent forest paths, minor streams 
and the positions of spot heights. Distances are measured with light 
hempen ropes 310 ft. long and magnetic bearings are observed on small 
hand compass(»s — 2-in. liquid compasses are generally used — to a sound 
made by wliistle or shouting at a point three rope lengths ahead. The 
extra 10-ft. length on the rope is supposed to make allowance for average 
tAvist of path so that each rope length counts as 300 ft. 

It has be(m found by experience that a fairly experienced observer (‘an 
estimate the direction of the sound signal to within about 2° or 3®. In 
systematic ma])])ing on the 1/62,500 scale, rope* and sound traverse's are 
usually not allowed to cxchumI about 6 to 8 miles in length, and they 
Ix'gin .and end on ])oints (\stablished by a more accurate order of survey 
except when several trav(‘rs('s, which all bi»gin at fixed points, end at a 
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common central point. Aneroid readings are commonly taken at the 
same time as the bearing is read— tliat is, at the end of every third rope 
length — ^but, if the grojind is very broken, or any sharp breaks in slope 
occur, intermediate readings may be taken. 

Traverses of this kind are plotted on the auxiliary slieels in llie field 
as the work progresses. The aneroid readings are also corrected for 
the diurnal wave and the form lines sketched in at tlie same time. 

Measurement of Distance with Range Finder. The ordinary range 
finder, such as is used for military purposes, enable.s the Icngtlis of lines of 
medium length to be measured with sufficient accuracy for much topo- 
graphical work, and is specially useful when a compass or minor theodolite 
traverse is being carried along a wide river, or in other similar cases 



Flo. ].>u. 


where distances have to be measured over gaps that, art^ inaccessil)l<» for 
ordinary chaining and arc too long for observation by fa(ii(M)m('t(u\ 

The principle of the rfingc finder is very simple and is illnstraled in 
Fig. 159. Here A and B arc two mirrors wliicli, in an instrunuMit inleiuh'd 
for surveying, are set at thev^nds of a bas(j about 1 metre long. Mirror B 
is movable but A is fixed at an angle of 45° witli the base AH. Kays 
falling on A and B pass throiigli the objectives L and IM and are reflect(Ml 
by the prisms at D into the eyci)iecc E. When a relatively near object 
is sighted, two sep.arated images arc seen in tlie eyepieces i)ut tliese can 
be brought into coincidence by rotating the mirror B. The amount of 
rotation required to l)riF)g the two images into coincidences is a function 
of the distance of the object, and this distance can be read clirectly on a 
suitably graduated scale. What the instrument docs, in fact, is to solve 
the triangle ABC, Fig. 159 (6), for the side AC, the base AB being the 
distance between the centres of the mirrors and the angle ACK twice the 
angle through which the mirroi- at B is rotated. 

The accuracy of the range finder falls off very quickly as the distance 
is increased ; in fact, the theoretical error varies as the square of the 
distance. Thus, R.Ll. Brown gives the following figures for the apx)roxi- 
mate uncertainty of obscuvat ions under favourable conditions with 
instruments having bases 80 cm. and 1 m. long respectively : * 

* Seo “Optical l)i.staiic(3 MeaHiiromont,” hy Major R.Ll. Ilrown, R.F., J^Jmpire 
Survey Review^ Vol. I, No. 4, April, 1932. 
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DIstanen. 

Yards. 

Uncertainty of Observation. 

80 cm. Base. 

^ 1 m. Bnsc. 


Yards. 

Yards. 

rm 

1-2 = 1/416 

1-0 = 1/500 

1,0(K) 

4-7 = 1/213 

3-8 = 1/263 

2,<J0() 

19 = i/ior> 

15 = 1/133 


76= 1/53 

61 = 1/66 

8,00<) 



244 = 1/33 


chit'f disadvantages of the range finder arc its weight and expense. 
• Route Traverse. Under tliis heading may be classed all methods of 
traverse of lower grade than tertiary. They arc extensively used in 
rceonnaissanc(5 and exploratory surveys, when speed is of greater 
importance than precision. Such work is sonudimes controlled only 
by astronomical d(‘terini nations, and the resulting map of the route 
follow’cd is necessarily of inferior accuracy. On the other hand, rough 
traversing between fiequent control points is a useful method of surveying 
thickly wooded belts in deliberate mapping. Dcdail on either side of the 
route is surve^’ed by intersection of compass bearings, bearing and 
distance, and by : kr'tching. 

Bearings are observed as in tertiary traverse, but in thick bush it is 
sometiiiK's impracticable to obtain sights of more than a few yardi, 
and bearings are taken towards the sound of a whistle at the invisible 
forward station as in a rope and scund traverse^. The linear measure- 
ments of the traverse l(‘gs and for the inclusion of adjacent detail 
are made by rougli methods, such as by wheel, pacing, time, and 
sound. 

Measurement by Wheel. On level ground remarkably good results 
arc obtained by running a wheel along the. line and determining the 
distance as the ])roduct of the number of revolutions by the circumference 
of the wheel. The reliahility of the method’is reduced on rough ground 
owing both to the preseneci of slopes and the effects of jolts. The revolu- 
tions may be counted by watching a piece of bunting attached to one of 
the spokes, or the count is performed automatically by odometer or by 
perambulator. 'J'he odometer is a device which is fixed to the wheel of a 
vehich'. and exhibits on a dial the number of revolutions made or the 
distance run. The perambulator resembles the front wheel of a bicycle 
with fork and handle-bars : the wheel is usually of wood, and the tyre of 
hard brass. The recording mechanism moves a pointer over a small 
dial graduated to read to yards. 

Measurement by Pacing. The ability to maintain a constant length of 
pace is acquired by practice. For the same i^erson the length of the pace 
increa.ses with increase of speed, and decreases witli increa.se of slope of 
the ground, whether going uphill or downhill. The surveyor should 
ascertain the length of his step by walking at average speed over a known 
distance on level ground. In measuring by pacing, he should keep to 
his natural step instead of trying to pace yards, but the stride should be 
lengthened on going up or down slopes as an attempt to cover a constant 
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horizontal distance at each pace. It is usual to count only every second 
step, i,e. those of either the right or the left foot. 

The trouble of counting is eliminated by carrying a pedometer. 
Externally this instrument resembles a watch, and it is carried upright 
in the pocket. The jolt given at each step actuates the mechanism, and 
the distance walked is recorded on the face, which is graduated to J mile 
and is read by estimation to mile. The instrument is adjustable to 
suit the length of pace of the user. »in a very similar instrument, called 
the passometer, the readings represent the number of paces only, so 
that no adjustment is required for its use by different observers. 

If the surveyor is mounted, distances may be obtained by counting 
the paces of the animal, but the accuracy is rather less than that of 
human pacing because of the effect of slopes and v.arying speed. The 
value of a pace should bo ascertained by riding a measured distance both 
at a walking gait and a trot, the number of strides of one of the forelegs 
being counted. A pedometer may be carried and calibrated in this 
manner for use on horseback. 

Measurement by Time. In this method distances are estimated from 
the time taken in travelling. Note is made of the times at which the 
beginning and end of each traverse course is reached as well as of the 
estimated rate of march between. The method is useful for work on 
horseback, since the speed of a particular animal is fairly constant when 
either walking or trotting. It is frequently applied in running traverses 
Oil rivers. Experienced oarsmen can maintain a nearly uniform stroke, 
and the speed of the boat can be determined over a known distance when 
rowing with and against the stream. If th(^ traverse is made with the 
boat drifting downstream, the speed of the current should be ascertained 
at intervals by timing the boat over a measured distance. When a power 
launch is used, its speed should bo measured for various rates of running 
the engine. 

Measurement by Sound. • This consists in firing a gun at one end of 
the line and noting 'at the other end the time which elapses between 
seeing the discharge and hearing the report. Two or three repetitions 
are made, and the results are averaged. It may be taken that sound 
travels at the rate of 1,090 ft. per second in still air at a temperature of 
32® F. and that the speed increases by 1*1 ft. jjer second for every dc'gree 
rise in temperature. The accelerating or retarding effect of wind is 
eliminated by firing and observing at each end of the line, the mean result 
giving the required measurement. 

When the stations are not intervisible, two observers, A and B, take 
up positions at either end of the distance to be measured : each is providefl 
with a revolver, and A has a stop-watch. A fires, and observes the time*. 
Immediately on hearing the report, B fires, and A notes tlic time at 
which the sound reaches him. The interval between the two tinu's 
observed by A is found to be greater than that required for sound to 
travel from A to B and back to A, chiefly on account of an inevitabk' 
delay by B between hearing A’s shot and replying. Huddart * finds that 
the subtractive correction to the time interval is practically ind(‘pen(l- 

* “ Sketch Mapping; with Special Hororonce to Soiith<^rn Nigeria.” Mirt. Vroc. 
Inat. C. Vol. CLXIX. 
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ent. of the distance, and witli experienced o))servcrs is fairly constant at 
()'7 io 0*8 soc. 

Routs Sketching. It is frequently desirable t^) make a scale sketeb 
of the topography while running a route traverse. To facilitate sketching, 
various types of sketch board 
have been designed in the form 
of a miniature plane table with 
an attached compass, whereby 
bearings to side objects, as well 
as those of the traverse, may 
bo observed. Fig. 160 shows 
the Verner Cavalry Sketch 
Hoard. The instrument is 
strapped to the left forearm 
for use on liorseback, but can 
also be mounted on a Jacob 
staff wlujn required. The 
board measures about 9 in. by 
7 in., and carries two rollers 
over whi(!h a continuous roll of 
]>aper is pass(‘(l. Orientation is performed ])y refeience to the smallcompass 
fitted o?i one sjd(', TJic functions of an alidade are performed by a scale 
which is lield in any required position by two rubber bands as shown. 

niOTOCiRAPHIC SURVEYING 

Ph()tograi)liic s\\v\’v\ ing, or phototo])ogra])liy, is a method of surveying 
in wliii h th(» detail is plott(‘d entirely from pliotographs taken at suitable 
camera stations. TIkj metliod has been extensively employed throughout 
the Continent and in (Canada. It is adapted for the smali scale niap])ing 
of open mountainous regions, but, unless the photographs are %aken from 
the air, it is useless in flat or wooded count ry^ 

In its general features, photographic surveying resembles plane tabling 
by inter.'* ect ion and resection, but, as the jllotting is performed in the 
oflicc, the accuracy obtained in the representation of topographic detail 
is nece.ssarily inferior to that of field sketclnng. The principal merit of 
the sy.steni js the rapidity of the field work : the time spent in the field 
may be put at about one-third that of plane tabling. Tliis proves a 
valuable feature under adverse climatic conditions. In mountainous 
country there may occur only brief intervals during which the peaks are 
clear of mist, and the operations at a camera station can be completed 
with much less delay than would occur with any other system. Moi cover, 
the method can be u.sed to survey very precipitous and moimtainous 
country which it would be quite impossible to survey by ordinary ground 
methods, and it is mainl}^ for this reason, and because of the necessity 
for devising some means of dealing with surveys in the Rocky Mountains, 
that the practical development of the method is very largely due to the 
late Dr. E. Devillc, who was Surveyor-General of Canada from 1885 until 
1924. The original inventor of photographic surv(»ying, however, was 
Laussidat in France, who commenced experimenting in 1851 and in 1861 
completed a survey of a village near Versailles. 
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General Principles. In plotting the map, the distances and elevations 
required must be obtained from tlic jicrspcctivc dimensions on the 
photographs. The prcAJess — termed iconometry — is therefore tlie reverse 
of perspective drawing. 

In Fig. 161, 0 represents the optical centre of the camera lens. OP, 
its principal axis, intersects the vertical negative at P, the principal 

point of the picture, of 



which HH' is the horizon 
line and VV' the principal 
line. The inyigc thrown 
on the plate is an in- 
verted perspective, but 
an upright perspective of 
the same dimensions can 
bo imagined received on 
a glass plate parallel to 
the negativ’^e and placed, 
as shown by dotted lines, 
in front of 0 with its 


principal point on the 
axis of the lens and at a distance from it equal to OP. Since the lens 
is focussed for distant objects, OP equals /, the focal length of the lens. 
This perspective corresponds to the photographic print, which is then*fore 
a perspective with view point 0. 

A single photograph does not furnish the complete data requir(‘d for 
plotting the features it includes. If, however, a second photograpli of 
the same area is taken from another known station, and the orientation 
and elevation of the camera at the two stations are known, the points 
appearing in both photographs can be locatc'd both horizontally and 
vertically. Thus, in Fig. 162, let O and 0' bo the ])lotted positions of 
the stations, then the data regarding the orientation of the camera will 
enable XX and YY,' the picture 
traces, to bo correctly plaCl;d on 
the plan at /in. in front of 0 and 
0' respectively. The abscissae 
F 2 b 2 > etc. are 
transferred by dividers from the 
prints to the corresponding picture 
traces, and rays from 0 through 
the points a^, b |, etc. thus obtained 
will yield with corresponding rays 
from 0' the required intersections 
A, B, etc. 

The elevations of intersected 
points can be ascertained from 
that of either camera station. 




The effects of curvature and ic 2 . 

refraction may be neglected, so 

that the horizon line on a print intersects points whose (devation is 
that of the centre of the camera. To obtain the elevation of any other 
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point, such as A, the ordinate Aa^ is measured on the print, 
triangles, this represents an actual distance of 


. OA. 


By similar 


and tlic elevation of the distant point = the elevation of the camera 
station + the lieight of the camera above the ground i A. 

The Surveying Camera. An ordinary camera may be utilised for 
surveying if it is fitted with spirit levels so that the i)hotographic plate 
may be set accurately vertical. The instrument should have a ground 
glass screen through which the view embraced by each photograpli may 
bo examined to ensure that desired features near the sides are included. 


The Icuis should have a large field free from distortion. A knowledge of 
the distance from the optical centre of the lens to the sensitised surface 
of the plate is required in plotting, and it is then^fore a great advantage 
to have a camera of the fix(‘d focus type. 

The labour of plotting is much reduced, and the camera is adapted 
for survey work, if means are provided for exhibiting on the negatives 
the trace of the horizontal plane j)assing through the centre of the lens, 
as well as the position of the principal point, in which the optical axis 
meets the plate*. Their positions may bo marked by four needles or 
notches in the franu^ against which tlic plate rests, and these are plioto- 
graphed upon the n(‘gative at each exposure. Two of the marks define 
tlie horizon lino and the other two the principal line, and the intersectic«i 
of lines drawn through th(*in on the print or negative gives the principal 
point. Alternat i vely , t hese lines are reproduced on the negative by having 
the frame fitted with hairs which are stretclied just in front of the plate. 

If the camera is provided with no other attachment, it must be used 
ij) conjunction witli a theodolite, liorizontal angles being taken to fix 
the positions of camera stations and to orient the photographs, and 
vertical angles to control elevations. To economise weight, the same 
tripod and base plate ma}" bo used both for the theodolite and tlie camera, 
as in Canadian practice. In Europe the Purveying camera has been 
combined with the theodolite to form the photo-tlieodolite. 

The Photo-Theodolite. Sev(*ral combinations of tlieodolite and camera 


have been devised and used.* The instrument designed by Mr. Bridges- 
Lee, and made by Messrs. C. F. Casella and Co., emliodies all the essential 
features of a plioto-thcodolite in a simple form, and is illustrated in 


Fig. 16;b 

Th(i camera is of tl.e fixed focus type for 5 in. by 4 in. plates, and 
is mounted on an axis in the same manner as the upper plate of a theodolite. 
It carries a vernier by w4iich the horizontal circle is read to single minutes. 
Upper and lower clamps and tangent screws arc fitted as in the theodolite. 
A telescope with a vertical arc is mounted on the top of the cam(*ra box, 
and cannot be moved in azimuth relatively to the camera, the line of 
sight being in the same vertical plane as the optical axis of the camera 
lens. 

Inside the camera box is a vertical frame 1, carrying a vertical and 
a horizontal hair KK', situated in the same vertical and horizontal 


* Sno Flomor. Phototovoaravhic Methods and Instruments, 



470 


PLANE AND GP:ODETIC SURVEYIN(3 



planes respectively as the optical 
axis. Attached to the same 
frame there is a horizontal 
transparent scale of angular 
distances, the graduations of 
which serve to show to the 
nearest 5' the angular distances 
from the vertical line of points 
on tlic picture. The frame T is 
rigidly conneeted to a base i^late 
which supports a circular mag- 
netic compass M, the needh' of 
which carries a vertical cylindri- 
cal transparent scale divided to 
half -degrees. 

When the photographic plate 
is in position ancl the shutter 
of the dark slide is drawn out, 
the internal frame can bo rac'kc’d 
back by the screws J until the 
eross-hairs just touch the plate. 
The scale of angular distances 
is at the same time brought 
close up to the plate, and both 
it and tin* hairs are reproduced 
on the negative, fri addition, 
the action of racking back 
places the compass nt^edle on it s 
pivot, and brings the compass 
scale sufficiently close to tlie 
surface of the plate that the 
graduations in the neighbour- 
hood of the vertical hair are also 


distinctly shadow-graphed. The reading of the compass scale at which 
it is mtcrsccted by the vertical line on the photograph represents the 
magnetic bewaring of the pointing, so that the orientation of each view is 
automatically recorded. The bearing to any other point is obtaint'd by 
applying to that magnetic bearing the angular distance of the j)oint from 
the principal piano as shown on the scale of angles. 

Determination of Focal Length of Camera Lens. If the focal length / 
of the lens is unknown, it should 


be ascertained at the outset. The 
method given by Devi lie is as 
follows. 

The horizontal angle c (Fig. 
164) subtended at the camera 
station O by two distant points A 
and B is measured by* theodolite. 
A photograph is taken to include 
these points, and their distances 



Fig. 101. 
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Pa and Pb from tho principal line arc measured on the negative. Then 
y = tan a, and -j- = tan*6, 
but a -f 6 = c, 

Pa + Pb 

wliencc tan c — p^[Tpj[i» ^ quadratic for /. 


Determination of Principal and Horizon Lines. The positiems of these 
lines must bo obtained and marked in the casci of a survcjying camera out 
o'f adjustment or in using an ordinary camera for surveying. A photo- 
graph of a suspended plumb line gives the directions of the lines. By 
including in the photograph three points subt(*nding two known angles 
at the instrument, the position of the principal line is obtained as follows. 

In Fig. 165 let A, B, and C be known poiiits 
in plan or points subtending two observed 
angles at the camera station O. On the photo- 
grai)h draw any line perpendicular to the image 
of the plumb line, and project the images of A, B, 
and C upon it. Transfer the i)oints a, b, and e 
so obtained to a paper straight-edge, and move 
the strip over the plot until a, b, and c simultan- Ku;. i 65 . • 

eously fall upon their respective rays OA, OB, and 

OC. The edge of the strip now coincides wdth tho oriented picture trace, 
and a perpendicular OP upon it defines the position of P relatively to 
a, b, and c. The ])osition of the principal line is therefore obtained, and 
OP should measure /. 

To find the position of the horizon line, the vortical angle a from the 
camera station, or the distance and relative elevation, of at least one 
pictured point A must be known. Tho ordinate h of the image of that 
point from tlic horizon line is computed from 



h = Oa tan a. 


and a point on the horizon line is obtained by setting off from the image 
of A the distance h parallel to the principal line. As a check, other points 
are obtained in the same way. 

Alternatively, the horizon line may be located by sweeping a horizontal 
plane through the camera station with a level and noting definite points 
cut by it. These are subsequently identified and marked on the photo- 
graph. 

Field Work. Tlie ent ire control of a photographic survey ma}’ proceed 
simultaneously with the taking of the photographs, and the survey is 
then similar in principle to graphic triangulation. A photographic 
survey is, however, generally based upon a previously executed system 
of triangulation. Photographs are taken from such of the survey stations 
as are suitable for the purpose. Many other camera stations will be 
found necessary in order to obtain suitable view's of the whole region, 
and these are located by subsidiary triangulation, the angles of w'hich are 
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observed eitlicr by the photo -theodolite or by a separate theodolite. It 
is frequently convenient to locate camera stations by resection or inter- 
polation from observations on three triangiilation stations. 

The selection of camera stations is an important part of the field work, 
involving consideration of the requirements of the subsidiary triangulation 
as well as the location of detail. All features to be jdotted must be 
photographed from at least two stations so situated that the lines joining 
them to the point give a definite intersection there. The more important 
points should appear on three or more photographs. Sites should be chosen 
with a view to the avoidance of as much dead ground as possible so Jis 
to do away with the necessity for unnecessary extra camera stations. 

For the orientation of the views, each should contain at least one 
point of known position, such as a triangulation station or a point whose 
direction is measured from the camera station. This is desirable even 
when the photo-theodolite is used and the orientation of the picture is 
read on the circle as well as being automatically recorded in terms of the 
magnetic bearing. As an additional check in plotting, adjacent views 
should overlap by an amount sufficient to make an easily recognised 
point appear in both. The elevation of each camera station is obtained by 
trigonometrical levelling, usually by observation of the vertical angles 
to two triangiilation stations. In cases where no station appctars on a 
photograph, the vertical angle to at least one conspicuous point in it 
should bo observed. 

• In arranging the work at the camera stations, consideration should 
be given to the time of day at which each should be occupied so that 
the sun may be favourably situated with respect to tlu; camera and the 
view. A certain amount of shadow is useful, but areas totally in shadow 
should not be photographed, and, as a rule, the best results arc obtained 
during the middle part of the day. 

In addition to keeping an angle book, the survi\>'or should make a 
sketch of the view ejubraOed by each photograph. On these sketches 
are shown the approximate ^positions of triangulation stations included, 
the points to which angular observations have been taken, and the 
names of peaks, rivers, roads, etc. 

Preparation of Photographs for Plotting. Needless to say. the negatives 
must be as sharp in detail and with as much contrast as can be secun'd. 
Rather slow isochromatic plates should be used, and the exposure made 
with a small aperture. The plotting may be performed either from the 
negatives or from prints. The direct use of negatives is the less convenient 
but more accurate method, since i)rint8 rarely correspond in size with the 
negatives. It is usual to work with enlargements of tw'o to four times 
the linear dimensions of the originals in order to reduce errors arising in 
taking dimensions from the photograplis. Great care in enlarging is 
necessary to avoid distortion, and the enlargements should be tested for 
perceptible distortion. The use of enlargem(*nts on glass has been 
recommended for the plotting of important features. 

Orientation of Picture Traces. The accuracy of the plotting depends 
upon the correct placing of the picture traces upon the plan just as a 
plane table plot is dependent upon the orientation of the table. Tlie 
conditions that the principal point P should be at the focal distance 
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from O, tho plotted position of the station, and that the picture trace 
should be perpendicular to OP, define the trace as tangent to a circle 
with centre 0 and radius /. The laying down of the picture traces is 
independent of tho scale of plotting, dimensions from the photographs 
and the focal length being drawn full size. When enlargements are used, 
the enlarged focal length is laid down. 

The method of placing the picture traces on the plan depends upon the 
data available. 

(1) When the photo-theodolite is used, and the horizontal circle is 
read at eagh exposure, the bearing of the principal plane is known, and 
it is only necessary to set off this bearing, mark the jjoirit P at a distance / 
from O, and draw the trace perpendicular to that of the principal plane. 
The result should, however, be checked by one of the following methods. 

(2) When the photograpli includes a point of known position already 
plouted on the plan or one of known direction from the camera station, 
the orientation may be performed with respect to it. In Fig. 166, let A 
bo the position of a known station, and let its distance from 
the principal plane on the photograph be Pa. On OA set 
off Ouj = /, and from a^ erect aia 2 i)erpcndicular to OA, 
and such that a^ao = Pa. Oag is evidently the trace of the 
principal plane, and, on marking off OP = /, a perpendi- 
cular through V f ('presents tho picture trace. Alternatively, 
the length Oa is calculated from Vp + Pa^, and triangle 
OPa is constructed upon it. 

(3) When the photograpli includes two or more points of 
known position or diFoclion, the orhmtation may be per- 
formed inc'chanically by means of a paper straight-edge on which are 
marked P, a, b, etc. The method for thr(‘C or more points is given on 
page 471 and Fig. 165, the orit'iitation bi*ing checked by the perpen- 
dicularity of the tracje to OP and the hmgth of OP. In the case of two 
known ])oints A and B, the point P on tlu' paper straight-edge must be 
kept upon .the circumference of an arc with centre 0 and radius /, and 
the strip adjusted until a and b simultane(5uslv fall u])on the rays OA 

and OB. 

Plotting. Before plotting detail, the prints are 
carefully studied, and every salient point to be 
plotted is marked with a fine dot and numbered. 
The same points must be identified and similarly 
numbered on two or more i)hotograplis. To locate 
the marked points on the j)lan, a convenient method 
is to mark off their distances from the principal 
plane on the straight edge of a strip of paper, which 
is then fixed on the drawing with its edge along tho 
appropriate picture trace. A similar strip is pre- 
pared from each photograph, and the lines through 
the station points and the points in the traces 
intersect at the required positions. 

The elevations of the plotted points may be 
computed as on page 471 or may be determined 
in Fig. 167, to obtain the elevations of A and B 


A 

? 

0 

f 

^ 7 \ 





graphically. Thus, 





Fio. 166 
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relatively to that of the camera, their ordinates and from the 
horizon line are taken from the photograph and set off at a and b on 



Fig. 16 s. Photographic Survey. 

the plan as perpendiculars to Oa and Ob respectively. The angles a and 
P subtended at O are tlic true vertical angles to the points, and the inter- 
cepts Hj and H 2 perpendicular to the rays from the plotted positions 
of A and B represenf to the scale of the map the required differences of 
elevation. The results shou'id be checked by the same construction with 
reference to the other stations from which tlie points are intersected. 

Contours arc plotted by interpolation l)etw(?en located points, the 
elevation of which have been determined as above. The sketching is 
facilitated by the circumstance that the horizon line passes througli all 
points on the photograph having the same elevation as the camera. 
For contouring it is therefore useful to have siweral photographs of the 
same area from different elevations. It is to be observed that a lino 
drawn parallel to the horizon line does not mark a contour, nor d() 
points intersected by such a line have a uniform angle of elevation or 
depression from the camera. 

Figs. 168, 169 and 170 show part of a trial iihotographic survey, and 
illustrate the foregoing principles. 

Stereo-photographic Survesdng. This comparatively recent develop- 
ment of photographic surveying enables the office work to be overtaken 
in considerably less time than is possible with the older systems. The 
method consists in taking photographs in pairs after the manner of ordi- 
nary stereoscopic photography. The two exposures are made with the 






TOPOGRAPHICAL AND RECONNAISSANCE SURVEYING 475 



Flu. PllUlOGHAPH 1 b. 

Fiu. 170. Photograph G c. 

plates in the same vertical })lane, but not iieee'ssarily at the same elevation. 
Tlie stereoscopic base line, or horizontal distance between the ])arallel 
principal planes, usually lies between 100 and 400 ft., the necessary length 
being proportional to the square of the distance to the points being 
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located and the accuracy required and inversely proportional to the 
focal length. The base is measured tacheornetrically or by taping. Tlie 
photographs forming d pair when viewed tlirough a special stereoscope 
show very bold relief because of the much greater distance between the 
camera stations than between the human eyes. Tlic plotting is performed 
with the aid of such a stereoscope. 



Fixing Scretv Ring, 

2. Lower Ctamo and 

Tangent Screw, 
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4. Vernier. 

5. Upper Tangent Screw. 

6. Counterpoise. 
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^ Mirror for illuminating 
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9, Prismatic Pointing 
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10, Vertical Circle. 

11, Vernier. 

12, Screw actuating Vertical 

Circle and Pointing 
Telescope. 

13, Spirit Level, 

14, Magnetic Compass, 


Fig. 171 . Zkiss Photo-Tiieodolitk. 


Field Work. The instrument specially designed for stereo-j)hotographie 
survey is the Zeiss photo-theodolite (Figs. 171 and 172). The method 
of locating camera stations by triangulation or resection is similar io tliat 
employed in the older systems. The difT(‘rence in the field work arises in 
the photographing of every point twice from parallel instead of inter- 
secting orientations. When the camera has been set to include any 
required view at a camera station, the stereoscopic base is set off at right 
angles to the principal plane by means of a tr.ansvcrse telescope attached 
to the camera. The exposure is made, the base measured, and the 
camera transferred to the other end of the base and set parallel to its 
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previous position by a backsight thiough the telescope to the point first 
occupied. 

Plotting. The principle undc^rlying the method bf plotting is illustrated 
in Fig. 173. The points O^, O 2 represent the optical centre of the lens, 
and Pi, Pg, the principal point on the negative when the camera is at either 
end of the ston^oscopic })ase of length B, A point A is represented on the 
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The quantity (Pia^ — Pgag) is called the parallax of the point A. If 
^ is a point of known^position, the above expression can evidently first 
be used for the evaluation of B, and from the value so obtained those of D 

for unknown points can be 
-f derived. To fix the position of 
[ A in plan, its direction relatively 
I to that of the principal plane 
1 is required, and is given by 

* 0 = tan or ^ =i tan"’-~^. 

/ / 

I The elevation of A relatively to 
[ that of either eanieia station is 
I obtainable from the length h of 
j its ordinate from the horizon line 
on the photograph, and has the 



Fia. 173. The practical valuta of the 

stereo-photographic method has 
been enlianced by virtue of the means designed for rapiclly obtaining the 
data from the photographs. This is accomplislu'd by a sten'o-corniiarator 
(Fig. 174) which was first suggested in 1902 by Foureade and was described 
sifiid constructed later in the same year by Pulfrich of the German firm of 
Zeiss. This instrument consists of a special form of st(T(M)s(‘opc in which 
magnified images of the two photographs arc simullaiK^onsly examined. 
Both eyepieces arc fitted with exactly similar indices, which can l)e made 
to combine stereosoopically with the point to bo plotted by adjusting 
the distance between the two views. Stereoscojiic combination occurs 
when the index appears to be as distant as the point, and the parallax 
is then given on a sccalc. The movements necessary to bring the point 
and the index together are also recorded on two scales, which arc read 
for vertical angle and azimuth respectively. The ])lotting then proceeds 
in the ordinary manner, always with reference to the left-hand camera 
station, orientation being effected with reference to one or more known 
points. 

Plotting may be performed much more rapidly by mechanical mean.^;. 
The stereoautograph,* invented by von Orel of Vienna, has proved 
very successful. It makes the plotting almost entirely automatic, and 
is capable of tracing the contour lines upon tlie map. A somewhat 
similar instrument, called the stereo-plotter, f was designed at the Chatham 
School of Military Engineering, and has been employed on the Survc}' of 
India, etc. 

Aerial Photographic Surveying. Aerial photographic surveying is a 
natural development of ordinary ground photographic surveying and was 
extensively employed during the war of 1914-18 for mapping on relatively 
large scales. Before the invention of the ac^roplane, some work on the 

* See Engineering News, Vol. 69, No. 13, 1013, and The Geographical Journal, 
Vol. 38, No. 4. 1911, Vol. 41. No. 4, 1913, and Vol. 69. No. 4. 1922. 

t See The Geographical Journal, Vol. 31, No 6, 1908. 
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construction of maps from photographs taken from balloons or* kites had 
already Ix^cn dorui, ii(ita])ly by Laussedat in Franco in 1858, by Elsdaki 
in Nova Scotia in 188,‘{ and in England in 1880 -7, by W(K>dbury in 
England in 1893 and by Adams in the United Stat(*s. As a means 
of obtaining the photographs, however, the balloon has given way 
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Fio. 174. 

entirely to tlie aeroplane, and methods of compiling maps from plioto- 
graphs taken by special cameras suitably mounted on aeroplanes have 
now readied a high standard of efficiency which makes tlieiu of great 
practical importance in certain circumstances, particularly for rapid 
surveys of unmapped countries which are in a state of rapid development 
and for which maps are urgently needed if development is to lake place on 
orderly and economical lines. 

One great advantage of aerial methods wliich deserves special mention 
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is that the photographs may often serve many purposes besides those of 
ordinary mapping. Among tlicse are assistance in the classification of 
land and soil, forestry and agricultural surveys, and use in connection 
with geological and archaeological investigations, etc. Consequently, in 
many cases where air survey would not bo nearly so economical as ordinary 
ground survey from a purely topographical point of view, the other uses 
to which the photographs may be put may make air survey much the 
more economical method in the end. 

Among the engineering uses to which aerial photogiaphy has heeii 
applied are reconnaissance surveys for roads, railways, transimssion lines, 
etc., town and country planning, land drainage, flood prevention, harbour 
works, river conservation, etc. 

Aerial photographic surveying is very suitable for small-scale work, 
particularly in flat country, and, provided theie is adequate pi’ovisioii 
of ground framework, it can also be used to constru(!t ])lans on relatively 
large scales, such as 1/1,250, etc. In addition, it is well adapted for tin? 
revision of existing maps. Its great advantage over ordinary ground 
surveying is the speed with whudi it can he carried out wh(‘n flying and 
photogiaphic conditions are suitable. In general, howevei’, it is not to b(» 
regarded avS a method which is complete in itself but rather as one which 
fills in detail fitted to points that have already been established by ground 
methods to serve as lioiizontal and vertical control. Ev(‘n after the 
photographs aie available, it is often necessary to go on the ground to 
obtain names, etc., or to supply or identify (l(»tail which is missing or 
obscured or which cannot b(‘ prox)erly identified on the ])hotograi>hs 
themselves. 

In recent years, most, if not all, of the important aerial ]>hotographic 
surveys that liave been carried out in the British Emi)iro and the United 
States have been made by official organisations or by i)rivatc companies 
formed to specialise in this class of work. The equij^ment needed for the 
work — including aeroplanes, cameras, interpretation and plotting 
apparatus, etc. — is, for the most part, highly elaborate and cxpeiisiv(i, 
and hence, unless very larg(5 areas arc involved, it is much elu^apcr and 
more satisfactory to get the survey made by an existing organisation 
than it is to attempt to do it on a purely private basis. In addition to 
this, the work itself — flying, photograjiliy, interpretation of photographs 
and plotting — is extremely technical and specialised and is best done by 
skilled and experienced personnel. Hence, a detailed description of the 
apparatus and methods employed would be beyond the scoj^e of 
this book, and all that can be attempted is a bri(d sketch in most 
general terms. Those requiring further information will find it in books 
such as Hotine’s Surveying from Air Photographs and Hart’s Air 
Photography Applied to Surveying^ or in the various publications of 
the Air Survey Committee and of the Directorate of Milit ny Survey. 

Photography. In the case of the revision of existing maps, it is sufficient 
to obtain photographs covering the whole area. For new surveys, each 
part of the area should appear on at least tw'o photographs, so that 
stereoscopic views may be obtained of the whole ground. In addition, 
the positions and heights of a certain number of points in the area must 
be fixed by ground survey methods. These points, which must be such 
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that they will show clearly in the pholograplis, are called “ ground control 
points *’ and it cannot be too strongly emphasised that, as in ordinary 
topographical surveying, unless a sufficient number of these points is 
available it will be impossible to produce an accurate map, and that the 
accuracy of the map will ultimately depend to a very large extent on the 
accuracy of the ground suivey. In plotting, the most accurate results 
arc obtained from vertical photographs ; that is from photographs taken 
with, the axis of the camera pointing vertically down. The “ Radial 
Line method, for instance, which enables the plotting to be done by 
relatively sjmph^ ajjparatus, is based on vertical photographs taken in 
a scries of overla])ping stri])s witli a (50 per e(‘nt. overlap in the direction 
of flight b(‘twecn successive photographs. For small-scale work, however, 
time and expense arc* save<l by the u e of oblique as well as of vertical 
photographs. For such work, therefore, use is often made of inultiple- 
hiiis cameras which take one vertical and u]) to six oblique photographs 
at one ex]josui(‘, and considerable areas have been surveyed by this 
method in Canada and tht* United States. Wlien taking jrhotographs, 
thc‘ aeroplane should fly on a straight horizontal line, arrd keep on an 
('veri keel ; otherwise, some of the area will not bc^ covered by the overlap 
of the ])hot<jgr'a])}is, and the tilt of the camera will produce corresponding 
variat ions of scale in each photograph. An experienced pilot ear:i genei ally 
avoid tilts greater than 2 degrees. 

Interpretation ol Photographs. The interpretation of photographs 
taken from the air requires a good deal of experience, and the information 
to be obtained from them depends on a number of factors such as angle 
of pliotograph, type of couiitr}'', heiglit of sun at time of exposure, scale, 
development and printing, etc. Experience can only bo gained by dealing 
with largo numbers of photographs and by examining them in the stereo- 
scope, by comparing them with existing maps, and, w^hen this is i)Os.sible, 
by examining them both on the ground and in the drawing office. 

The photograph is produced by light reflected from the surface of the 
earth, and, as the angle of reflection of the light received by an observer 
in an a(*roplano will normally be very diflerent from the angle of reflection 
of the light received by an observer on the ground, the appearance of 
ground objects will also usually be different for the two observers. For 
example, ploughed black earth, although seemingly dark to a ground 
observer, will often appear light on tlie photograph, whereas a field of 
corn will appear dark. This is because the ploughed eartli will reflect 
a certain amount of bright light, especially after rain, but an observer 
in an aeroplane flying direct ly over the corn w ill sec the countless shadows 
cast by the individual stalks and leaves. 

Photographs should always be examined in such a manner that the 
direction of the light during examination is the same as that of the sun 
during exposure. This means that, as a general rule, the shadows should 
point towards the observer. If this rule is not observed, depressions and 
elevations may appear reversed, so that what is actually a depression 
may look like an elevation and vice versa. Correct orientation may be 
obtained by studying the direction of the shadows of high objects, such as 
telegrapli poles, pylons, trees, houses, etc. 

Plotting. If the photographs are not seriously tilted, and the country 
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is not very hilly, it may be assumed that the bearings of all points from 
the principal point of the photograph are virtually true. It is then possibhj 
by graphical methods* to plot a framework of points to the mean scale 
of the photographs, each point being fixed by the intersection of two or 
more rays from principal points. Any ground control points that lie in 
the area are first plotted in their true positions by means of their rect- 
angular co-ordinates, and the framework of intersected points is adjusted 
to fit the control points. The detail of the map is then traced from the 
photographs, and adjusted to fit into the framework of intersected points. 
The contouring of the map involves the use of a topographical^stereoscope 
fitted with movable parallactic grids. If two ground control points, of 
which the heights are known, appear in the ov^crlap which is under 
examination, then the heights of any other points in the overlap can be 
measured by use of the grid. When the heights of a sufficient number of 
points have been determined in this way, the draughtsman draws in the 
contours on one of the photographs of the pair. Tlie stereoscope enables 
him to see the country in relief, and so to determine the shape of the 
contours ; the heights already fixed control the positions of the contours. 
The contours are traced from the photographs in the same way as the 
detail. Topographical maps of considerable accuracy, on scales not 
larger than 1/20,000, may be compiled in this way from air photographs. 

For larger scales, and more accurate surveys, it is necessary to take 
account of the height and tilt of the camera at each exposure. To deter- 
mine the relative heights and tilts of the camera from a scries of photo- 
graphs a compound stereoscope must be employed. A number of these 
instruments have been made, to a variety of designs. The simpler form 
of the instrument provides angular measurements, from which the relative 
positions and tilts of the camera at each exposure can be computed. If 
three ground control points appear in the series of photographs, the 
absolute co-ordinates and height of any point of detail in the series can be 
calculated. In this^way a.rigid framework of points is provided for the 
map, but the computations are long and tedious. In the more elaborate 
instruments, computations are avoided by the provision of mechanism 
for automatic plotting. When a pair of photographs have been set in 
their correct relative positions in the instrument, tlie operator sees the 
ground in its true relief, and also a mark which appears to float in space. 
By manipulating the controls he can bring the floating mark down into 
contact with the ground at any desired point. The pencil of the automatic 
plotter then registers the position of this point on the map. By making 
the floating mark follow the line of a road, or a river, or any other detail, 
the feature is automatically drawn on the map. Contours may be drawn 
by fixing the fioating mark at the required height, and moving it over the 
area, while keeping it in apparent contact with the surface of the ground. 
An instrument of this kind was made by Messrs. Barr and Stroude before 
the war from designs by Fourcade, Thompson and Fraze^r, but unfor- 
tunately it was destroyed during the bombing of Southampton. A 
description by Thompson of an early model of this instrument appears 
in the Report of Proceedings, Conference of Empire Survey Officers, 1935, 
and an illustration of it as finally constructed is included in Hart’s Air 
Photography Applied to Surveying, 
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In recent years an instrument known as the “ Multiplex ” lias come 
ijnto extensive use for plotting. This consists of a number of wide angle 
projectors suitably mounted on a strong h()rizohtal bar which enable 
reduced positives oi the photographs, or “ diapositives,” to be set and 
adjusted in positicms which, relative to one another and to the horizontal 
j)lane of the map, are similar to those which the plates occupied at the 
time of photography. Alternate projectors are fitted with red or blue- 
green filters and the superimposed images of overlapping diapositives, 
when viewed through spectacles with lenses of complementary (jolours, 
provide a stereoscopic effect. A small tracing table, adjustable for 
lieight and provided with a point of light used as a floating mark, can 
be brought and adjusted into contact with the projf‘cted image of any 
point, the position of the point on the map forming the horizontal 
})lane being recorded by a pencil or neulle fitted immediately underneath 
the floating mark, and the elevation of the point determined from the 
height of the table. With this instrument it is possible to bridge over- 
gaps of several photogr-aphs in which there is no ground control of any 
kind. 

Applications of Radar to Air Survey. In ordinary air survey work a 
good deal of ground control is necessitated by the fact that it is impossible, 
with ordinary equipment, to fix the position in space of the camera 
at the moment whcui a photograph is taken. This difficulty can now be 
overcome to a very ccmsiderable extent if two accurately and suitably 
loeatc'd radar stations or beacons are available w’ithin about 200 to 2.W 
miles of the area to be surveyc'd. Kadar tiiangulation w ill give the fixing 
in the horizontal ])lane and accurate altimc'ter records will give the 
altitude*. This enables the ground control which would otherwise be 
recjuired to be very considerably reduccMl or even in some cases to be 
dispensed with altog(*ther. Fixings thus obtained by radar are not, 
of coui'se, so accuiate as fixings obtained from suitable ground control 
points, so that methods dcqrending mainly , on radar fixings are best 
suitc*(l for 'vork on small, or fairly small, scales. The method is, however, 
of great value in military operations as it t*nables maps to be made of 
country lying wcdl behind the enemy lines. 

In taking overlapping vertical photograirhs, the aircraft must be flown 
in ])arallel lines at constant distances apart, so that the phot(>graphs 
obtained will covcu- parallel strips of ground witli overlaps at the sides, 
as well as along the line of flight, and with no gaps between strips. In 
the ordinary way, and es]Hx*ially when the ground is featureless and 
d(*void of outstanding landmarks to guide the pilot, it is exceedingly 
difficult to navigate an aircraft to fly on parallel lines at the desired 
distances apart. With radar contred, Irowever, the aircraft can be flown 
fairly easily alorrg a ser-ies of concentric circular arcs so tJiat the photo- 
graphs cover a series of concentric overlapping circular strijis. When 
two radar stations are available, the aircraft is navigated along a circular 
arc at a pre-deterniined distance from one station and photographs are 
taken at ]U’e-deterinined distances along the path as fixed by distances 
from the second station. Even when only one radar station is available, 
it can be used to ensure tliat the aircraft is flown at constant pre- 
determined distances from it. 
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Air Mosaics. It often happens that a comparatively rough inaj) is 
required during tJiC early stages of important develojnuent schemes 
before tliere is time to' complete a proper survey by ground metliods or 
to comi)ilo and plot an accurate map from air photographs. In such cases, 
immediate needs may be satisfied by the provision of air mosaics. These 
are ovcrlapinng air photographs, all on approximately the same scale, 
adjusted or cut to fit one another along tiic edges and then pasted together 
to form a single large composite air photograph of the area invoWed. 
When these mosaics are made simply by fitting together unieetified 
prints without reference to fixed ground stations, tJu^y are** known as 
“uncontrolled mosaics.” If, however, they are made from rectified 
prints, in which the major distortions due to tilt, flying height and 
height of ground, etc., have been removed as far as ])ossible, and they 
are fitted to the plotted positions of fixed ground control ])oints. 
accuracy is greatly increjised and the mosaic is known as a “ eontrolh'd 
mosaic.” 

In some ways mosaics may be more ustdul than snrvt‘y('d ])lans since* 
they show actual ground conditions and many details which cannot lx* 
shown on the plans. On the other hand, tiiey can nev(‘]‘ be so accurate 
as apian based on an accurate survey made by taking actual measur(*ments 
on the ground or on one that has been ean'fully ])lotted from oveilapping 
vertical photographs with good ground control as a basis, and, moi(*ov(T, 
much important detail may be obscured by such things as tiees in leaf, 
otf'erhanging eaves, etc. 

At the present time the Ordnance Survey of (beat Britain lias a v(»ry 
large progrjimmc of work in liand in surv(\ving a !\umb(*r of towns and 
cities on the 1/I,12o0 scale. Many of these towns, paiticularly those 
which have been sev(*rely damaged by bombing during the last war, 
are faced with the necessity for early expansion and development, and 
up-to-date plans are accordingly required for town-planning ]mr])oses. 
In the ordinal y way, if these towns had to wait ff)r accurate plans, it 
would take the Ordnance Survey a very long time to me(‘t thv* need and 
in the meantime develo])ment would be held u]). Accordingly, as a 
temporary expedient, and as a sto])-gap measure Ix^fore the* final surv(\v 
plans are available, arrangements have been made to sup])ly air mosaics 
wherever they^ are required. It is recognised that im jxx tant m('asui’em(*nts 
should not be scaled from these mosaics and that tlu'y cannot tak(* tin* 
place of good survey plans, but, provided theu* limitations are ke])t in 
mind, they are extremely useful as an aid to the town ])lanner. Th(\v 
are made by rectifying and enlarging the original photogra])hs to the 
1/1,250 or other suitable scale and then, after cutting them to tit along 
lines ropiesentiiig the same detail on adjacent photogra])hs, fitting and 
sticking them down together on an old map of the same* area in such a 
way that features on the photograj)hs coincide as far as possibk* with 
the corresponding features on the nuip. Hence, they can lx* consid(*i(»d 
to be controlled mosaics. 

Air mosaics are also often used to obtain |>reliminary information in 
connection with such projects as the selection of possible rout(*s for new 
roads and railways in unmapped country, or in conix‘ction with river 
improvements, geological developments, etc. 
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CHAPTER VIII 

MAP CONSTRUCTION 

In this chapter are considered the various ways usually adopted for the 
plotting of extensive topographical surveys and the preparation of the 
final map or series of maps. Large scale maps are generally plotted by 
means of a system of rectangular co-ordinates, but, in small scale work, 
it is more usual to use geographical co-ordinates as a basis for plotting. 
Many different methods of plotting small scale work are available, cacli 
one with its own particular advantages .and disadvantages, and a study 
of these different methods forms the subject of map projections, whicli is 
the first one now to be considered. 

MAP PROJECTIONS 

We have already seen that, when we attempt to define the positions 
of points, or to plot these positions, by means of any system of reel angular 
co-ordinates, we must, if the area involved is largo, be prepared to accept 
the difficulty of representing a large area of a curved surface — the surface 
of the earth — on a flat one, and this leads to distortion of sh.ape and varia- 
tion of scale, the amount of wliich increases rapidly as the arc'a to be 
represented increases. Exactly the same thing occurs when wc proceed 
to plot work on a small scale. In this case, the first thing to be done is 
to plot a “ graticule,** or system of lines or curves to represent meridians 
of longitude and parallels of latitude, and the positions of the control 
points on which the drawing in of the detail depends are plotted with 
reference to the lines which form the graticule. The fundamental object 
of the study of map projections is therefore concerned with the diffeu’ent 
ways in which the geographical graticule of meridians of longitude and 
parallels of latitude can be represented on the map, .and with the relative 
advantages, disadvantages ahd limitations of each method. 

Classification of Projections. Since it is impossible to represent correctly 
any considerable portion of the carth*s surface on a plane, there can be 
no perfect projection. The perfect projection would show the meridians 
as equally spcaccd straight lines converging correctly towards the poles. 
The parallels would intersect them at right angles at the correct intervals, 
and would be parallel to each other. The scale would, in consequence, 
be constant over the map, and we should have a correct representation 
throughout the map of distances and directions, and therefore of outlines 
and their contained areas. 

Although constancy of scale is unattainable, many projections have 
been devised to make the resulting map correct in certain particulars. 
Thus, the scale may be constant along certain lines ; directions from 
one point to any other point on the map may be correctly represented ; 
or outlines, although distorted, may contain their correct are.as. Other 
projections do not preserve any property of the spherical surface exactly, 
but are designed to give a minimum of distortion over th(^ m.ap or at least 
a fair general representation. 
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III tlio manlier of their construction, map projections ralige from 
geometrical projections in tlie ordinary sense of the word to purely 
conventional systems of representation. Th(;y miiy he classified as : 

(1) Perspective, in which the portion of the earth’s surface is drawn 
as it would be seen from a definite point. 

(2) Conical, in which the meridians and parallels may be suiiposed 
to be drawn on the surface of a cone, which is then developed. 

(3.) CylMrical, in which a cylinder takes tlio place of a cone. 

(4) Zenithal, in which the lines are drawn on the same system as in 
the preeedijig two classes, but upon a plane. 

(5) Miscellaneous. 

Projections may also be classed according to .special properties they 
possess as : 

(1) Azimuthal or Zenithal, in which the azimuths from the centre of 
the map to all other points on it arc corn^ctly shown. Tiiis iiroperty is 
peculiar to tlie per.spective and zenithal projections. 

(2) Orthomorjjhic or Co7iformal, in which the scale, although varying 
throughout tlie map, is the same in aW directions at an^' point, so that 
very small areas are represented of correct shape. This jnoperty cannot 
be extended to large areas, the shapes of which are sometimes best 
rejiresented by a projection which has not the ortliomorifiiic property. 

(3) Kqunl-Area or Equivalent, in which equal areas on the ground are 
represented by equal areas on the map. Hiis property cannot be posses.scd 
by an orthomorphic projection, as the representation would then 
perfect. 

The iiumc's given io ])rojections are descriiitive first of the method of 
construction and then of the most important jn’opeuty, e.q. Conical Equal- 
Area, Cylindrical Orthomorphic, etc. Many projections are, however, 
better known by the name of their inventor. 

In the following jiages a brief de.scription is given of a .snflieient number 
of the more common projections to indicate the features of the different 
oJasses. The factors involved in the selection of a projection suited to a 
particular ease can then be considered. 

PERSPECTIVE PROJECTIONS 

Projections of this cla.ss arc formed by ordinary geometrical projection 
upon a plane. As the name imjilies, the meridians and parallels are 
re])resentcd as they would be seen from a particular view-point, the 
distance of which from the centre of the earth controls the properties of 
thi^ projection. The plane of projection is normal to the line joining the 
view-point and the centre of the earth, its position on that line affecting 
only the scale of the resulting graticule. According to the situation of 
the vicw-poijit, the projt'ction plane may be parallel to the plane of a 
meridian, and the result is o meridian pt*r.spcctive : if the plane is parallel 
to the equator, we have a polar perspective, and in any other position, a 
horizontal perspective. 

Perspective projections are unsuitable for the mapping of compara- 
tively small areas, but are of sonic importance for the representation of 
a hemisphere or more. 



490 


PLANE AND GEODETIC SURVEYING 


Orthographic Projection. In this case the viewpoint is infinitely 
distant (Fig. 175), and the projection is that employed in geometriea] 
drawing. The regions near the margin of the map are 

C so greatly contracted as to make the projection of 
little use. 

Stereographic Projection. The view-point is situated 
on the surface of the earth opposite the hemisphere to 
be mapped (Fig. 176). Features towards the edge of f lie 
map arc expanded, but the projection is orthomorpliic. 
Gnomonic or Central Projection. 

Fig. 175 . The view-point is situated at the 
centre of the earth (Fig. 177), and 
the projection show.s an enormous exaggeration remote 
from tlie centre of the map. The projection has the 
special property that, assuming a spherical earth, great 
circles arc represented by straight lines, and, in con- A'/'';-'"/---'' ) 

sequence, this projection has been 

applied in the preparation of naviga- y j 

j tional charts for great circle sailing. y 

i La Hire’s Projection. Since the ^ ^ 

, / orthographic projection contracts K,a. 170 . 

I / areas near the margin and tlui 

0 stereographic expands them, these cffecls may be 
neutralised by the selection of an intermediate view- 
point. In La Hire’s projection its distance from the 
centre of the earth is 1-71 times the radius. 

Clarke’s Minimum Error Pro- 
jection. Col. Clarke investigated 
the position of the view-point 
Fig. 177. to give a minimum of total 

misrepresentation. In his mini- ''' 

mum eiror projection the i)oint is so placed that 
the sum of the squares of ttie errors of scale in w /J; 

two directions at right angles to each other at all 

points on the map is a minimum. Its distance ''A 

from the centre of the earth depends upon the * / 

extent of surface to be mapped, and has the ^ 

values 1*625 Ji for an area contained by a small 
circle of 40° radius, 1*47 B, for the hemisphere, 
and 1*367 R for a radius of 113|°. This last '\ 

(Fig. 178) enables about two-thirds of the eartli’s 

surface to be represented, and is known as Sir ^iq, 178. 

Henry James* projection, for which he originally 

proposed a distance of the view-point from the centre of the earth of 
1*5 R. 


CONICAL AND MODIFIED CONICAL PROJECTIONS 
These form an important group of projections, and are greatly used 
in topographical and atlas maps, except for very high latitudes. They are 
of no value for the mapping of a complete hemisphere. 
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To follow the construction of the conical projection in its simplest 
form, let it be supposed that a cone, the axis of which coincides with that 
of the earth, touches the earth along a parallel df latitude ^ (Fig. 179). 
The meridians are projected from tlic centre of the earth upon the surface 
of the cone, and, on developing the cone they appear as equally spaced 




straight lin(‘S radiating from a point (Fig. 180). The paralhd of contact, 
or standard ])arall(‘l, is re?pr<*.s(*nted of correct length by a circular arc, 
the radius of which is It cot ^ for a sjdiere, or N cot for the spheroid, 
whore N is tlu‘ length of the normal. The parallels on either side of it are 
constructed on the development. 

Simple Conical Projection with One Standard Parallel. The standard 
parallel is one passing through the middle of the area to be mapped. Sts 
radius is computed from N cot 0, and the arc is drawn either by compasses 
or by locating a number of points on it by co-ordinates. The arc is divided 
oil into equal ])arts representing to scale the linear equivalents of degree.s 
or parts of a degree of longitude, the values of which for the parallel in 
qu<»stion arc extracted from tables. I'he meridians are drawn through 
these points towards the eenfre, and along any one of them the linear 
values of are.s of the meridian are set out. Through the ])oints so obtained 
the parallels on either side of the standard parallel are drawn as eircuhar 
ares eoncimlric with the standard. 

Features reproduced correctly in the projection arc the scale along 
every meridian, and along the standard j)arallel, as well as the perpendi- 
cularity of the meridians and parallels. TJie scale along the parallels on 
either side of the standard is too great, the error becoming greater as the 
distcance from the standard parallel increase-'. The project ion is much 
used, and is suitable for the mapping of a region of any extent in longitude 
but narrow in latitude. 

Conical Projection with Two Standard Parallels. In this projection, 
sometimes known as the modified secant conical, the errors of the simple 
conical projection at a distance from the standard parallel are reduced In" 
the adoi)tion of two standard parallels, one tow-ards the top and the other 
towards the bottom of the map. These arc constructed as concentric 
circular arcs of correct length and at their true distance apart. Each is 
divided to scale in the same manner as the single standard parallel in the 
last case. The meridians are straight lines passing through those points 
of division, and therefore radiate from the centre of curvature. The radii 
of the arcs representing the standard parallels are readily deduced from 
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tliese data, for, in Fig. 181, if 

m = the true (Jistaiice between the standard parallels, 

P 2 = lengths of, say, 1° on eaeh, 


V% ~ V 2 - Ih' 
P2-^ Pi 
P 2 Pi 



^2 = 


then — = 

iiA 

Pi 


or = 



Fio. 181. 

and ^2 =- 


The concentric circular arcs representing the intermediate i)arallels are 
truly spaced as before. 

The use of two standard parallels makes the scale along the parallels 
tQO small between the standards and too great beyond them, but the 
error is kept within smaller limits than in the simple conical projection. 
The limits of latitude embraced by the map being known, the standard 
parallels may be selected conventionally as the parallels situated at a 
fourth of the range of latitude from the top and bottom of the map 
respective!}’. Otherwise they are selected so that the central and llwi 
extreme parallels may have the same absolute or proportional errors, or 
such that the mean length of all the parallels may bo correct. 

^leither of the above two projections is equal-area or ortliomorphic, 
but, while retaining one or two standard parallels, they may bo constructed 
either as equal-area or orthomorjihic. For maps having a small range of 
latitude there is little dififeronce between such conical projections and 
those which have been described. The conical equal-area proj(»ction is 
seldom coiistriicted, more especially as the equal-area property may bo 
obtained with less difficulty by means of certain of the modified conical 
projections. The ortliomorphic property, however, is used in the conical 
ortliomorphic projection, the main properties of which have becui deserilx'd 
in Chap. V in connection with* systems of linear co-ordinat(‘s. 

Simple Polyconical Projection. This is a modified conical j)r*«)j(‘c*tif)n 
in which each parallel has the same characteristics as the standard parallel 
of a simple conical projection. The radii of the parallels an^ given by 
N cot <l>. The straight line representing the central meridian is int(*r- 
sected by the parallels at the correct intervals, and therefore the arcs 
representing the parallels arc not concentric, but diverge from each other 
on cither side of the central meridian. Each parallel is divided truly, 
and the meridians, other than the central, are curves through tlu? poijits 
of division, and do not intersect the parallels at right angles. 

The scale along each parallel and along the central meridian is correct, 
but is too great along any other meridian, the error increasing with 
distance from the central meridian. The projection is neither equal-area 
nor orthomorphic, but is suited for the mapping of countries having a 
small range of longitude. The ease with which it may be constriictcd 
from tables has led to fts wide adoption, notably by the United States 
Coast and Geodetic Survey, for the graticules of topographical map sheets 
which need not fit exactly along the edges. 
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Rectangular Polyconical Projection. This is a moflification of the 
simple polyconical projection. The ])arallels are constructed in the 
same Wiay, but only one is divided truly. Thft meridians arc curves 
passing tlirough these points and intersecting all the parallels at right 
angles. The right angle intersections are therefore obtained by sacrificing 
the scale along all but one of the parallels. The projection is neither 
equal-area nor orthomorphic. 

The International Map Projection. A modified polyconical projection 
lias been adopted for the International Map on the scale of 1/1,000,000. 
The sliect.Sinorm€ally cover an area of 4° in latitude and 0° in longitude. 
The top and bottom parallels of each are constructed as in the sinijile 
polyconical projection, and are divided truly. The distance between 
them, however, is such that the meridians situated at 2° on either side 
of the centre are straight lines of correct length. The otlier meridians are 
straight lines joining corresiionding points on the extreme parallels, and 
the intermediate parallels divide the meridians into equal parts. 

Bonne’s Projection. Tliis is a modified conical projection designed 
to represent areas correctly. One standard parallel is drawn as in the 
simple conical projection. The centre meridian is a straight line divided 
trul}^ and through the ])oints of division the remaining parallels are 
drawn as concentric circular arcs with the same centre as the standard. 
Kach parallel is divided truly, and the iiKnidians become curves passing 
through corresponding points on each. 

The scale is correct along the ecmtral meridian and along each paralh^l, 
and the projection is evidently equal-area since the perpendicular 
distance b(!lw(‘en the parallels is correct. The scale along the meridians 
increast's towards the sides of the map, and the projection is not suitable 
for a wid(^ range of longitude. It has been used to a considerable extent 
on European surveys, and was employed until reciuitly by the Ordnance 
Survey for one-inch and smaller scale maps of Scotland and Ireland. 
New editions of th(*sc maps are, however, being produced on the Trans- 
verse Mercator projection. 

Sinusoidal Equal-Area or Sanson-Flamsteed Projection. This is a 
special case of the last in which the equator is the standard parallel. The 
parallels become straight lines, correctly spaced and perpendicular to 
the straight central meridian. The other meridians, obtained by dividing 
each paralhd truly, would bc'come sine curves for a spherical earth. T1 h‘ 
projection has all the properties of Bonne’s, and is used for the mapi)ing 
of areas extending on eitlier side of the equator. 

CYLINDRICAL PROJECTIONS 

These may be conceived as drawn on the development of a cylinder, 
and may be n^garded as conical projections in the limiting case where 
the apical angle of the cone is zero. With the exception of Mercator’s 
projection, and the Cassini and Transverse Mercator projections, which 
are modified forms of a true cylindrical projection, they arc of little or no 
practical value. 

Simple Cylindrical or Square Projection. The tangent cylinder touches 
the earth along the equator, which is therefore the standard parallel. 
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The mondians project into parallel straight lines perpendicular to the 
equator, and are spaced at their equatorial intervals. The parallels on 
either side of the equator are parallel straight lines at their correct dis- 
tances from it, so that the graticule consists of a series of rectangles which 
are practically squares. The exaggeration of scale along the parallels 
becomes very great away from the equator, and the projection could 
be applied only to the case of a very narrow strip along the equator. By 
conventional!}^ applying the system to the mapping of a narrow strip 
along any other parallel with that parallel as a standard, the rale of 
increase of distortion on either side is, of course, greater. 

Cylindrical Projection with Two Standard ParaUels. The distortion of 
the simple cylindrical projection can be reduced by making the scale 
correct along two parallels, one on cither side of the equator and equi- 
distant from it. Large errors of scale, however, occur along the other 
parallels. 

Cylindrical Equal-Area Projection. The equal-area 2 )roperty may bo 
obtained for the cylindrical projection by drawing the parallels at li sin ^ 
from the equator, where R is the radius of the earth, assumed sjdierical, 
and (f> is the latitude. The interval between the paiallcls therefore 
decreases north and south of the equator, and the projection could be 
usefully applied only in the case of a narrow strip along the equator. 

Mercator’s or Cylindrical Orthomorphic Projection. To secure ortho - 
morphism, the S 2 )acing of the parallels must be increased as we dci)art 
fiom the equator, in order to keep pace with the increase of scale along 
the parallels common to all cylindrical projections. For a sph(*re, this 
requires that the distance from the equator of a parallel in latitude ^ 
shall be = 2*30259 R log tan (45° + ^<^), where 2*3(>259 = 1/Jf , 31 being 
the modulus of the common logarithms. 

The projection shows an increasing exaggeration of areas away from 
the equator, and, as is evident from the formula, the representation of 
the poles is infinitely -distant from the equator. The j)rojection is, how- 
ever, of great value for the construction of navigational charts, by virtue 
of the property that a line oi constant bearing, known as a loxodrome or 
rhumb line, appears as a straight line on the chart. The rhumb line 
course between two points is longer than that along a great circle, but on 
account of its simplicity rhumb line sailing is preferred except for very 
long voyages. To find the course to be followed by a ship sailing on a 
constant bearing between two points represented on a Mercator chart, it 
is only necessary to draw a straight line between them and protract the 
angle it makes with any meridian. The compass bearing is then obtained 
by applying the magnetic declination to the true bearing as protracted. 

ZENITHAL PROJECTIONS 

The essential feature of this class of projections is the correct re^irc- 
sentation of azimuths from the centre of the map. Tlio sanu? {property is 
possessed by the persjiHBctive projections, but is obtained in a different 
manner in those to be described, which are therefore classed by them- 
selves. They may be regarded as the other limiting case of the conical 
projection. As the standard parallel of the simple conical i)rojection 
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increases in latitude, the tangent cone becomes flatter, and in the limit 
becomes a plane, tangent at the pole. A projection drawn on this plane 
by the same system as was used for the cone haft the property of being 
azimuthal. 

Zenithal Equidistant Projection. In the case strictly analogous to the 
simple conical projection the pole forms the centre of the projection, 
and the meridians radiate from it at their true angles. The parallels 
become complete circles correctly spaced along the meridians and with 
the pole as their common centre. The resulting projection enables 
distances a* well as azimuths from the pole to be shown correctly, and is 
suitable for the mapping of the polar regions, but the scale along the 
parallels increases away from the centre. 

* The same principle may be applied to the construction of a projection 
for any portion of the earth’s surface by considering the projection as 
drawn upon a plane, tangent at the centre of the area to be included. 
Equally spaced rays from the centre would then represent great circles 
passing through the point of tangency and making equal angles with 
each other. The concentric circles equally spaced along the rays would 
represent equidistant circles on the earth. These lines arc not required, 
and the meridians and parallels must be constructed. They are not 
simple curves and are best drawn by plotting a number of their inter* 
sections by the use of tables or by computing their polar co-ordinates 
from the centre of the projection, as follows. 

Let = the latitude of the selected centre of the projection, 

== the latitude of the point to be plotted, 
si == the longitude difference between the centre and the point, 

A = tlic azimuth of the ray from the centre to the point, 

I = its length, 

a = the angle it subtends at the centre of the earth. 

Then, for a spliere, cos a = sin <f>^ sin <f> + cos.^^ cos </> cos SL 
sin A = cos <ff cosec a sin SL 

- ttEol^ 

The intersections are plotted by rectangular co-ordinates from the 
computed polar co-ordinates. 

Zenithal Equal-Area Projection. By sacrificing the equidistant property 
wo may constriiet an equal-area i^rojection by making I — 2R sin Ja. 
This projection, as well as the last, is useful for the mapping of large 
areas, and is much used for atlas maps. 

Airy’s Zenithal Projection. This projection was designed by Sir 
George Airy to give a zenithal projection with a minimum of misrepre- 
sentation. 


MISCELLANEOUS PROJECTIONS 

The follows’ ng conventional projections cannot properl}’ be classed 
under any of the foregoing heads. 

Olobular Projection. On account of its simplicity, this projection is 
frequently used for the representation of a hemisphere. The equator 
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and the central meridian are equal straight lines at right angles, and each 
is divided into equal parts. The other meridians are circular arcs passing 
through the poles and tiie points of division of the equator. The meridian 
forming the circumference of the map is equally divided, and the parallels 
are circultar arcs through the points so obtained and the corresponding 
points of division of the central meridian. 

Polyhedric Projection. This projection, used for the topographical 
maps of several European surveys, may be regarded as a scries of ortho- 
graphic projections upon a number of different planes, one for each 
sheet. The plane of projection for a sheet is that passing through the four 
points on the earth’s surface which form the corners of the sheet. 

Projection by Rectangular Co-ordinates or Cassini’s Projection. The 
system of rectangular spherical co-ordinates described in Chap. V, wlieii 
used for plotting a map, gives the Cassini projection. This may be 
considered to be a form of cylindrical projection in which the e 3 dindcr 
touches the sphere along a meridian, instead of along the equator, and 
the generating lines of the cylinder are the great circles at riglit angles 
to this meridian, instead of meridians. In this projection, distances 
along the central meridian and along the great circles perpendicular to 
it are preserved, but away from the central meridian distances paralhd to 
it are increased in length. 

To draw the meridians and parallels, a sufficient number of tlieir 
intersections are laid down b}^ rectangular co-ordinates, and in the 
rat3ulting graticule the parallels and the meridians, other than the central 
one, are curved lines. The scale is correct along tlie central meridian, 
but is too great along the others, the error increasing towards the sides 
of the map. The projection is unsuitable for a map covering a wide range 
of longitude, but is useful for the mapping of comparatively small areas. 
It was adopted by the Ordnance Survey for the maps of England on 
scales of from one to four miles to an inch and for the six-inch map of 
Great Britain and Ireland, but it is now being n^placod by tiu* Transverse 
Mercator projection. Tables for its construction for th(^ latitudes of 
Great Britain are published ni the official “ Account of the Methods and 
Processes adopted for the Production of the Maps of the Ordnaiuu* 
Survey of the United Kingdom.” 

The Transverse Mercator Projection. Transverse Mei-cator co-ordinates. 


when used for plotting a map, also give a map projection called the 
Transverse Mercator, or Gauss Conformal, projection. Tin's is simply 
the Cassini projection modified to become conformal and is a transverse; 
form of the ordinary Mercator projection. Thus, in the ordinary Mercator 
prorjcction, the spacing of the parallels of latitude is modified in accordance 
with the relation, Mercator meridian distance = ii/Af. log tan (45®+ 

In the Transverse Mercator projection, distances along tTie great circh s 
perpendicular to the central meridian are modified in accordance with the 


relation, = RIM, log tan ^45® + 

In the Transverse M^jrcator projection, the meridians of longitude 


and the parallels of latitude are families of orthogonal curves — that is. 


curves intersecting one another at right angles — the central mc'ridian 


being a straight line. The graticule can be plotted by rectangular co- 
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ordinates by laying down the points of intersection of various meridians 
and parallels, using the formula given in Chap. V. for the computation 
of rectangular co-ordinates from geographicals. Magnification of distance 
and area becomes greater as distance from the central meridian is increased 
but, of course, very small areas retain their true shape. 

Trapezoidal Projection. In this purely conventional projection both 
meridians and parallels are straight lines. The truly divided lines are 
the central meridian and two of the parallels, one at about a fourth of the 
range of latitude from the top of the sheet, and the other the same distance 
from the bottom. The projection is quite unsuitable for other than very 
small areas. 

Field Sheet Projections. These projections arc used for the plotting 
(if trigonometrical points controlling detail to be mapped in the field. 
Ow’ng to the limited area embraced by each field sheet, the projection 
may bn of an approximate character designed for ease of drawing. The 
construction is described on pages 498-500. 

The Choice of a Projection. Several considerations liavc to be taken 
into account by the cartographer in selecting the i)rojection best suited 
to a particular case, and dt'finitc^ rules cannot be laid down. The choice 
must be largely goveriUMl by : (1) the region to be mapped, particularly 
as regards its ‘‘Xtent, general slmpe, and position on the earth ; (2) the 
purpose of thci map ; (3) wliether the map is contained on (a) a single 
sheet or a scries of sheets wliieh can be fitted together, or (6) a series of 
indepondeiit sliocts. • 

(1) The ehoi(!e of a projection for very large areas, sucli as a continent 
or a homisph(‘re, is a matter for the atlas maker. A fair general repre- 
sentation is all that can be sccitrcd. For the largest areas, such as a 
hemisphere, a projection liaving the azimuthal property, such as the 
zenithal ecpiidistant or equal-area, or Airy's and Clarke’s minimum error 
projections are the most gcuierally applicable, although the conventional 
globular is very commonly used. 

As the area deer(\ases, the choice becomes wider, and the projection 
may be selected to suit the shape of the area and its positioji on the earth’s 
surface. Zenithal projections are suited for roughly circular areas. It 
has bi'cn seen that a simple conical projection is suitable for areas having 
a small range of latitude, while other projections, such as Bonne’s and 
tlie Transverse JMereatc^r, are better adapted for areas narrow in longitude. 

Many projections, such as the conical, arc ill adapted for the map])ing 
of high latitudes, for which the zenithal projections are suitable. For 
the mapping of equatorial regions the choice is wider, and for large areas 
the zenithal project iims and Sanson-Flamsteod’s are most commonly used. 

(2) The choice of a projection may be entirely controlled by the special 
puri)osc for wdiieh the map is intended to be used. Thus, the deficiencies 
of tile Mercator and gnonionic projections are over-ruled because of their 
suitability for navigational cliarts. In the case of maps made for statistical 
purposes the equal-area property is all important, while atlas maps made 
to exhibit trade routes from a centre should be constructed on the zenithal 
equidistant projection. 

(3) The wliole area surveyed may be represented on a series of sheets 
which may, or niay not, be so projc'cted that they can be exactly fitU'd 
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together. ‘ In the former case, there is one graticule, of which the individual 
maps contain different parts. Some of the maps are, in consequence, 
more distorted than others, and this system should not be used if the 
series of maps embraces a very large area, since each sheet must be 
sensibly correct. A one-projection scries is, however, quite suitable for 
the topographical maps of a comparatively small countr^^ provided the 
projection is well chosen. It has the merit that by fitting together 
neighbouring sheets a smaller scale series may be reproduced by photo- 
graphy. The British Isles ha\ e been mapped on this system , the individual 
sheets being rectangular and not bounded by meridians and parallels. 
It is, however, generally desirable that the edges of sheets should coincide 
with meridians and parallels for convenience in taking bearings from 
the map. A conical projection with straight meridians is suitable, and by 
using two standard parallels the scale error is kept small. The latter was 
originally proposed for the 1/1,000,000 maps of India before the Inter- 
national Map projection was adopted.* 

When all the individual sheets are not meant to fit together exactly, 
the choice of a projection is not so difficult, since many projections are 
indistinguishable from each other within the small area embraced. 
Ease of construction is then an important factor. The poly conic projec- 
tion, simple or rectangular, is that most frequently used, since the radii 
of the parallels depend only upon their latitudes and are tabulated once 
for all. Adjacent sheets will fit along the parallels : (he fit along the 
nv'ridiaii«> although not exact, is sufficiently good to enable fa'ld sheets 
to be joined. 

MAP DRAWING 

Plotting by Rectangular Co-ordinates. In the case of comparatively 
small survey's the plotting of all control points is most simply performed 
by rectangular co-ordinates from a central meridian. 'J'heir values may 
be worked out from the lengUis of the triangle sides by plane trigonometry, 
the cup\'^aturc of the earth being disregarded. Otherwise, thcj co-ordinates 
are eomputed from the geographical co-ordinates of the stations. No 
graticule is required for the purpose of plotting, but it can be constructed 
on the final map. 

In large topographical surveys all control points, both on the field 
sheets and the fair maj), are plotted by geograpliical co-ordinates with 
reference to a graticule. 

Construction of the Field Sheet Graticule. The projc^ctions used for 
field sheets are approximately polyconieal, but, to simplify their construc- 
tion, each curve is drawn as a series of straight lines. The intersections 
of meridians and parallels are plotted cither by rectangular co-ordinates 
or by the intersections of arcs. The data required in their construction 
will be found in such publications as the British War Office Projection 
Tables, the Survey of India Auxiliary Tables, the United States Coast 
and Geodetic Survey Tables, and in the official Text Booh of Topographical 
and Geographical Surveying by Close and Winterbotham. 

A graticule may be constructed without the aid of graticule tables 

• “ On tho Projection for a. Map of India and Adjacent Countries on the Scale of 
1/1,000,000,” by Col. St. 0. C. Goro, Survey of India Professional I*apor No. 1. 
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by for ilio gral ionic intcirval tlic linear distances ‘along the 

nK'i'idians and along each paralbd and plotting each compartment of 
the graticule as a trapezium with the meridians ’tjqually inclined to the 
parallels. This system, known as the Survey of India, or Col. Blacker’s, 
projection, is sufficiently accurate for limited areas, and is largely used for 
field sheets. Tables of the quantities used in its construction are given 
in the Indian Auxiliary Tabkis, Thuillicr and Smyth’s Mmiual of Surveying 
for India, and the Royal Oeographical Society’s Hints to Travellers, but 
the plotting may easily be performed 
with the aid of a table of linear values / 
of arcs of latitude and longitude. 

As an example, let it be required 
to construct a graticule of 30' X 30' 
with 15' intervals between latitudes 
40° 45' and 41° 15'N. 

Taking the straight line ABC (Fig. 

182) as the central ni(‘ri(lian, mark 
off AB and BC to represent on the 
required scale tlui iincNir distances 
along the meridian from latitude 40° 

45' to 41° 0' and from 41° 0' to 41° 

15' res])ectivel} . From the tables, 
these distances in miles are AB -- 
17-251 and BC -- 17-252. With centre 
A and radius representing the liiu^ar 
valut* of 15' of arc of parallel in 
latitudi^ 40° 45', viz. 13-120 miles, 
describe short arcs at 1) and F. The 

corresponding radii for the latitudi-s Fig. 1s2. 

of B and C are 13-071 and 13-021 
miles respectively, and similar ares art- drawn at F and C from centre B 
and at H -and J from centre C. The eorneis of tlu* tra^n zia are located 
by diagonals, tlie lengtlis of which are obtaim d from the tables or are 
calculated from 

d = V 

where m = tin; length of the meridian in the trapezium, 

P 2 == the lengths of the jmrallc'ls. 

Having obtained the length of the diagonals in the two lower figures 
as 21-058 miles and that for the upper figures as 21-629 miles, points 
1), E, F, C, H, and J are fixed by intersecting the ja’cviously drawn ares 
with ares swe])t from eenires A, B, and C. The points are then joined 
with straight lines. Each line is commonly divided into thn-e equal 
paits, so that, by joining corn-spomling points, the graticule is divided 
itito compartments of 5' of latitude and longitude. 

'riie War Office tables are arranged for plotting as follows. Tlie line 
ABC (Fig. 183) is drawn as before, and perpendiculars are erected through 
its points of division. Along these lines the abscissa? Ad, Ae, Bf, Bg, Ch, 
and Cj an- set off equal to the tabulated values corresponding to the 
respect pve latitudes. The positions of the corner jmints d, e, h, and j arc 
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checked by scaling the diagonals dj and 
cli, which are also tabulated. From d, 
e, f, g, h and j arc erected perpen- 
diculars to the construction lines, on 
the side next the pole, and on them are 
marked off the ordinates dD, eE, etc., 
the values of which arc tabulated for 
the respective latitudes and distances 
from the central meridian. The i)oints 
so obtained are the interseci;ons of tlie 
required meridians and parallels. 

Plotting Trigonometrical Points. I'he 
mapping of detail on the field sheets 
being based upon the station positions, 
the latter must first be plotted with 
reference to the meridians and parallels 
of the graticule by using the computed 
latitudes and longitudes of the stations. 
Each point is plotted from the lu^arest 
meridian and paralhd by co-ordinates 
parallel to them. The lengths of these co-ordinates represent the linear 
equivalents of the angular distances of the point from the graticule 
lines, and aie computed by the use of tables giving the linear values of 
ares of meridian and of parallel in different latitudes. 

In place of scaling linear co-ordinates, tlie i)oints ma^ also be plotted 
by i)roportional division of the angular distances betw('en tlu' grati(‘iil(‘ 
lines. This is best done by diagonal scale. Although less accurate than 
plotting by linear distances, this method is sufficiently so for small scab' 
work, and when manv 



points have to be 
plotted it proves the. 
quicker method. It 
has the merit that 
points may be placed 
in their correct rela- 
tive positions on a 
graticule which has 
suffered expansion or 
contraction through 
change of humidity. 

Fig. 184 illustrates 
the plotting of a 
station of latitude 
r 10' 43"-75 N. and 
longitude 30° IT 
14'''73 E. on a grati- 
cule which has been 
subdivided to 5' 
sections. 



The angular dis- 


Fia. I8t. 
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tances of the point from the nearest graticule lines are 43''*75 N. and 
r 14''*73 E. To convert these to linear distances for the first method 
of plotting, wo find from the tables that in mid-latitufle 1° 10' 2r.87. 
say 1° 10', the value of 1" of arc of meridian is 100*7658 ft , and in latitude 
1° 10' 43''*75, say T 11', the value of V of arc of parallel is 1014323 ft. 
Tlu‘rcforc the required co-ordinates arc 

43"*75 X 100*77 = 4,409 ft. N. of the 1° 10' parallel, 
and 74*'*73 X 101*43 = 7,580 ft. E. of the 30° 10' meridian. 

In applying the second method, two diagonal scales are constructed 
for the subdivision of a minute of meridian and of parallel respectively. 
The scales illustrated read to single seconds, but dimensions can be 
taken off to the nearest 0*1 sec. In high latitudes the value of 1 min. of 
parrllcl changes rapidly, and the same diagonal scale should not be 
used for all parallels : at least two, one near the top and the other near 
the bottom of the sheet, are required. 

In eitlier method the position of the plotted point should ])e checked 
by measurements from the farther sides of the graticule compartment. 

Completion of Field Sheets. In the case of a small topographical survey 
for a special purpose, the field sheets may form the final maps. When, 
as in the pr'd^etiou of maps for publication, they arc used as material 
from wliich the final map is compiled, they must still be completed with 
the same refinement, since their accuracy cannot be improved upon by 
th(3 cartographer. • 

During the field work, information collected on auxiliary sheets is 
inserted in the field sheets as soon as possible, and the latter are inked 
up daily. It is important that the sheets should not be overburdened 
with detail, particularly if the scale is larger than that of the final map. 
To promote clearness, it is almost essential to substitute numbers for names 
on the field sheets, the names being set out in a reference table or book. 
B(‘fore field sheets can be passed as complete, tlfe edges should be compared 
with those Of the adjoining sheets, and any discrepancies adjusted out or 
resurveyed. 

Construction of the Final Map. The data from wliieli the fair map 
sheets are pre])arcd arc the survey records of the framework and the 
fu'ld sheets and field books. The projection having been selected, the 
graticule is constructed by plotting a number of intersections of meridians 
and parallels by means of rectangular co-ordinates. Great care is necessary 
to ensure perpendicularity of the co-ordinates, and the operation is facili- 
tated by the use of the Coradi co-ordinatograpli. If a table of co-ordinates 
is not available, the projection must be calculated, and, unless for the 
smallest scales, it is necessary to take account of the spheroidal form of 
the earth. A sufficient number of points should be plotted so that they 
can be joined by straight lines without spoiling the appearance of the 
graticule, but a sot of pcarwood curves of large radius is useful. The 
stations of the framework are plotted as on the field sheets and carefully 
checked. 

The transfer of detail from the field sheets is be^t accomplished by 
squaring in. In this process a series of small squares is drawn to the 
appropriate scales on both the field sheet and fair map, their positions 
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relatively to the control points being exactly the same on both sheets. 
The detail is then plotted on the map with reference to the squares. The 
method is particularly useful when the field scale has to be reduced. 
When a general topographical map is being constructed on a small scale, 
the cartographer must be competent to make a selection of the features 
to be included, so that the physical character of the country may be 
clearly represented. 

Representation of Relief. The manner in which the relief of the ground 
is shown contributes largely to the quality of the map. The principal 
methods of representation are by means of : (a) Contours or Form 
Lines ; (6) Hachuring ; (c) Shading. These are used singly or in combina- 
tion, but a map is of minor utility unless contours, or at least form lines, 
arc shown. Although the other methods are sometimes used by them'- 
selves, they arc best regarded as aids to the contour line system. 

Contours. Contour lines give by far the most precise delineation of 
relief, and are indispensable for engineering and other purposes for which 
the values of the elevations are roquii*ed. They should be numbered, 
and the vertical interval should have a constant value throughout the 
map. They do not obscure the detail as much as other systems, but to 
avoid any tendency to confusion they are best shown in brown. In 
rugged country, where the contours run close together, the nature of the 
relief may be presented without the necessity for close inspection of the 
map by drawing every fifth or tenth contour with a bolder line than the 
others. Form lines, or sketched contours, although of inferior precision, 
possess the merits of contours as a means of repr(‘senting form, and are 
superior to hachuring or shading unaccompauicid by contours. 

To the inexperienced map user at least, the contour system alone 
does not impart to a map such a pictorial effect of relief that the general 
character of the country embraced by the sheet can always bo understood 
at a glance. The difficulty may be overcome by the addition of hachiires 
or hill shading but more easily by adopting the la3Tr system of colouiing 
the areas between adjacent contours. A range of graded tints is selected, 
each of which is applied between particular contours, 'riiere is no uni- 
versally adopted colour scale. That on the Ordnance Survey half-inch 
maps embraces thirteen tints ranging, as the elevation increases, from 
green through buff to brown. Yellow and orange may be inserted between 
green and the paler browns, and the deepest browns sometimes merge 
into red, or are followed by blue greys and finally by white for the highest 
peaks. The result is sometimes very effective, but it frequently happens 
that the deeper tints are made so dark that the detail is obscured. If the 
map includes a wide range of elevations, it is difficult to obtain an entirely 
satisfactory system of colours for the higher ground, and it is then pre- 
ferable to make one tint embrace several contours. 

Hachuring. Haclmring is a method of indicating relief in which short 
lines, called hachures, are drawn at right angles to the contours, i.c. along 
the direction of steepest slope. On the assumption of vertical illumination 
of the features mapped^ the flatter the ground the lighter does it appear, 
and the relative steepness of the slopes is so indicated in drawing the 
hachures. On flat slopes tlic lines are rather wid(*ly sj)aced, and arc 
drawn lightly so that tlie white intervening spaces predominate. As the 
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contours approach each ofcfier, the hachurcs arc drawn closer (ogdthcr, and 
the lines arc heavier , giving an increasingly dark lone as the slope increases. 
Definite scales of ratios between black and whiter for different angles of 
slope have been worked to, but, as they are difficult of application by those 
unaccustomed to their use, the variations arc commonly made arbitrarily. 

It is impossible to secure that every irregularity which can be shown 
by contours will be faithfully represented by hachuring. Hachures 
should therefore be accompanie*d by contours. The pictorial effect of 
relief may be improved by drawing the hachures in such a manner as to 
suggest obljqtie illumination. The light is arbitrarily assumed to come 



Fig. 1,S7. Hobizontal Hacuuk- 
iNO — Oblique Illumination. 


Fig. iss. VEimcAL 
Hacuubing. 


from the north-west or upper left-hand corner of the sheet and at 45° 
elevation. Slopes facing it are shown lighter, and those in shadow darker, 
than under vertical illumination. The result gives an entirely false 
impression of the steepness of the ground, and the addition of contour 
lines is more than ever necessary. 

The drawing of hachures is tedious, and requires to be very carefully 
performed in order to produce the required effect of relief, ihey must 
be exactly perpendicular to the eontouis, and in consequence are curved 
between non-parallel contours. The lines should prefeiably be slightly 
wavy, and should break joint on the contours or, where the ground is 
very flat, on intermediate contours sketched in pencil. 

Hachures possess the serious di.sadvantnge that, unless perhaps when 
drawn in brown, they tend to obscure the oilier detail. In map reproduc- 
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tion, on oilier than the smallest scales, hacliuring is now being superseded 
by the layer system, but it is sometimes employed in combination with the 
latter. Examples of har3huring in black may be studied on the older one- 
inch Ordnance Survey maps. 

The above system is called vertical hachuring to distinguish it from the 
horizontal system. In the latter, the strokes are drawn parallel to the 
contours, and they therefore resemble broken form lines. By introducing 
the same number between each pair of cbntours, the tone is darkened as 
the slope increases, and the effect of relief may be emphasised by drawing 
thicker lines on steep slopes. Horizontal hachuring lends itself to oblique 
illumination, but it has not found the favour which has been accorded to 
the vertical system. 

For the piece of ground represented by contours in Fig. 1 85, horizontal 
hachuring is shown with vertical illumination in Fig. 186, and with 
oblique illumination in Fig. 187. Fig. 188 represents viu tical hachuring 
with vertical illumination. 

Shading. Shading differs from hachuring in that different intensities 
of slopes are indicated by shading applied with a stump or by colour 
wash instead of by lines. Tt has the merit of being less laborious than 
hachuring, but docs not exhibit as much detail of form. Shading is 
performed in grey or in brown, and the illumination may bo vertical or 
oblique. The latter gives an effective result if the shading is not so 
heavy as to obscure the contours and other detail. 

Except on atlas scales, shading is of little value unless the contours 
are drawn. In modern map reproduction the method is frequently used 
in combination with contours, the shading being printed in half tone. 
Hachures or layer tints may also be added, but in the latter case shading 
interferes with the colours, and, to minimise the confusion, very pale 
Indian ink should be used for the shade washes. 

Conventional Signs. As the scale of the maj) decreases, it ))ecom(^s 
increasingly difficult ijo show clearly all the information it is desired to 
convey, A full code of symbols is necessary to avoid overcrowding of the 
map with written descriptions. In the case of official maps, a she<*t of 
conventional signs is prepared, and these must be strictly adhered to 
by the draughtsmen, and should be understood by the user of the map. 

The civil engineer engaged in mapping should be guided in his selection 
of symbols by referring to official maps on a similar scale. It will usually 
be unnecessary to symbolise as much detailed information regarding 
existing artificial features as is required on general maps used for varied 
purposes. Information relating to circumstances likely to influence 
the design and construction of the proposed works must, however, be 
shown as clearly as possible. The character of lines of communication 
is always important. Railways are usually shown in black, and distinction 
is made between double and single lines, and standard and narrow gauges. 
Roads, as well as railways, must be drawn of exaggerated width for clear- 
ness, and indication should be given of their quality, particularly with 
regard to suitability for mechanical transport. Different classes are 
conventionally represented by differences in breadth, or in the boldness 
of the lines, or by colouring the better roads. All three conventions may 
be combined. 
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Triangulation and traverse stations should be shown with their reference 
numbers, different symbols being used to indicate the system to which 
they belong. Elevations shown should also be distinguished by different 
styles of figures according to the manner of their determination. 

All the symbols adopted should be illustrated in a list of conventional 
signs ^awn in a convenient position on the map or on a separate sheet. 

Finishing the Map. Unless for indicating relief, colour washes should 
be used sparingly, but water areas should be tinted blue. Woods may 
be shown by a pale tint of green with or without tree signs, and boundaries 
are commonly emphasised by a band of colour. 

In lettering the map, all names should be placed to the right of the 
point to which they refer and parallel to the top of the sheet, except in 
the case of such items as rivers, ranges of hills, or railways. Different 
kinds of features should have distinctive, but not elaborate, styles of 
lettering both for clearness and to avoid monotony. 

The border should be of simple form, and should be divided in latitude 
and longitude. If the map extends over several sheets, it is an advantage 
in using the separate sheets if narrow overlaps are repeated on adjacent 
sheets. 

In the case of maps intended for photographic reproduction, it is usual 
to perform the plotting to about twice the scale of the reproduction and 
the drawing is then reduced to the proper scale by photographic methods. 
The advantage of this procedure is that slight blemishes in draughts- 
maiisliip arc reduced and become almost imperceptible. When drawing 
for photographic reduction it is important to see that the lettering is 
large enough to be clearly legible on the reduced scale. If the map is 
to bo printed in more than one colour, drawings of the features to appear 
in each colour are prepared for photography.* 

Models. The civil engineer may be called upon to prepare a model 
of the site of largo works to illustrate the topographical conditions in 
the most expressive manner possible and one which readily appeals to 
persons unaccustomed to map reading. 

The model is constructed from the dataC furnished by a contoured 
map. At the outset the vertical scale must be selected. This will be 
the same as the horizontal scale for large scale models, but for scales 
smaller than about one inch to a mile the relief may be emphasised by 
exaggerating the vertical scale two or three times. For models on atlas 
scales greater ratios are adopted. 

The model is built up of sheets of paper, cardboard, or thin wood, 
each having a thickness proportional to the vertical interval between the 
contours. The individual contours are traced on these sheets from the 
map by means of transfer paper, and each sheet is then neatly cut along 
the outline of its contour. The shaped sheets are superimposed and 
glued together in their proper order and position, the correct placing 
of one sheet on another being facilitated if the upper contour is traced 
on the lower sheet. The resulting model is terraced, but is of value in 
that it exhibits the positions of the contours. For most purposes for which 
models arc required, the steps should bo filled in with wax or modelling 

♦ Soo Text Booh of Topographical and Geographical Surceging, odited by Col. Sir 
C. F. Close and Col. H. St. J. L. Winterbothain. 



606 


PLANE AND GEODETIC SURVEYING 


clay, witli due regard to topographical form. The model is finally painted, 

detailed, lettered and varnished. 

«. 
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RADAR RANGING AND TRIANGULATION 


The apjilication of radar to sinvcying is a development of its use in 
air navigation and prc’eision bombing during the later stages of the 
1931)-194o war. In the first exp(»rim(‘nts were initiated by Major 
(y. A. Hart,.ll.K., now Professor (J. A. Hart of University College, London, 
and w(*re earried cjut in co-operation with the Air Ministry and the 
Ministry of Aireiaft Production, the Teh^communications Research 
Establishment, the Air Warfare Analysis Section, the Royal Aircraft 
Est'vblishment, and with th(‘ su]>]>ort of Survey Units of the Royal 
Engin('(‘rs, Royal Canadian Engims'is and the IJ.S. (.V)r])s of Engineers 
and others, Major Hart being res])onsible for thi; research w^ork on the 
suivey sid(». Com])ar(‘d ^*^ith the later apjjaratus for survey work, the 
original apparatus was sonu'wliat crude, as it was designed piimarik 
,for air navigation and bombing work. As tiiii(‘ went on, both a])paratus 
and methods were improved and it is now clear that radar techniques 
can be made sufficiently accurate to allow them to have impoitant appli- 
cations in geodesy a well as in air and hydrographical surveying. On the 
American side, much important work has been done in recent years on 
the ajiplication of radar methods to geodesy by (V)l. Carl T. Aslakson (rf 
tlu‘ 7tli (!eodeti(t Control Scpiadron, U.S. Army Air Force. 

Th(‘ introduction of radar has led to a form of triangulation, known as 
“ radar triangulation,’’ in wdiieh the lengths of the sides of the triangles 
an* measur(*(l diri'ct by radar. Tills form of triangulation can be used 
to fix th(* iiosition of an aircraft at the moment when a photograph is 
b(*ing taken, thus enabling the amount of ground control r(‘quired in air 
surv^ey to be very (‘onsiderablv r(*dueed. It lan also be used to fix the 
])osition of a surveying vessel c*ngaged on .sounding work at a considerable 
distane(* offshore, but, so far as geode.sy is concerned, us greatest use is 
to (‘stabli.sh fixed points at very (‘onsiderable distances apart, and to 
(*nabl(* networks of ordinary tiiangulation which are separated by veiy 
wide water or other gaps, w'hi*re it is impossibh* to establish a connection 
by ordinary triangulation or traver.se. to be connected together. 

Principles o£ Radar Measurements. Tlu* piinei])le on winch all radar 
measmements depends is liased on the measurement of the time taken 
for a shoit, intense pulse of short-wave radio energy to travel from one 
point to another and then return to the sending station after reflection 
or re-transmi.ssion at the distant station. If the time interval. between 
emission and reception is measured, and the velocity , i\ of propagation 
of radio waves is known, the single distance is given by rf v . t. Since 
the velocity of radio waves is that of light and is very great, roughly 
18fi,0(K) miles ])er second, it is obvioiLs that, to be of any use. the time 
intervals to be observed are very small and very accurate methods of 
measuring them are needed. At ])resent, it is possible to measure time 
intervals to the nearest tenth of a micro-second (0-1 micro- or /x-seconds, 
or 1/10’ seconds), tliat is, to a ten millionth part of a second, and no 
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finer single nieasmcinent is yet possible. A radio wave will iravc'l alnait 
30 ineties in O’l jLt-seeonds and benee a single distance over which the 
sum of the times of tlA* outward and return jouineys is observed taiim t 
at present be measured to a greater accuracy than about 15 meties. 
In practice, of couise, otlier uncertainties such as the tiue, as opposed 
to the assumed, velocity of propagation of tlie waves, time lag in ap])ara- 
tus, etc., enter into the problem, so that, at the present stage of develop- 
ment, tlie limits of accuracy of a single measure of a distance by radai* 
are about 17 to 20 metres, and these values aie, for all |)ractical ])ur])oseM, 
independent of the length of the line. 

Non-Co-operative and Co-operative Radar. Theie aie two foims of 
distance measurement by radar — non-eo-op(‘rative and co-ojaraf iv(‘ 
radar. In non-co-oj)erative radar the waves are reflected directly fre^m 
the object or station whose distance is being measuied. This foim of 
measurement, commonly used in conjunction with directional wir(*l(’ss 
to determine a rough bearing as well as distance, is em])loved for military 
puiposes in the detection of strange aircraft and for anti-aireiaft gnnneiy, 
but its accuracy is not so great as that of co-op(‘rat ive radar, and its 
rfinge is more limited. Consecpiently, co-operative* radar is ])i‘eferied for^ 
survey work. In this form, a s])ecial receiving instrunn^nt leceives the 
signals at the distant point and, after a short delay of known duration, 
re-transmit‘s them on a different frecpuaicy to the* sending station, generally 
boosting up the strength of the signal in tin* j)roeess. Tlie main tians- 
mitting and receiving ap])aralus may either be in the aircraft or at the 
ground station. 

6ee-H and Other Radar Systems. In tlie Htitisli (h*c-K syst(*m of 
fixing the position of an aircraft in s|)a(*e, two ground stations, fix(*d by 

ground methods and about lOO to 
120 miles ajiart, arc used. 'Die air- 
craft carries a pulse transmitter and 
receiver and jnilses aic sent out to 
each ground station in turn and are 
re-transmitted on a ditfen'iit fre- 
({ueney to the aircraft, wheie they 
are received and the timi* int(*rval 
between emission and rec(‘|)tion is 
I (‘corded or nu‘asuri‘d. I'hns, in 
Fig. bSO, A and B are the ground 
stations or “ beacons and (' is the 
aircraft. The measurenu'iits give* 
the lengths of the lines A(' and B(^ 
These lines are incliiu'd lines well 
B’ above sea level, but, as the heights 
Fio. INS). of A and 13 are known from tlie 

ground surv(;y data, and that of 

is obtain(‘d from altimeter readings in the aircraft, the inclined lengths can 
easily be reduced to the equivalent are lengths A't^ and WV/ at s(‘a level, 
where A', 13' and C' are the points where verticals from A, 13 and C meet 
the surface corresponding to the surface of mean sea level. Accordingly, 
the lengths of the sides of the sjjlierical triangle A'B'C' become known 
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and the triangle can, if necessary, be solved to give the angles at A', 
B' and C'. 

The British Oboe system differs from the Gee?H mainly in the fact 
that the transmitters are at the ground stations, and the signals, after 
r(*ce])tion and re-transmission at the aircraft, arc received back at the 
same stations. This system is more accurate* than the Gec-H system 
because it employs a much higher radio fre(pien(!y, resulting in greater 
accuracy of distance measiirc^ment, and, as the leceiving and measuring 
apparatus is at the ground stations, this apparatus can be lieavicr ancl 
more (jom[)l9x than can one carried in an aerf)plane. On the other hand, 
the radio information is disiributed between two ground stations, while 
otlier important information (altimeter readings, etc.) is in the aircraft, 
s() that recording has to lx* done at three points and the times correlated. 
Kor ^his and for other reasons, the Ge(‘-H is the system which British 
surveyors Ijavc; had to acc(‘])t as tlie only type* of erpiipment so far 
satisfactorily ado])t(‘d for fi(*ld surv(*y work. 

In the British (hs* and in tin* American Loran system, which is used 
mainly in navigation, the measuKsl fpiantity is the difh*ience between 
AG and B(^ 1'his floes not fix the jiosition of the aircraft but defines 
an liyperbola, with A and B as foci, on which the aircraft must lie. 
(\)n.‘‘e([iiently, a third ground station D is rerpiiied, and the observations 
of the diffeicnee of distance* from it and from om* (»f the other stations 
to C define another liy])erbola on which the aircraft must be sitiiatefl. 
Ifence, the ])osition of the aircraft is given by the point of intersection 
of the* two liy])crbohe. 

IMu* D(‘cca syst(‘m, Hist d(‘veloped in (Jreat Britain for navigational pur- 
poses, lias now also b(‘f‘n applied to hydrographical surveying. It differs 
from the Loran an<l (Jee systems in that ])hase difference's and not differ- 
(*nee in time* aie* measuied, the* position lin(\s again being hype*rbe>lic. 
Rangi*s up to .‘lOO mill's have been obtained over water in day-time, 
but the* reliable range* diminislie*s to about 10(N miles at night. The accu- 
rae*y varie*s with the* ])e)sition of the point to be fixeel relative tei the grounel 
stations, but it is elaime*el tliat, at a elistaiice of IlO miles oven* water, 
whe*ie? conditions are* moie static than over land, and with sufficient 
re])e'at e)bse*rvatie)ns, an accuracy eif the oreli'r e)f abenit lO yarels can 
be* obtaine*el in favourable* conelitiems. Rece*nt ti'sts have sliown that it 
is suitable* for both insheire anel offshore hydrogra])hical work anel it is 
alse) now' bi'ing uscel satisfactorily tor the tracking of strips eif air photo- 
graphs (])age 4S.‘l) feu* the purpe).ses of Orelnance Survew large scale 
ma])ping. It operates on a wave le*ngth of abemt 3.000 metres. 

In the* Gee system, the ground statiems are neit indi'penelent of one 
another, as, w'he*n a ])ulse is transmitted to the airciaft G from the 
“master” statiem A, another jmlse is sent to the “slave” statieui B. 
This cause's a ])ulse to be re'leaseel at B and sent to G so that the actual 
time* elifference recorele'el includes the time taken for the signal from A 
to real'll B, and this time has to be allowed for. The necessity for 
“ interlocking ” the ground stations in this way means that the choice 
of sites for tJie latter is much more limit eel. 

The American Shoran system, used in the U.IS.A., (\anada, and else- 
where, is operated on much the same principles tus the Gee-H system 
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but works on a frequency of 210 to 260 megacycles per second, whereas 
the British Gee and Gee-H systems work on frequencies of about 30 to 
43 megacycles per secbnd (i.c., Avave* lengths of 10 to 7 metres). When 
the rays consist of lines a very short distance above the earth’s surface, 
as in the case of rays from a ship to stations on shore, the operation of 
the Slioran system, like that of the Gee-H system, is confined to the 
limits of ordinary visual observation. The Loran system can be used 
for much greater dLstanccs, up to about 1,400 nautical miles at niglit 
and 750 miles b}'^ day, but, altlioiigh this is useful for ordinary naviga- 
tional purposes, Loran is not accurate enough in itself for sprvey woik. 
Consequently, the Coast and Geodetic Survey has evolved an “ Electronic 
Position Finder ” which combines the main features of the Shoran 
(Short Range) and Loran (Long Range) systems so that it is now ])()ssible 
to fix tlie position of a surveying sliip working about 200 to 300 nautical 
miles from the shore accurately enough for purposes of liydrographical 
surveying. 

Radar Ranging. In the metliods dosciibed above, th(‘ distances 
measured are between ground stations and an JUToplane, not ])etween 
two ground stations. Distances l)etween two ground stations can be 
measured direct by radar provided the range is limited to tJie distance 
of visual observation, or not much beyond it, but near the ground 
abnormal atmospheric conditions may introduce errors in the axsuim»d 
value of the vch'city of pro])agation of tlie radio ]nils(*s. Even in a 
distance of 100 kilometres, near the limit of visual observations, the 
uncertainty of :!: 20 metres in observing tin' time intervals nusins an 
error of 1/5,000 in the length of the line, which would be too great for 
ordinary geodetic purposes. V(uy long distances, say up to 500 or 600 
kilometres, can, how^cver, be measured with the aid of an aero])lane, 
an error of 20 metres then corresponding to (‘irors of i /25,000 or 1/30,000 
of the length of the line. For this purpose, tin* plane tlics across tlie line, 
approximately at riglit angles to it and near the centre, a s(*ri(*s of simul- 
taneous observations being taken at close intervals of time to each (Mid 

of tJie line, at which suitable rc(*(Mving 
and transmitting or ic-transmilting 
g a])paratus has l)ccn fixc'd. Let p, 
q, r and s in Fig. U)0 be diffcnMit 
j)ositions of thi‘ aircM-aft as it flies 
across the line AH. At f) the distances 
Fig. lao. pA and ])B are mcasuivd, and at (( 

the distances (jA and qH, and so on 
for a number of points on each side of AH. In this way, the sum of the 
distances A to plane and ])lanc to H is obtained for a numb(M* of jioints 
on the flight. The results are yilotted as a curve against time and the 
minimum sum for all ])ossible positions of tlu^ aircraft on the line of 
flight is obtained. This minimum sum will be the length of the line AH. 

By repeating the observation for a numlxM’ of flights, the jiiecision 
of tlie determination can be increased and an accuracy of something 
like 1/50,000 finally cJbtained. This method of measuring tbe huigths 
of long lines is known as “ radar ranging.” 

The same method can also be used for calibrating the apparatus. 
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Hor(^ t}io flights aro made across a line wliose length has been dcflermined 
by ground methods. Th(^ diff(U(ui(^e between th(j length obtained by 
radai* i'aT)ging and tliat dctermimjd by ground mefc^iods will give a correc- 
tion which can be applied to other measurements made with the same 
apparatus. 

Radar Triangulation Over Wide Gaps. It will be seen that radar 
ranging can be used to bridge very wide gaps, greater than can l)e bridged 
by (Mclinary oi* flare triangulation, such as the 
ga]) separating England and Norway. Thus, 
in Fig. 191.. assuming that the points A and 
B are ])oints fixed by accurate ground survey, 

the length and azimuth of the side AB are ~r 

known or can be (;alculated and the distance's \ 

AO, AD, Bl), B(J and CD can be found by 
radar ranging, tlui Ic'iigths of these sides \\ / 

being anything up to .‘100 to 000 miles. Tlie vr^ 

lengths of all the sides in each triangle being B ( 

now known, the angles can b(i calculated and Kk-. 191. 

the peunts 0 and 1) fixed. The same pre)cess 

could be extended to establish a " Grand Triangulation with very long 
sid(‘s over a v(‘ry large area of country, as is now actually i)eing done 
over certain paits nf (.^anada not yet reaclu'd by the ordinary geodetic 
triangulation. 

Variations of Velocity of Radio Wav^s with Atmospheric Changes aj^ 
Height Above Sea Level. It is obvious that tJie accuracy of radar 
measurenuMits of distjinee di'pends on an acc'urate knowledge of the 
velocity with w'hieh the pulses of energy are pro])agated along the path 
from transmitter <0 receiver. This vi*locity varies with variations in 
the value of the index of refraction of the atmosphere, which, in turn, 
is de])endent on the values of atmospheric j)ressure, tem])erature and 
humidity. These values vary with height ^bove si'a level and so the 
velocity of. ])ropagation of radio waves varies witli lieight above sea 
level, the value's ranging from about lS(3,2()S«miles per second at sea level 
to about 1S0,24S miles ])er second at 2.‘).(K)0 feet above* sea level. If 
(' is a constant r(‘])resented by the velocity of transmission of waves 
in free* space, /.c., in a vacuum, or say 180.271 miles ])er second, fi is the 
index of refraction for the atmosjdien' and is the velocity of transmission 
in the atmosphere, 

r fiv. 

A good value of /t may be calculated from the formula of Englund, 
Crawford and Mumford, wliicli is as follows ; — 


(fi - 1) X 10‘ 


To 11 ■ 

27'1_" " 2> \ 'I' 





where* T absolute* temperature (Vntigraele, 

p - total atmos])h(*rie ])re*ssure in mms. t)f mercury, 
w — paitial pressure* of water vapour in mms. of mercury. 


This fojinula, howe'ver, wemld be ine'onvenient for computing a mean 
velocity for the i)ath, so a number of approximate formula?, assuming 
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normal avmospherio conditions, have been devised and are in use. TJic 
simplest is based on the assumption that, as a first a 2 )])roxiniation, 



where 

== index of refraction at h feet above sea level, 
jjlq — index of refraction at sea level, 

B = mean radius of the earth in feet for the area under consideration. 


Then, if v is the mean velocity along t he i)ath, 


V = Vq 



// +_A 


wheie 




Vq — velocity at sea level under normal atmospheric eondif'ons, 

L — .atjproximate slant distance X t), 

II height of aircraft above sea level, 

}i height of ground station above sea level. 

Reducing Observed Slant Distances to Surface Distances. If x in 

Fig. 190 is the 2 )oint on the line of flight of the* aircraft wliieh lies on the 
^ straight line AR, the distances A\ and I5x 
that are actually ol)tain(Ml from the measure- 
ment are, of course, the slant distanci‘s from 
grountl station to aireiaft and th(‘se have to 
be corrected to bring them to “ horizontal ” 
lines at sea level. (\)nse(iuently, the* altitude^ 
of the aircraft above s(‘a lev(‘l must b(‘ known 
at the moment of reading and this is found 
from readings on the altinudiM’ (a form of 
aneroid baromidtu) eairied by the aircraft. 
MjcI this altitude be 11 f(*(*t al)ove sea U^vel and 
h be the height of the ground station above 
sea level. Let A in Fig. Iil2 be tin* ground 
station, (’ the position of the aircraft, 0 the 
centre of the earth and let the curved arc FF 
be mean sea level. The measured length is A(,' -- L and th(‘ n‘(jinred 
length is the arc FF — h. Let K be the chord length FF. Tlnm it is 
easy to show that, if B is the radius of the earth (siij)posed spherical), 

h)\[L-\-(Il -h)\ 

'-y (■*»(■*';) ■ 

and the are distance may now be computed from the ((piation 
* ^ 24/f* '*■ (54()7f'‘ + • • • • 

Approximate Formulee for Reduction of Recorded Slant Distance to 
Gteodetic Distance. Tables liave been propaicd by the Air Waifaie 
Analysis Section (A.W.A.S.) for reducing recorded tim&s of transmission 
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to arc distances at sea level and these have been published as Appendix A 
to Part ir, Section 7, of Air Survey Research Paper No. 11 (H.M.S.O.). 
These tables are based on somewhat more aijcurate formulaj for /x and v 
than those given above. Where the tables are not available, use can 
be made of one oi- other of a number t>f api)roximate formulae for the 
direct conversion of the slant distances actually recorded in the apparatus 
(i.fi., time of transmission multiplied by an arbitrary calibration velocity 
wliieh is assumed to be 18(5,218 miles per second) to the true geodetic 
distance at sea hivel, any one of which will give results that agree to 
within a metre or two with the A.W.A.S. tables. One of these, for 
example, is : — 


A - M (^ + A) + 


1-794 {H - hf 

108 j/- 


0-2477 

io® 




whe^-e 

A ~ Slant distance minus arc distance in miles, 

M approximate arc distance in miles (say recorded slant distance, 
true slant distance, chord distance or are distance), 

H — height of aircraft above sea level, 
h — height of ground station above sea level. 

Choice of Wave Length of Transmitted Pulses. For radar work it is 
necessary (o u e v(‘ry sliort-length waves and to confine observations to 
cases where no land masses intervene between ground station and aircraft. 
In oi’dinary radio broadc;asting, the comparatively long waves which 
are (miployed may travel between transmitt(-r and receiver either directij^ 
])arallel, or nearly parallel, to the ground or else by reflection from the 
ionosphere.* The direct wave ordinarily travels but a short distance 
beyond the limits of ordinary visual observation, althougli when refraction 
is exceptional it may travel very much further. Hence, long distance 
r(*ception depends almost entirely on the waves received after reflection 
from the ionosphere, and, if tliis were not so, long distance reception 
would generally not be possibh-. It would be very difficult, if not 
im|)ossible; to trace the exact ])atli of a ray to the ionosphere and back 
and to calculate its length sufiiciently accurately for survey work. Hence, 
we must use waves tJiat travel direct from transmitter to receiver in a 
straight line oj- along a ])ath wliicli is only slightl}’ curved by refraction, 
and avoid interfeiiuice by rays reflected from the ionospheie. Higli 
frequency waves, i.a., waves of short wave length, are not reflected back 
to the earth from the ionosphere as those of low frequency are, because 
they ])enetrate it instead of being reflected. In the ease of ordinary 
short waves of lengths over about 5 to 15 metres there aie indications of 
bending by diffraction t in addition to the effects of ordinaiy refraction, 
and on this account these waves will travel somewJiat beyond the limits 
of visual observation, but ultra-short waves of lengths up to say 1 to 
2 metres will not be so much bent by refraction and diffraction and wull 


* Tlxo ioiu)sphei’t' is u layer of iiejjatively eluirgeU ions which surrounds the 
ordinary at.inos])ln*re at a heijiht of from UO to ISO miles above sea level and which 
has the property of retleeting waves of certain fretiueney. 

t DitTraetion is a ben<ling of tlxe rays of radio energy eauseil by the lower part 
of tlie wave front being slowed dow-n relatively to the upper part as it travels along 
the surface of tlio earth, W'liere the veloeity of propagation is less than it is in air. 

1>. & O. 8. • S 
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follow a .visual path whose length can be more accurately calculated. 
Hence, for the most accurate work, ultra-short waves wliich travel 
along an optical patli ^niust be used, but range can be inciejused at the 
expense of accuracy by using waves of sliglitly longer lengtli, thougli 
not of such a lengtli as to be reflected from the ionoHjihere. 

Although straight line transmission means that an aircraft must be 
visible from the ground station and langt's are thus governed by the 
earth’s curvature, this does not mean that radar measurements are 
confined to distances coiiesponding to those of ordinary visual observa- 
tions. In sucli observations the stations are at comparatively low 
elevations, and their intervisibility is controlled by tlie neighbouring 
topography and the earth’s curvature. When aircraft are used, however, 
they raise one end of the line of sight ” far above t he heights commonly 
met with on the ground and so greatly extend the range where direct 
transmission along straight-line or slightly curved j)aths is possible. 

Another factor which makes short wave transmission preferable is 
that the rate of growth of the pulse depends upon frequency of trans- 
mission, and short waves give a sharper and narrower impression of 
the pulse on the recorder than long waves do, thus giving a more 
accurately defined commencement of the pulse-front from wliieh measure- 
ments can be taken. Hence, on this score, short waves give the more 
accurate results. Electronic difficulties, on the other hand, are increased 
as wave length decreases, so that the wave lengths used so far lie mainly 
between 1 and 10 metres. Ultra-short waves of length less than a metre 
tAivel along an optical path and give the most accurate results. 

Method of Operation of Radar. In the foregoing we have spoken of 
the transmission of “ pulses ” of eneigy and by this we mean intense 
bursts of energy which last a very short time, only a few micro-seconds, 
and are then repeated after a relatively long period, about 0-001 second. 
The object of the compai-atively long deday betwc'en bursts is to give 
the radiated energy time to travel to the distant taiget and then return 
to the transmitter receiving station before the next burst is emitted. 
In this way, no confusion ov interference in reception is likely to arise 
between the outward and returning waves. The interval between bursts 
is still shorter than the time interval during which the screen retains 
the flourescent image or the eye retains an image after the disaj)pcaranco 
of the object viewed. Hence, with suitabh* apparatus and a large numlKU’ 
of repetitions of the bursts, the emitted and receivc'd signals can be made 
to form images which can be seen by the eye or can be photograi)hcd as a 
continuous picture. 

The signals are displayed on the screen of a large cathode ray tube 
forming part of a cathode ray oscillograph. Tlie picture on the screen 
is formed by a stream of very fast negatively charged ])articles, or elec- 
trons, shot off from a heated cathode, C in Fig. 1911, so as to inijunge 
on a thin layer of flourescent material F on the inside of an air-exhausted 
glass tube, where the point of impact shows as a bright spot. This 
stream is concentrated into a narrow pencil or beam and focussed on F 
by passing through holes in the plates D, Aj and Ag and the metal 
cylinder Ag, where D is negatively charged with respect to C and A^, 
Ag and Ag are positively charged, Ag being at a lower potential than Aj 
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and Ag.* From Ag the pencil pavsses between two vertical and*two hori- 
zontal plates, V and H, and is deflected horizontally or vertically when 
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opposite plates arc at different electrical potentials. It is deflected very 
raj)idly to and fro hoiizonlally when the vertical plates are connected 
to a high fn'qnency oscillatory circuit known as a ‘‘ tiin(‘ base ” which 
is operated by a crystal oscillator. During one of these oscillations the 
bright spot marking th(' end of the pencil on the screen travels from one 
side of the latter io the other in a very short but known time, the motion 
being directly pro])ortional to time, and, when it reaches the far end of 
the screen, it is released to return instantaneously to the starting poii:^. 
These oscillations are rey)eated extremely quickly, so that, thanks to 
the floures(*ence of tin? screen and the tendency of tlie eye to retain an 
image* for an appreciable fraction of a second, the motion of the spot 
aj)pears as a steady bright horizontal line. In practice, in the case of 
the Gee and (k*e-H .syst(*nis, this line is marked by calibration “ pips 
at regular intervals corre.s])onding to .single ** (iec-Units or tenths, 
a (ke-Unit being the distancM* travelled by tlie^radio waves in 6()-66 /x-secs : 
in other systems straight time or distance measurements may be used. 
The (‘mission and reception puWs cause variatiems in a circuit connected 
to tlu* horizontal plates and these variations, whicli an* synchronised 
witli the time* base so as to occur ah\ays when the moving spot is at the 
same point on its ])ath across the sciven, are registered as vertical dis- 
})lac(*m(*nts or bli])s ” on the time scales, and lienee the nu^asurement 
consists in det(*rmining the distance in ({(^e-rnits between the blijis made 
by the emitt(*d and r(*c(*iv(*d pul.s(*s. A(*tually, there normally are six 
s("ales on (‘ach tube, of whi(*]i one set is us(*d only for navigational purposes 
and one set for distance measurements. Each set consists of an upper, 
or main, scale*, 25 Gee -Units in Icngtli, which gives th(* whole number 
readings, and two lowt'r, or (*xpand('d, .scales, slightly longer than the 
main scale, and extend(*d t(^ re])r('s(*nt about 1*2 (fee-Units, so that the 
first, second and third decimal j)lac(*s are obtained fnmi these scales, the 
emission jmlse ajipearing on one s(*ale and tin* “ reflected * pulse on the 
other. 

* Tho parts D, Aj. Aj and A;, thus form what is virtually an oloctric lens, the 
fimo.tion of whidi is to bring the (Miiittod electrons to a focus on the flourescent 
screen. 
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Fig. 164 shows ono set of three scales, the upper being the main, or 
slow, time base and the two lower the extended, or fast, time base. 
The length of the main base is 25 Gee-Units, so that each of the smaller 
divisions is one Gee-Unit. In the lower extended base, the large pij)s 
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at O and N denote the whole numbers and the smaller pips lare at intervals 
of 0*1 Gee-Units. The blip caused by the emission pulse is at A on the 
upper extended base and the blip caused by tlie receipt ion of the reflected 
pulse is at B on tlie lower extended base. Tliese two bli])s are brouglit 
into eoincidence by the operation of a knol) and th(‘ reading is then the 
whole number indicated by the displacement on the main base, plus 
t^c number of tenth pips lying on the upper extended scale between 
0 and N, plus {y — z), where z is the distance of the beginning of ])ulse A 
to the nearest pip on the left and y is the distance from the beginning 
of blip B to the pip on the lower scale which lies to tJie left of the ])ip 
on the upper scale to which z is measured. The small quantity {y - z) 
is measured by means of a measuring microscoi)e or J^eitz magnifier on 
the original negative of the photograpliic record. In the illustration, 
the reading is 16 + 0*2 + (0-122 - 0-055) ^ 16-267. 

In order to facilitate readings and have a permanent and conveniently 
measured record of them, a second cathode ray tube is fitted in tJie 
automatic observer in parallel with the one in the cockiut, tlie (‘xtended 
or high speed time base being photographed synchronously with tim 
survey pliotographs or emission jmlsc, and the main time base giving 
whole numbers displayed immediately aftei wards. Accurate measuie- 
ments of the last two or three decimal places may tJien be made at leisure 
on the negatives with a micrometer. 

Errors and Accuracy of Radar Measurements. Tlie piinei})al sources 
of error in radar measurements are : — 

(i) Errors in the measurement of time intervals giving distance. 

(ii) Errors of recording. 

(hi) Errors in allowance for the time taken in transmission through 
the electrical circuits. 

(iv) Unknown variations from standard in the assumed or calculated 
velocity of propagation of the radio waves largely owing to changes 
in atmospheric pressurb, temperature and humidity near tJie ground and 
to changes in the profile of the latter. 

The first ^ree are errors in the determination of the time and are 
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indepondont of ilio iongth of t}i(» line, hut the fourth is, in general, pro- 
])ortional to tlu^ length of tlie line. The error in the nieasurenient of tlie 
time interval is inherent in the ap])aratuH and thfe degree of accuracy to 
wliieh it can be read. It is not easy to judge on tlie record the exact 
point of beginning of the pulses and it is wcdlfor the interval to be measured 
by tliice different individuals. Thc^ errors in delay in the electrical 
a})paratus may be found and allowed for by taking a number of sets of 
readings as the aircraft flies across a line of kncjwn length. At present, 
with careful work, it may be assumed that the random errors in the case 
of Oboe ma^ amount to a total probable error of about :: 20 metres for 
a single determination and with (Jee-H to about 30 metres, the errors- 
for all practical jiur poses being independent of the lengtli of the 
line. Tlie accuracy of tlie final determination can, of course, be greatly 
imorovc'd by taking a large seric^s of measinernc^nts. 

It is as yet rather difficult to give definite figures for tJie accuracy to 
be exj)(‘(;ted of radar ranging because much of tlie experimental work 
so far has been done with a modified apparatus intended originally for 
bombing operalions, and not with apj)aratus s 2 )ecifically designed for 
survey work. In Italy, imm(‘diat(dy after the war, the mean of the 
results of 22 flights across a Inise of (518 kilometres gave an estimated 
accuracy of about 1/30,000. Other, more ri^cent, measurements in the 
United States «ind Canada, involving a comimrison of lengths measured 
by ordinary geodetic methods with lengtlis measured by radar ranging 
using tlie Shoran apparatus, show disere])ancies from about 1/20,000 
to 1/100,000, or better. As matters stand, howevTi*, it may be assumed 
that radar ranging o\ er long lines cannot be guaranteed to give results 
much better than, say, 1/20,000, but this figure may be considerably 
im])r<)ved in future as ajiparatiis is iinj^roved and more is known about tlie 
jiat hs of the emitted pulses and the velocity of jiroj^agation. Recent experi- 
ments in (\'inada, Australia and the U.IS.A. are ])roving very encouraging. 

Other Applications of Radar to Survey Work. In addition to fixing 
the jiosition of an aircraft in space and to radar ranging and triangulation, 
there are several other important a])plicati(5ns of radar to survey work. 
One is controlling the navigation of the aircraft wlieii it is taking strips 
of photogra])hs with fore and aft and lateral overlaps, as described on 
])age 483. This method is now’ in use in the Colonial Empire for tojio- 
graphical ma|)ping. Radar is also used to control the navigation of the 
airca’aft in flan* triangulation and to indicate to the pilot when he is near 
a position in w hich a Hare should be dro 2 )ped. 

In hydrographical work, radar has imi)ortant applications in fixing 
the ])osition of a ship when it is making soundings at some distance 
friun the coast line. Here, if the distance is not much beyond the distance 
of ordinary visual observation, the ship’s position may be found by direct 
radar triangulation from fixed beacons on shore. For distances much 
beyond that of ordinary visual observatitin, it is i)ossible from shore 
stations to fix an intermediate string of buoys parallel to the coast line. 
Each buoy is fitted with a reflector beacon and a ship equipped with a 
precise radar a 2 )j)aratus can fix its j^osition by radar measurements to 
the buoys. A second string of buoys parallel to the first may also be 
fixed and used to extend the survey still further out to sea. 
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It is obvious that radar opens up great possibilities when applied to 
extensive survey operations but at piesent it is in the early stages of 
development and a gortd deal of research work is in hand or needs doing. 
There is little doubt that aecturacy, and possibly range as well, will be 
considerably increased before long. We hax e already seen (p.ige 338) that 
the application of radar has led to a re-examination of certain geodetic 
formulae, which, in their present form, are not applicable with sufficient 
accuracy to the lengths of lines now capable of measurement by radar, 
and additional small terms have had to be introduced into these formulae 
to make them applicable to lines up to about 500 miles in l(;ngth. (See 
Appendix V., pages 541-546). 

In the above paragraphs it has only l)een possible to give a very geneical 
description of the present applications of radar to surveying and of the 
the main piinciples underlying them, but, of course, there are many 
details which are outside the sco])e of this book. For those interested, 
however, much useful information is to be found in a series of “ Air 
Survey Research Papers ” now being published in lithographic form by 
the War Office and obtainable from H.M. Statioiieiy Office, most of 
which have been written by Professor C. A. Hart, to whom the early 
development of the methods now in use owe so much. I^rincipal among 
these pamphlets may be mentioned No. 11, ‘'Some JMethods of Map- 
Making from Radar-Controlled Photography,’’ and No. 19, “ Mapping 
by Remote Control with the Aid of Radar.” An interesting and fairly 
technical account of the principles and use of g(H)d(*tic applications of 
radar by the same author is published in the Bulletin (Jeodcfiiqucy No. 10, 
Octobre 1948, under the title ‘'Some Aspects of the Influence on 
Geodesy of Accurate Range Methods by Radar Methods, with Special 
Reference to Radar Technkpies.” 



APPENDIX I 

MECHANICAL COMPUTING 

By L. J. CoMRiE, Ph.D., F.R.S. 

The highly developed calculating machines that are now available are 
frequently employed in surveying calculations, not only in the field, 
but also iq cases where calculations can be concentrated in centralised 
offices. A great variety of machines, both hand and electric, has been 



Fig. 196 . Brunsvioa Calculatinq Machine, Model 20. 



Fig. 196. IO-Key Facit Calculating Machine, Model LX. 

produced for commercial applications. A machine for the particular 
needs of the surveyor should fulfil the following requirements : 

(1) It should be a hand machine that can be easily transported, so 
that the same machine can be used either in the office or in the field. 

(2) It should not be subject to mechanical breakdowns, as it may 
frequently have to be used a long way from large towns where expert 
repair service is available. 
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(3) It should be able to stand the abuse to whieh it may be subjeeted 
by junior or native clerks. 

(4) It should be an t&p-to-date machine embodying the latest and best 
developments of the calculating machine art. 

(6) It should servo the true purpose of a calculating machine, namely 
to lessen fatigue, increase accuracy and speed up the work. Its operation 
should not be tedious or require great concentration or skill. 

(6) The price should be reasonable. 

The above considerations rule out electric machines, as they require 
more upkeep, and current is not usually available in the field ; also full 
keyboard machines on account of their weight and size, and also key- 
driven machines such as the Comptometer. The choice therefore falls 
on barrel-type machines, such as the Brunsviga (Fig. 195), Marchant, 
Odhner and Facit (Fig. 196). Of these the Brunsviga has perhaps 
been more widely applied in the past than any of the others, and will, 
therefore, be described in detail. The Facit, which is similar in principle, 
is a close second. 

A calculating machine is really simple, and may be learned in an 
hour, as no new arithmetical conceptions are required. It will perform 
the four fundamental processes of arithmetic — ^addition, subtraction, 
multiplication and division — and since all arithmetic consists of combina- 
tions of these four processes, it may bo said that it can be used for any 
arithmetical problem. Consider first addition. It is necessary to have 
a, means of conveying to the machine the number to bo added ; this is 
done by means of setting levers, each of which may be set in any one of 
the positions 0, 1 ... 9. The right-hand lever represents units, the next 
tens, and so on. The number set is shown in a sight dial, situated imme- 
diately above the levers, so that the setting is easily verified. The next 
requirement is a register for showing the results of additions ; this is 
situated in the front of the machine, and is known as the product register. 
A forward turn of the operating handle adds whatever number is set on 
the levers to whatever number is already in the product register. Needless 
to say, the product register can be cleared or zeroised, which is done 
by a lever on its right. A lever on the left of the machine will clear 
the setting levers, or they may bo altered at will by hand. For subtraction 
the handle is turned backwards. 

Multiplication is really only continued addition. If 6 be added seven 
times, the same result, namely 42, is obtained as by multiplying 6 by 7. 
Consider this principle applied to the multiplication of 789 by 456. 
The ordinary hand or schoolboy method results in a “ sum ” as shown. 
If 789 be set on the levers of the machine, and the handle turned 6 times, 
the product 4734 will appear in the product register. In 
789 order to eliminate the risk of error in counting the handle 

456 turns, a revolution counter or multiplier register is provided 

4734 at the top of the machine. We now require the product of 
3945 789 and 6, but wish the units of this product to be added 

3156 in the tens wheel of the product register. This is easily 

359784 effected, because the product register is mounted in a 

movable carriage. By means of the carriage spacer in front 
the carriage may be stepped one position to the right, so that its second 
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or tens wheel is aligned with the units setting lever. At the'sarae time 
a moving indicator in tlie multiplier register has moved one position to 
the left, indicating that turns of the handle Will now be effective in 
building up the tens figure of the multiplier. The operator makes five 
turns, but the new product 3945 is not separately shown ; it has been 
added to 4734, so that the product register now shows the product of 
789 and 56, namely 44184. In this respect the machine is superior to 
the schoolboy ; it does not write its sei)aratc partial products to 
be added at tlie end, but adds them as it goes along. The problem 
proposed ys completed by stepping the carriage once more to the right, 
atwi making four more turns. The two factors and the product, namely 
450, 789 and 359784, are now all visible ; the two former may be verified, 
'and the latter copied on to the computing sheet. 

A slight variation, known as short-cutting, is usually applied to the 
digits 6, 7, 8 or 9 in a multiplier. Thus a multiplier 19 may be treated 
as 9 in the units position and 1 in the tens position, but two forward turns 
in the tens position and one backward or subtractive turn in the units 
position will yield exactly the same result, with a saving of 7 turns, i.e. 
3 instead of 10. This process soon becomes automatic and involves no 
mental effort ; on the average it reduces the number of handle turns 
required by forty per cent, especially if the process is extended to include 
5’s that are preceded or followed by a larger digit. 

Mechanical division is equally simple, and, like multiplication, merely 
follows the schoolboy theory. Suppose 54321 is to be divided by ; 

the normal pen and paper method is shown alongside. 
Tlio dividend 54321 is set on tlie setting levers, and 
the handle turned, so that the dividend appears in the 
product register (it is usually put in the left of this 
register). Having cleared setting levers and multiplier 
register, the divisor 23 is set on the levers, choosing 
lovers in such a way that the 23 is aligned with the 54 
of the dividend. As the first figure of the quotient is 2, 
we require to multiply ther divisor Ov 2, and to subtract 
the product from the first two figures of the dividend. 
It has already been seen that multiplication b}^ 2 is 
effected by making two turns, and that subtraction is effected by back- 
ward turns ; hence the operation required is evidently two backward 
turns, after which the remainder 8 (together with the unused figures 321 
of the dividend) appears in the product register. An apparent difficulty 
arises with the multiplier register, which now becomes the quotient 
register, counting, as in multiplication, the number of handle turns. 
It was observed that in short-cutting two backward turns produced an 8, 
whereas now a 2 must be recorded. Actually the multiplier register 
has two sets of figures on each Avheel, and a sliding window exposes one 
set or the other. The multiplication set consists of white figures 0, 1 ... 9, 
and the division set of red figures 9, 8 ... 0. The machine senses whether 
the operator is multiplying or dividing, by virtue of the fact that the 
first turn of the handle is forward in one case and backward in the other, 
and automatically exposes the desired set of figures. At this stage 
there is a red 2 in the multiplier register. The next operation in the 


23)54321(2301 
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142 

41 . 

23 

18 
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hand method is to bring down another figure ; on the machine this is 
done by stepping the carriage one position to the left, so that instead 
of having 8 under 23, we liow have 83. Three backward turns will produce 
3 in the quotient, and leave the remainder 14 (together with the unused 21) 
in the product register. Step the carriage again. Instead of estimating 
that the next figure of the quotient will be 6, and making six backward 
turns, the operator merely turns backwards, mailing the remainder 
119, 96, 73, 50, 27 and 4 with successive turns. As soon as the remainder 
is less than the divisor the process is natmally finished, and the correct 
figure (here 6) of the quotient appears in the multiplier rcgi§iter. The 
carriage is stepped, and one turn found to be suflicient in the next position. 
Should the operator inadvertently turn too many times, ho is informed of 
the fact by the ringing of a bell, and corrects the over-turn by a forward turn. ' 

On the Brunsviga a transfer lever on the left of the machine enables 
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any number in the product register to be transferred to the setting levers 
while the product register is being cleared. This feature is useful when 
the product of three or more factors is required, or when the complement 
of a negative result in the product register is required ; in the latter 
case the negative result is transferred to the levers, and the handle turned 
backwards. 

In the Facit machine, shown in Fig. 196, the setting is done by ten 
setting keys, which are operated like the keys of a typewriter. Thus to 
set 64407 we touch the 6 key, the 4 key twice, the 0 key and the 7 key. 
This machine, which possesses all the virtues enumerated on page 519, 
is described more fully in a book listed on page 529. 

Simple as these processes are, both in theory and practice, many 
electric machines, such as the Frieden, Madas, MareJiant and Monroe 
make them automatic. The Marchant, illustrated in Fig. 197, .is a 
full keyboard machine, with a row of auxiliary keys on the right to 
act as multiplier keys. When one of these keys — say the 6 — ^is depressed, 
the machine makes six turns, and the carriage is displaced to the next 
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position. If, during this turning, another key is depressed, the machine 
will finish the first digit of the multiplier, move to the next position, 
turn in the second digit of the multiplier, and mcAre to the third position. 
In other words, the setting of the multiplier can always be one step 
ahead of the multiplication. As the machine makes 1300 revolutions a 
minute, or 22 a second, even the higliest digit (9) is absorbed in four 
tenths of a second. Hence the machine keeps pace with the setting of the 
multiplier, and yields its answer not more than half a second after the last 
digit is set. It is, indeed, so fast that short-cutting does not pay 1 
Division i^ fully automatic once the dividend and divisor are set, and 
takes about half a second for each figure of the quotient. Machines like 
this, although unsuitable for field use, are of great value where computa- 
tions can be concentrated. They have been extensively used in recent 
ypars for the adjustment of triangulations, in which systems of more than 
a hundred normal equations frequently have to be formed and solved. 

The principal advantages offered by the use of calculating machines 
arc : 

(1) They increase the speed with which computation may be done, 
both directly, and also indirectly, by virtue of the fact that there are 
fewer errors to be removed than in the case of hand or logarithmic calcula- 
tions. 

(2) They relievo the computer of much mental effort. In particular 

they remove the fear of making errors, which is one of the most fatiguing 
elements in computing. • 

(3) They will perform all four arithmetical processes, in any desired 
combination, e.g. ab f cd, whereas logarithms may be used for multiplica- 
tions and divisions only. 

(4) They permit the employment of junior grades of labour for routine 
calculations. 

(5) They are used with natural values of the trigonometrical functions 
instead of witli logarithmic values. Every computer knows that the 
differences of the log siii or log tan of a small angle, or of the log cos or 
log tan of a large angle, arc large and troublesome, whereas in a natural 
table*, the differences of sines or cosines are never troublesome, while the 
tangent is difficult only in the case of large angles, and even then trouble 
can usually be avoided by using the cotangent. 

In addition to easier interpolation, natural values of the trigonometrical 
functions offer a more equable sensitivity for inverse interpolation, as 
will be seen from the following table. 
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For tho cosines of small angles or the sines of large angles, the sensi- 
tivity of the natural table is more than twice that of the logarithmic 
table ; in other words *'the differences for a small variation are more 
than twice as great, so that the uncertainty in an angle interpolated 
from an accurate function is only half as great. In logarithmic work an 
angle less than 45° is often determined from its sine, and one greater 
than 45° from its cosine, in order to avoid insensitive parts of the table. 
It will be seen that the natural sine of an angle of 60° is more sensitive 
than the logarithmic sine of an angle of 45°. Again a tangent formula is 
frequently used in logarithmic work, especially with auxiliary angles 
whose magnitude cannot bo controlled, to avoid insensitive regions, 
although this often leads to heavy interpolation near 0° and 90°. Since 
a tangent is usually computed as the quotient of two numbers, the 
machine user can always divide the smaller of his two numbers by the 
greater, thus obtaining a quotient between 0 and 1, whose sensitivity is 
always ample yet never embarrassingly large. 

Calculating machines are particularly useful in least square adjust- 
ments, in which they save a great deal of writing and adding, as quantities 
ab entering into a summation [a6] are automatically added on tho 
machine as each product is formed. The Brunsviga Model 20 (Fig. 195) 
is also capable of evaluating [u6c], which arises when unequal weights 
are assigned to observations. The clearing of the 20-figure product 
register may be controlled by a partial clearing lever, whose effect is to 
prevent the left-hand ten figures from being cleared. If is formed in 
the usual way in the right of the product register, it may be transferred 
by means of the transfer lever to the setting levers ; multiplication by 
Cj gives aybiCit which again may be transferred to the setting levers. 
The carriage is now moved to the extreme right, and the product turned 
into the loft of the product register for storing. The oi)erator proceeds 
to form (126202 in the same way, the left-hand half of t he product register, 
containing a^b^c^ remaining uncleared, and showing a^b^c^ + and 

finally [a6c]. 

The use of proportional parts in interpolation may be dispensed with 
if a calculating machine is available. Thus to interpolate sin 1 2° 34' 
from 


X 

sin X A' 

cos X 

A' 

12* 34' 50' 

0-217 8120 

0-975 9907 



+ 473 

- 

- 105 

12 34 60 

0-217 8593 

0-975 9802 



set 0*217 8120 on the setting levers, and multiply by 1*000. Clear the 
setting levers and multiplier register and set 473; multiply by 1*000 
and check both the settings by verifying that the product register shows 
217 8593 followed, of course, by three ciphers. Change tlie multiplier 
to 0*678, when the product register will show the required result, namely 
0*217 8441, which can, if desired, be immediately transferred by means 
of the transfer feature to the setting levers for further multiplication. 

Twin machines (described below) may be us(jd for the simultaneous 
interpolation of the sine and cosine of an angles The same is true also 
of any machine with sufficient keyboard capacity. Thus to get both the 
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siue and cosine of 12" 34' 66'’78, with a 10-columii machine, we would enter 
into the product register (in two stages if necessary) 8120 000 9907 000, 



Fig. ids. Twin liRi NsvidA Calculating Machine. 

find thou set on the setting levers 472 999 9895, which is obvi^uoi^ 
o([iii valent to + 473 in the sine position and — 105 in the cosine, as is 
easily seen hy turning the liandic and producing 8593 000 9802 000. The 
remainder of the interpolation is as in the previous case, when the product 
register shows 8440 G94 9835 810 so that 

sine = 0*217 8441 cosine = 0*975 983G 

b'ullor descriptions of mechanical interpolation, including tlie once- 
dicaded ])i()l)lem of inverse interpolation, are given in ('hambers's 
Maftif malintl Tabhs, Volume 11, and in the book on the Twin 
Marehanl listerl on page 529. 

Another type of machine, specially developed for survey calculations, 
consists of two single machines mounted togetlier, so that both can be 
turned by the single crank handle. One machine always rotates in the 
same direction as the handle, but, by means of a control lever, the other 
can bo controlled so that it rotates in the same or in the opposite direction ; 
or it may remain stationary. The first such machine was the Twin 
Briinsviga (about 1930). English attempts (1940) to produce a similar 
machine were superseded (1941) by the coupling of hand Marchants in 
])airs. Tlu', Twin Marehant was diseontinued in 1045, but the Twin 
Brunsviga, as shown in Kig. 108, is now available again. 

The obvious application of twin machines is to cases where two 
numbers arc multiplied by a common multiplier, as when the sine and 
cosine of an angle are multiplied by a length, which occurs when resolving 
bearing and distance into rectangular co-ordinates. But, just as the 
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logarithmic computer develops methods suited to the means at his 
disposal, so does the machine user develop techniques with the poi^rerful 
means at his disposal. As an illustration suppose we wish to evaluate 6 from 

, a sin B 

0 = — : — T- 

smA 

If we divide a by sin A on the right-hand macliine, while at the same time 
sin B is set on the left-hand machine, and tills machine is switched to 
go in the opposite direction to the right-hand machine, the desired 
quantity b will be in the product register of the left-hand machine, and 
a sin A will be in the multiplier register. In other words, a single 
operation has evaluated the complete ex])ression. 

The field in which extensive use has been made of these machines is in' 
military surveying, especially with rectangular co-ordinates, familiarly 
known as eastings and northings. The classical problems of bearhig and 
distance, intersections, resections and inaccessible bases, so tedious with 
logarithms, lose all their terrors with a twin machine. Full descriptions 
of these machines and of these applications have been given elsewhere 
(see page 529) by the present writer. Thej^ are now also used extensively 
for traverse calculations. 

Another great success that has been scored by twin machines is in the 
interpolation of pairs of double-entry tables, such as those giving eastings 
•and northings from latitude and longitude (or vice versa) ^ or for converting 
onr system of rectangular co-ordinates to another. If A and B arc both 
functions of two independent variables, and if n and m are the fractions 
of the tabular interval in these two variables, the tables can be arranged 
for the following interpolation formulae : — 

A = aQ + a^n + a^m + a^nm + a^ri^ + 

5 = 6o + b^n + 6gW + b^nm + b^n^ + 

The quantities Uq . and 60 . . . 65 , which arc tabulated, are set 

on the two components of a twin machine and multiplied simultaneously 
by their common multipliers'. A check is provided, not by the weak 
process of repetition, but by having a similar inverse table, which is 
entered with the result of the first calculation, and should produce the 
original data. 

The laborious calculations necessary to convert geographicals to 
rectangular co-ordinates, or vice versa, are known to many. They can 
now be replaced by the use of two pairs of double-entry tables, one for 
each conversion ; each checks the other. A further advantage can also 
be secured. K in the two sets of formulas certain of the higher-order or 
elliptical terms are neglected, small inconsistencies arise. These are now 
avoided by computing first, from an agreed or adoi)ted formula, tJie 
table for converting a geographical graticule to a rectangular grid — by 
far the easier table to compute since, for any fixed latitude, it is usually 
a power series in the difference between the longitude of the point and that 
of the central meridian. • The inverse table is formed, not from the fearsome 
formulas of the textbooks, but by numerical inversion. With such pairs 
of direct and inverse tables and a twin machine, conversions can now be 
made in a fraction of the time formerly taken. 
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The following list shows the tables that may be used for natural values 
of the trigonometrical functions. The full titles are given in the references 
at the end of this Appendix. • 


No. of 
Docimals 

Interval of 
Argument 

Author 

4 

1' and 0'’-l 

Milne-Thomson and Comrie 

4 

10“ 

Comrie 

5 

1' 

Comrie (with a decimal dropped) 

5. 

10* 

H.M.N.A.O. 

5 

O^Ol 

Lohse 

5 

0*-01 

Steinbrenner 

6 

10* 

Brandenburg or Peters 

6 

r 

Comrie 

0 

0°01 

Comrie, Peters 

6 

0“-01 

Peters 

6 

O'-OOl 

Peters 

7 

10* 

Brandenburg 

7 

O^-OOl 

Peters 

7 

O'-OOl 

Peters 

7 

1' 

Comrie (H.M.S.O.) 

S 

1* 

Peters or U.8. Coast and 

8 

0»-01 

Geodetic Survey 

Buckingham 

8 

0°001 

Peters 

8 

O'-Ol 

Roussilhe and Brandicourt 

15 

10* 

Andoyer 


The 7-figure tables (not mentioned above) for every 10" by Benson 
anrl by Ives are marred by errors. Clifford’s S-figiire tables at interval 1", 
which also contain a considerable number of errors, are, unfortunately, 
not arranged senii-quadrantally, so that two openings are necessary to 
find the sine and cosine of an angle. Cdffoid’s tables, ..1 which the tangents 
w(‘re pirated in U.S.A. in 1948 by Huey, were superseded in 1939 by the 
tables of Peters (the coj)y for which was prepared by Conirie), in which all 
four functions of any angle appear on a single line. With this excellent 
table in existence, it is diffioidt to .see why the U.IS. Coast and Geodetic 
Survey ])roduc(*d a table of sines and cosines only, awkwardly arranged ; 
there is no preface to explain the motive, or the method of calculation. 

The use of the decimal division of the quadrant has become increasingly 
popular in France, and has now been compulsory in Germany for some 
time. It suits the metric system of length, since, approximately, 

1* = 100 km. r = 1000 metres 1" = 10 metres 
In other words, there is a one-to-one relation betw'een units of length 
and units of angle. The same advantage occurs when feet and the sexa- 
gesimal system are combined, since 1" = 100 feet nearly. Inconveniences 
occur with metres and seconds, since 1" = 30 metres nearly. The diflS- 
culties of degrees, minutes and seconds can often be avoided by working 
entirely in seconds. 

Surveyors have long been familiar with Chambers's Seven-figure 
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Mathematical Tables, After seventy years the type for these became so 
worn that new tables, known as Chambers's Six- figure Mathematical 
Tables, have been prepafed by Comrie, in two volumes of 600 pages each. 
Volume I contains logarithmic values, and Volume II natural values. 
The decision to give six rather than seven figures was partly due to the 
fact that this was the greatest number of decimaLs that could be made 
linear in a collection of tables. These tables })rovide for those numerous 
cases in scientific work generally where four decimals just fail. For 
five-figure work, this six -figure table (with a decimal dropped) lias the 
advantage of a small interval of argument. For survey use, six decimals 
suffice for angles measured to tlie nearest second of arc, which is amj)le 
in all but geodetic work, for which the excellent eight -figure tables to 1" 
by Peters are available. Each volume contains a hcl])ful bibli()gray)hy 
of tables to more than six decimals. The legible figures, tlie JitU'iition 
that has been paid to typography, the many tricks of tabulation, and the 
generous explanation will appeal to all surveyors, wlu'ther (*ngaged in 
field or in office work. An abridged edition of 400 ])ages includes the 
tables in degrees, minutes and seconds — to which surveyors are still 
tied by the divisions on their theodolites. 

The impossibility in each survey office of having all the machines and 
tables described, and many others, as well as the cost of expert labour 
abroad, are factors that have led to the establishment in London of a 
central calculating bureau (known as Scientific Computing Service), with 
allrknown mechanical and library facilities. One table-making machine 
(not described above) will integrate from finite differences up to the 
sixth (a process used in subtabulation or systematic interpolation to smaller 
intervals) or will difference functions to the fifth difference, printing all 
differences. It is well known that differencing of functions that should 
be smooth is the most powerful means of detecting accidental (but not 
systematic) errors. The kind of woik that lends itself to e(‘ntralised 
computing, and is being done thus on an increasing scale, is figural 
adjustment by least squares, reductions of large triangulaMons, the 
preparation of conversion and otiier tables for adopted yirojeetions, and 
the reduction of refined and extensive scries of astronomical observations 
for position or azimuth. 

It must be emphasised that the best result from a calculating machine 
cannot, in general, be obtained by simply taking the formula} and 
methods developed for logarithmic work, and applying the machine to 
them. The expert computer will start de novo, and build up, from funda- 
mental formulas and first principles, methods that utilise to the full the 
new facilities afforded by even the simple machines described. One 
simple illustration suffices to illustrate the possible advantages of a 
machine. If we require a radius vector r from rectangular co-ordinates 
X and y, the usual logarithmic method is based on 

5C 

tan 0 = — 

y 

r = X cosec 0 = yaco 0 

involving four entries in tables. The direct formula 

r = '\/ x^ + y^ 



APPENDIX I— MECHANICAL COMPUTING 529 

would involve five entries and much writing, but may be evaluated 
directly on a machine without any tabular entries or writing, although 
the use of Barlow’s Tables or Zimmermann’s squares to 100,000 will 
shorten the labour of finding the square root. 
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PROOF OF FORMULA FOR SAG CORRECTION FOR A 
HORIZONTALLY SUSPENDED TAPE 


CoNSiDJSK a perfectly flexible tape suspended under a known tension 
with its two ends at the same elevation. Imagine tliis tape to be cut at a 
certain point where the tension or pull is T and the tangent to the curve 
at this point makes an angle 0 with the horizontal. Then the vertical 
component of the tension is T sin 0 and the horizontal component is 
T cos 0. The change in the vertical and horizontal components at the 
end of a vei^ short element of length dl may be written d{T sin 0) and 
d(T cos respectively. These changes in the components must balance 
the components of the external forces acting on the element. The only 
external force is w . dl, acting vertically downwards, where w is the weight 
of the tape per unit of length. 

Eence, 

d(T sin 0) = v)dL 
d{T cos 0) =3 0. 

Integrating, 

T sin 0 + A, 

T cos ^ = JS. 

where A and B are constants of integration. 

Take the origin at the middle or lowest point of the span and measure 
all lengths from there. At this point, by principles of symmetry, the tape 
is horizontal so that ^ = 0 and J = 0. Let the tension there be T^. 
Then it follows that = 0 and B == Tq, This gives : — 


T sin 0 == wl, 

T cos tfi = Tq, 

, I 

• • tan ijj — qf " . 

0 ^ 

^ (1 -1- tan* 


1 







and 


1 3 toH^ 

tan iff 

^ ^ (I +tan*0)» 


We now have : — 


dx 


wlf 1 wH^ \ 

To\ 

— dl cos ifi 

( 1 wW \ 

~~ 2 3V *'■ 8 To* ' ■ 7‘ 


^ ^ O /IT Q 


1 , 3 v}*l* 


40 To* 


the constant of integration vanishing since x = 0 w’hen i = 0. 
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Let S be the total chord length and L the total length of the curve. 
Then, since the curve is symmetrical <about the lowest point, x ~ when 
I = \L. Consequently, 

1 o _ 1 r I 

- -t- J2S0 • 

. O _ T 3 

“24JV‘^Gi0"5V' 

Again, let F be the tension at the end of the tape wliere I = \L, At 
this point we have : — 




F cos tjt — J’fl. 


^ = To 

•• 'I\ F\' ^ • • ■) 

+ 1;^) app’oximalcly 

••To* Jf'^\^4F^J' 


8 - 


wyj 1 1 

24^2 


The last term in tliis expression is negligible in practice. 
To obtain the sag of the tape, 

dy dl sin ifj 


„ /wl 1 wH^ ^ \ 


v'P wH^ 

• • Wo ~ 827 ’ 

the constant of integration again vanishing since y = 0 when I — 0. 
Again, the sag, Y, is the value of y when I = J/y, and hence : — 

Y — 

~Wl~ 12877 
wL^ 

” I28F2* 

Finally, the slope at the ends is given by 
, # 

tan^ = ^^ 

_ wL / 



APPENDIX III 

PROOF OF THEOREM IN SPHERICAL TRIGONOMETRY * 

To provo tliat, if PBC is a spherical triangle, right angled at C, and 
the angles P and 90® — B arc very small, then : — 

= c — 6 — ^ cot ^ ^ 6 (1 1- 3 cot* b), 

P = p cosec {b -f- |7j), 

^ B == P cos (6 -f- ^). 

Fio. 



We have, by the ordinary rules for the solution of a right-angled 
spherical triangle : — 

eos c — cos b cos p. 
cos (6 -h ~ cos b eos p. 


. I . 1 f, I P* 

cos b eos 1 ] ■ - sin b sm rf — cos ~ ' ^ H 


24 




cosi^l-^ 


■) ■ • •) 

-‘■“‘{l-Y-l'w- ■■ j 


77 ® 77 ^ P'^ P* 

— ij sin 6 — eos b -f sin b ^ ~ cos ^ ^^os b — 
The first approximation is tj = cot b and the second gives 

. 7 )* I P* I I 

Sin b = -r cos 0 — Jrr cos & — cos b 


t] sin i 


Again, 


2 24 

= ^ cos 6 — ^ cas 6 — cos b cot * b. 

^ cot 6 — cot 6 (1 4-3 cot* b). 
tan P = tan p cosec b 




♦ See page 329. 
533 
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P = tan P — J tan* P 

Bin 6 3 J 3 sin 


|3 

sin® b 


_ 1 f p* cos® b] 

""sin6\^ Tsin®^/ 


p 


p 

sin 6 + ^ cot b cos b 
«> 


sin 6 + f t; cos h 
P 


We also have : — 


sin (6 + Iq)' 

cos B = cos b sin P. 
cos b sin P. 


8in('-B) = 

(i- = - } 


1 ( P3 

+ gCOs»6{P-- + 


== P cos b 
= P cos 6' 


{i - 


cos* 5) + • • . 


/' P*sin*6 . 1 

V — ir-+--| 


Using the approximation P = p cosec b, this gives : — 


TT 


^ = P COS 6 

A 


= P cos 


{■-?} 


approximately 


J i7tan6\ 

H* 3-/ 

= P ^cos 6 — ^sin 6^ 

= P COS (6 + Jij). 
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AUaURATK MEASUliEMENTR OF DISTANCES BY 
COMBINED OPTICAL AND ELECTRONIC MEANS 

In principle, the method devised by Bergstrand for the accurate 
measurement of distances by modulated light waves which is referred 
to on j)age 190 is somewhat similar to that employed by Fitzeau in 1849 
to determimf the velocity of light, although the details of the actual 
aj)paratus arc very different to those of the ap])aratus used by Fitzeau. 

in Fig. 200 L is a source of light with a concave mirror to concentrate 
the rays into a beam and P is an amplifying photo-electric cell which 
recci’ves the rays of light after reflection by a 
mirror M situated at the distant station. 

(Jr is a crystal controlled oscillator which 
transmits a scries of electrical high frequency 
osciillations to L and P. These oscillations 
have tlje effect of varying the intensity of 
the light emitted at L and at the same time of Fig. 200. 

aff(‘cting the sensitivity of the photo-electric 

cell at P, so that tht‘ sensitivity varies with the* same frequency as the 
pulses of (unitted light. After reflection at the light is received on 
the catJiodo of the ])hoto-electric cell, where it causes variations in thv 
intensity of the current corresponding to the variations in the intensity 
of the light received. The phase difference between the tension directly 
received from (Jr and that due to the variations in the intensity of the 
reflected light will be proportional to the distance LM = D and ma}- 
b(* used to measure D. Maximum current will flow when D = 
wliere N is a whole number and a (juantity inversely proportional 
to th(j frequency n. 

Til practice, as maximum current does not give a sharply defined point, the 
receiving apparatus is somewhat modified so that a dirci t current galvano- 
meter connected to P receives impulses of current in opposite directions and 
records zero when opposite impulses have the same numerical value. 

The variations in thi‘ intensity of light from the source L in Fig. 200 
are imposed during the passage of the light through a Kcit cell, Ke in 
Fig. 201, which is pla(?ed between two crossed Nicol’s prisias, Nj and Ng, 
the ])lanes of ])olarisation of the inisins being at right angles to one 
another and making an angle of 45'' with the direction of the applied 
field. The Kerr cell consists of a couple of conducting plates with a 
thin layer of nitrobenzene between them. These plates are connected 
to the high frequency oscillator Cv, which has a frecpieiiey of 8-3 mega- 
cycles per second, corresponding to a w'ave length of 36 metres, and an 
amplitude of 2,000 volts. This arrangement has the property of varying 
the amount of light emerging from the prism Ng, the amount passing at 
any time depending on tTie square of the tension of the applied field in 
accordance with the equation 

J = Josin^iP (1) 
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where J. = intensity. Jo = maximum intensity, fc is a constant and V - 
difference of potential between the plates. This equation is not ot the 
simple harmonic type corresponding to the oscillations given out. hy 



the oscillator, but, by ad.ling thwe oseillat.ons t*’ ^ 
frequency oO-cycle transformer with an amplitude of b, 200 \olts vvh h 
is Jlso connected to the plates of the Kerr cell as shown in big. -0 
the variations in tire emitted light are very similar in foiiu to tin high 
frequency oscillations from the, crystal. The oO-cyele traiisfoiiiier gives 
an approximately square wave of the type | j - 1 J ] I ’ ***■ ’ 

the leiLsion from it remains practically constant tor halt a cycle liiit 
changes in sign at the end of each half cycle. I hus, the.s(i changes oeeiii 
100 times per second. The intensity of the light emitted from is now 
assumed to bo of the form 

Ji 'i)j • • • ■ . ■ . 

where w = 27 m, n being the frequency <.f the high frequeiiey 
t = time from the beginning of one <)f these oscil ations <1 - ,V ”1 e^buht 
between time of arrival of impulse from (Jr and its effect on t he ligld 
emercing from N,, C, is the constant intensity imposed by tlie low 
frequency oscillations and (J, is the amplitude iif the variations. 

?f we supiKwe that this expreasiou give.s the intensity of ight 

emitted during the existence of the ixisitive half of a oO-cyele, osciUatio , 
we can distii^u^h the intensity during the existence of the negative 
half of a 50-cycle oscillation by writing 

+ Gj sin {w(f - fi) ’i}. • • • • 
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the efipect of a change of sign in the low frequency tension being* to intro- 
duce a phase change of n in the high frequency oscillation.* 

•The time taken by light to travel from Ng to the mirror M and back 
to the photo-electric cell at P will be 2 Z>/c, where c is the velocity of 
light, and hence the intensity of the light falling on the cathode of the 
photo-electric cell may be written in the forms 

-?)} • • ■ ■ 

^'3 + + TT j. . . . ( 4 a) 

The anodo of the photo-clcctric cell is connected directly to Cr, which 
thii.i supplies the operating voltage, the 50 -cyclo oscillations being stopped 
by the condensers and Koand sy>eeial chokes (not shown), but current 
will only flow during the positive half of a high frequency oscillation Avhen 
the anode is ])ositively charged. The illii ruination received at the cathode 
will produ(^(‘ chai*ges at the aiiode which may be written. 

--- A + B . sin {<o(^ ti /g 2 D/c)} . . . ( 5 ) 

Vo A -\ B . sin {w(t ^2 ”■ + tt} . . ( 5 a) 

wh(‘re ^2 time ot travel of the electrons in the photo-electric cell 
between cathode and anode, A and B, of course, being constants. A tii:ie 
interval, /..j, will be taken for the high-frequency electrical oscillations from 
O to reach the anod(* of the ])hoto-eleetric et‘ll. Hence, if time is reckoned 
from the eommeneement of a positive high-frequency oscillation at O, 

this oscillation will reach the anode at time ^3 and end at time 4 

Consequently, since current is quantity of electricity per second anrl there 
are \n positive high -frequency oscillations in a second, the current leaving 
the anode will be 

^ L 

(‘i _ J/( I U-l I B . sill {a. (/ - /x h- 2BV) }Jrf< ... (6 

I, 


J3 ^ U3 + C\ sin \w(t ~ i 


in 


* "riio reason for a change of phase of tt may he explained Jis follows. JJiiring 
a positive half of tho oO-cycle oscillation the total voltage applied to the plates 
of tho cell will he of tlie foriii Tj i Tg . sin cat, where is the positive voltage due to 
tho oO-cycle oscillation, tlie total voltage tlien being positive since \\ is always 
numerically greater than \ \ . sin wt. During the negative half of the oO-cycle oscilla- 
tion tlio total voltage applied to tlve cell will he of the form - r I'a • sin cat, which 
is negative. Thus, if t is the time when the positive ludf cycle suddenly ends and 
tho negative half cyc-le begins, tlie numerical value of the applied voltage suddenly 
clianges from \\ f Tg . sin wt to \\ - sin wt, which is equivalent mathematically 
to a jdiase cliange of^w in the angle <u/." The intensity of the emitted light cannot 
have a minus sign ami is only alfected hy tlie iiuinerieal value of the applied voltage. 
Hence, corresponding to the intensity -| < ’j '2)} the end of a 
positive half cy<’le, tlie intensity at the beginning of the negative half cycle will be 
C\ — C'j sin {ca(t — / j)}. which is equivalent to C\ h C* sin {w/ — «,) + w}. 
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for the positive half of a 50-cycle oscillation and 



»2 = [A -f B . sin {to (< — <1 — <2 — 2D/c) -f ■n)]dt . . (6a) 

for the negative half of a 50-cycle oscillation. 

Now suppose currents proportional to these two currents passed in 
opposite directions through a slow reacting direct-current galvanoriieter 
in a manner presently to be described. The effective current flowing 
through the galvanometer will be proportional to 

Q 

1*2 — I'l = - cos CD (^3 — ti -- <2 2/)/c) .... (7) 

TT 

and this will be zero when 

... . ( 8 ) 

in which N can be any whole number whatever. 

As oj = 27rn and nX — c, where A is the wave length of the oscillations 
from Cr, we have for zero current in the galvanometer : — 

D - - h " t,)X + l(2N - 1)A 

---= A + i(2A - 1)A . . (0)* 

in which A is a constant for the instrument which leprescnts distance} 
“lost ” by time of travel in the circuits of the apparatus itself. Tins 
is the fundamental equation establishing D in terms of A. Th(i constant K 
can be calculated from the design and dimensions of the apparatus, 

or, better still, it may be found from 
observations over an accurately 
metusured distance'. 

It remains te) consieler the separa- 
tion of the currents eluring t he peisiii vc 
Q and negatives halves cd\a 50 -cycle} 
ascillation. The current from the 
photo-electric cell is fed into a circuit 
consisting of the galvanonmter, (I, 
and two valves, ( 1 ) and (2) in Fig. 202. 
The grids a and b eif the} valve's are 
connee}ted thre)iigh resistance's (ne^t 
shown) te) the 50-(}ycle voltage in 
such a way that a has normal work- 
ing potential when b has maximum negative potential. During the pe)si- 
tive half of a 50-cycle oscillation, the potential of the grid a is positive 
and the valve 1 supplies current to G pro])ortional to in equation (6), 

* Equation (2) implios that the angle kV^ in equation (1) is a small angle anrl that, 
when ( Fg sin co/)* is substituted for F^, the term Fg* sin''* wf is negligible in 
comparison with the first two terms in the expansion. While this assumption leads to 
some simplification in the explanation, it is not essential to the mathematical theory, 
as, by developing |- in a series containing higher jwwers of 

sin (ot, it can be shown tliat the right-hand side of equat ion (7) l)ocomes a series in 
which the general term is K cos pw — /j — /g 2l)jc), where K is a constant and 
p an odd integer, and, from this, equation (9) follows as before. 
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tlie valve 2 being blocked during this time by high negative potential on 
grid b. During the negative half of the 50-cycle oscillation, valve 2 supplies 
current to (i proportional to ig in equation (6a/. Hence, currents in 
op])osite directions flow througii G during the course of each full 50-cycle 
oscillation and the net current affecting the needle Ls the difference of 
these two currents. 

The method of measurement thus consists in finding values of D which 
satisfy the relation (9) ; that is, when the galvanometer registers zero 
(iurrent. With high frequency oseillations of 8*3 megacycles per second; 
corresponding to a wave length of 
about 36 metres, there would be zero 
reading on the galvanometer for dis- 
tances of 1) differing by '9 metres. 

In practice, the mirror M is not 
moved to obtain zero galvanometer 
deflections but instead tin; wave 
length A is altered slightly by means 
of a valve, induc^tance, and variable 
condenser connected to tlie crystal 
c>scillator as sJiown in Fig. 203, tlie 
change in frequency being read on a 
scale attadied to the condenser. This scale is sucli that readings can be 
estimated to 2 cycles, corresponding to a difference in I) of 4 mm. when 
D - IS kilometres. An alternative method is to vary the time la^, 

(E(p (9)), in the direct connection between Cr and the anode of the 
])hoto-electric cc^ll in a known manner, in which case A can always be 
maintained at the same constant value. 

W^e must know" N, “ the crude count,’* before we can calculate D and 
this is found by iiK’reasing the wave lengtJi a second time by means of 
a second crystal to give one or more additional null points. Let A^ be 
the original wave length for which N “ and let Ag be the second 
wave Icngtji giving x addition null points, so that N ^ — x. Then, 

from Eq. (9), 

D K + U2N, - 1)A„ 



and 


D = K + iC2N, ■ 2x - l)X, 


C2N, 
N, - 


■ 


1)A, - 


2xX^ + (Aj, - AO 

2{AV-A0 


l)Ai. 

A* A 2 

(^3 “ ■ ^l) 


“f- 0’5 


. (10) 


The accuracy of th(‘ nu'thod dejiends on an accurate knowledge of the 
velocity of light.* The frequency of the crystal, which can be determined 
for standard atmospheric conditioqs to within 1 X 10~’, and which should 
be re-determined at intervals of about six months, depends on temperature 


* By using the apparatus on a carefully measured base line 7 km. long, Bergstrand 
rocontly (BJilO) obtained an in vacuo value for this constant of 299 793-1 km. sec^ 
( -^ 186 283-4 miles/sec.) with a inoun square error of ± 0-25 km.,, 'sec. (p.e. ^ jz 0-17 
krn./sec.). This value may bo compared with values for the velocity of radio waves 
of 299 792 zh - 4 km./sec. obtained by C. I. Aslaskan in 1949 and 299 7.92-6 ± 
3 km./sec. obtained by Dr. L. Essen in 1950. 



540 


PLANE AND GEODETIC SURVEYING 


but can be kept constant by means of a thermostat to within 1 X 10“*. 
The velocity of light varies with atmospheric changes, the variation being 
0-9 X 10“®per degree Centigrade and -4 X 10“* per millimetre of mercury. 
Good atmospheric conditions, usually found during windy weather, are 
essential for accurate results. These conditions can b(j tested by means of 
sights through telescopes along the line in each direction, steadiness of the 
image of the distant point being an indication that the temperature is 
probably uniform over the whole distance. All measurements must, of 
course, be made at night or in twilight and must be accompanied by 
observations for atmospheric pressure, temperature and humjdity. 

The apparatus has already been tested over a distance of ;i() kilometres, 
using a light source of 30 watts. The existing experimental e<piipment 
for this distance weighs about 200 lb. and is operated from a motor 
generator developing 400 watts, but in later designs it will prc)bably be 
possible to reduce weight to 100 lb. The apparatus is being manu- 
factured and put on the market by AGA (Svenska ab (Jasaccannulator) 
of Stockholm under the name of “ geodimeter.” A smaller battery-driven 
set is now being considered for the direct measurement of distances on 
secondary and tertiary triangulation. 

It is difficult at present, in the absence of extensive tests by different 
experimentci’s in different parts of the world, to assess tJie extent to 
which this apparatus will be used in future, but it app(*ai*s from the 
tests already made in Sweden that it possesses considerable potentialities. 
Since it has already proved its practicability in Sweden over a distance 
of 30 kilometres and results of the order of 1/300,000 have been obtained 
with it when observations were taken over a line of measured length, it 
seems that it may eventually allow the use of much longer base lines than 
are normally employed at present, and so do away with much of tlu^ 
work involved in extending from a short base, and it aj)pears also that 
triangulation may be considerably strengthened by the introduction of 
more check bases than are now economically possible. In fact, it is not 
at all improbable that its principal use will be to enable the lengths of the 
sides of most, if not all, otthe triangles in a chain or network to be 
measured direct, thus avoiding to a considerable extent tlu* relatively 
rapid growth of linear error such as occurs in ordinary triangiilation. 
Another possible use for the apparatus is to measun? the lengths of tlu? legs 
of precise traverses. 

One great advantage of the method is that measurenu^nts may bi^ made* 
over rough country, much rougher than the comj)aratively liat country 
necessary for measurement with invar wires and tapes. 

While Figs. 201, 202 and 203 show the general lay-out of the main 
components and electrical connections of the geodimeter, it must be 
understood that they do so only in broad outline. In practice, the 
apparatus includes a number of transformers, valves, condensers, resis- 
tances and chokes which have been omitted for the sake of simplicity. A 
more comidete description and diagram of the t4ectrical connections will 
be found in a rei)rint in English of a paper by E. Rergshand in the Swedish 
Arkiv for Fysik, Vol.‘2, No. 15, 1950, entitled “ A Determination of the 
Velocity of Light,” which is obtainable from Messrs. H. K. Lewis & Co. 
Ltd., London. 
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LATITUDE, LONGITUDE AND REVERSE AZIMUTH 
FORMULAS FOR VERY LONG LINES 

On page 33S it was pointed out that the ordinary Clarke and Puissant 
formulae for calculating geodetic positions and reverse azimuths from 
lines of given length ancl azimuth, which are given on pages 325-340, 
are only valid for lines that can be sighted over in the usual way, and, 
since the use of radar and flare triangulation has made it possible to 
measure the lengths of lines much longer than those used in ordinary 
triangulation, it has been necessary to work out other formulae or to 
extend the existing ones to include higher order terms which have 
hitherto been neglected. Several sets of formulae are now available, 
but those that follow, which have been adapted by J. E. R. Ross of the 
(ieodetic Survey of (Canada from a method originally outlined by Jordan, 
are easy to follow and reasonabl}'^ easy to compute, although, like all 
similar sets, they are somewhat long.* 

The data given are the latitude and longitude of the initial point and 
th(‘ geodesic azimuth and distance to the forward point. The geodesic 
distance Is th<' distance measured by radar, and the geodesic azimuth 
is obtained by adding the geodesic angle to the geodesic azimuth of a 
line already fixed. The geodesic angle is obtained as described on page 31^5 
by adding to the jjlane angle, obtained by solving a triangle of known 
sides as a ])lane triangle, the correction for spherical excess, including 
the second term given on page 315, plus the correction for the difference 
hetw'(‘en the geodesic and the spherical angle (page 315). Since lines 
used in radar are too long to sight over, it is not possible to use art observed 
azimuth for the azimuth of the initial line. Instead, two very distant 
])oints established by ground survey must be used as the terminal points 
of one side of a radar-observed triangle and the length and azimuth of this 
line calculated. 

In Pig. 204 (u), NAB is th(‘ triangle on tlie spheroid formed by the 



Fio. 204. 

meridians through A and B and the geodesic line joining A to B. Let be 
the latitude of A and ^ difference in longitude 

• Soo “CJeocletic Problems in Shoran,” by J. E. K. Ros.s. Cniiadian tiegdetic 
Survey Publication No. 76, 1649. 
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between* the two points. The values given are the angular values of 
<l>i and ai. 2 , the geodesic azimuth in the direction AB, and the radar 

measured distance s. We need to 
solve this triangle for 
ag-i, the geodesic azimuth in the 
direction BA. 

Take an auxiliary spherical triangle 
ACB in Fig. 204 (6) in whicli tlie 
points A and B have latitudes corre- 
sponding to the reduced latitudes j8| 
and jSg of A and B, and the side AB 
luis the same azimuths as the side AB 
in Fig. 204 (a). The reduced latitude 
of a point is the eccentric angle of 
conic sections — that is, the angk' 
between the semi-axis major of an 
ellipse and the radius vector to the 
point where the y-co-ordinate pro- 
duced meets a cin^le, the auxiliary 
circle, having tJie major axis as 
diameter and the centre of the ellipse 
as centre (Fig. 205). This reduced latitude is given by 

tan 8 - tan 6, 

^ a 

where b is the semi-axis minor of the ellipse and a the semi-axis major. 

[The possibility of constructing a spherical triangle with the four 
specified elements derived directly or indirectly from the triangle on the 
spheroid arises from' the fact that the geodesic satisfies the equation 
N . cos <f> sin A — constant all along its length, so that 
iV'i COs ^isiiia^.g 

But it is easy to see from Fig. 205 that N . cos -- a . cos j8, .and hence, 
by substitution, 

cos Pi sin aj.g — cos jSg sin a^.i, 

which is the ordinary sine relation for the spherical triangle ABO in Fig. 
204 (c).] 

From the apex C of the spherical triangle draw OP m (Fig. 204 (b) ) 
perpendicular to the side AB or AB produced and let AB - a, BP o-.,, 
AP - Gi and M - 90" - ai. 

In the triangle AOB we know the angle A — a^.g, and the side AO - 
90° — j3i can be calculated from the given latitude The side 

CB = 90° — j3g and the angles AOB = Al and OBA IlOO" - ag.^ can 
therefore be found if we know the value of a, and this can be obtained 
from Sy the measured radar distance between the points A and B, as 
follows : — 

Calculate, or where possible obtain from special tables, 

n 6 

tan Pi — ” tan ^i^ 
a 

tan M = tan sec a^.g, 
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sin m — cos sin a^.g or cos m — cos cos a^.g sec M, 
! e* 

V “ft* ~ r e*’ 

k — e' cos TO, 

= 1 + Jfc* -- 

-= Ji’* - + ^\\k^, 

, tr — 1 ^4 _ a tA 

3 " i 2 H ^ 5 1 a ^ > 

F = ^ 


G = 


/^isinT*’ 

K, 

Ki sin r’ 
Ki sin r 


Then 


a* -- F + a sin a cos (231 .1: o, 


A.A. »jin \.\nt yT^rx ^Uy. 


Hei ‘0 O' oiiler.s into the seeond and third terms on the right so preliminary 
values must he obtained by approximation, first using the first term on 
the riglit, then substituting the approximate of or so found in the seeond 
and third terms on the right, a third approximation seldom or never 
being necessary. The sign of cr in the second and third terms is positivvs 
if H in Fig. 204 (h) lies between A ami P and negative if P lies between 
A ami P. 

When (7 has been obtained, calculate from 

(72 (Tl <7 — flO" — J[ (7 

ill whicli the sign of a must be determined frtim the position of the point P 
with referen(‘e to the points A and B. Thus, in Fig. 204 (h) (7,^ -- — a 

and in Fig. ;J04 (r) -j- a. 

To obtain /S.,' have 

sin ^2 ^ 2 ! 

and to obtain Al and a 2 .| solve the triangle ABO for the angles 0 and B 
by the ordinary rules of spherical trigonometry, tlius : — 

tan \(Ii sin \(l) — r) cosee i(lj j r) cot iA 

tan i(yy t' O) - cos J(/> — r) sec i{b + r) cot Ll, 

giving 

« {J(/^ 1 r) I l(B~r)} 

c - {i(B \ r) - J(/i-r)}, 

where 

b - 00" - Pi.r ~ (7. A - a,. 2 , B - 300" - a 2 .i, C - Al 
Hence, having found B and C we get a 2 .i and J/,’an(l finally 


tan ^ i® 2 » 


Ar 


AL' -- {1 - - (A3)J^^ - - (A,)J/4}, 
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in whicL a and h are now the semi-axis major and the semi-axis minor 
as before and 

ui Il2 1 ^ y.2 

24- • + + 

(A2) 0*2 

Qin^ 1 

" 7i2(r t 1 t- 1®^'} 

^m4 1" 

= ,M-3<‘' + <*}c03V 

t = tan l(<f>i + ^2), 

^2 = c '2 coS^^ 


all the arguments being for = ^(^1 + <^2)* 

Much of the actual heavy calculation work can be avoided if special 
tables are computed or used which give values of F, G, H, V, t], (A^), 
(A2), . . . (Ag) for convenient intervals of 7n and Tables based on 
the Clarke 1886 spheroid and for values of from 40° to 85° at interv als 
of 10' are given by Ross in “ Geodetic ProblenLs in Shoran.” In some 
case^, however, accurate interpolation from these tables involves the 
use of second differences. 

The reverse problem, to find .s, ai.2 and 0:2-1 when we are given 
<^2 and JL, is easy, for, after and jSg have been com])ut(sl from 

tan fii = - tan 
^ a 


tan j3j 


JZ can be calculated from 


tan 6 
a 


2> 


Ar - VAL{\ + (Ai)J^a + (AglJL^ f (X,)A<I>^ f (X,)A<t>^ . AL'^ )- 

where F, (A^), (Ag), (A3), (A4) and (Ag) have the same meanings as before*. 
We can then solve the spherical triangle ABC for tlie angles A and JJ, 
thus, 

tan \{A — B) ^ sin I (jSg - j3i) sec i {p2 1 Pi) 2 
tan 1{A -\- B)-= cos UP2 - Pi) coscc i {P2 f Pi) cot iJ/, 


whence. 


ai.2-^-{i(^ A B) + hJA -B)}, 

360° - a2.i B^ {^ (A + B) - \ (.4 - B)}. 

The side a can now be found from the right-angled triangles A('P and BCP 

by 

tan oi — cos ai.2 cos pj, 
tan 02 = cos 0L2-1 cos j32, 


and 


(T = OTi zh <72, 
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with check 

win a sin m -- sin cos cos 
wIkmc m iias the same value as l>efore. 

Wlicn a has been foumJ, n can be computed from 

« ^ ^{1 - . AU^ - {<J,)AL*}, 


or, in logarithmic foim, 

logs -- (log <7 - log U) - - ii(q^)AI? - ii(a 3 )A<f>*^ 

- . AL^ - i.{^,)AL\ 

111 which, 

V 




ttsiri 1" 


, , Sill3 1" 7}2 ^ , 

'24" -(1 +’?^ + 

siii^ 1^' 

K) - - 

/ > sinM" 


sill ^ i ** 

(<^4) - - -- 

sin^ 1" 

(<^ 5 ) ■ = ~7.>i7“ ~ 

/4 - iikkIuIus of coiuinori logarithms. 

Here again, lahonr of computation is lightened if tables are UM'd which 
give values of f/, (or^), (cr.,), (cr^) and (cr^) for convenient intervals 

of (/)„„ this being the argument to be used in taking out values of U 
and of the (/7)’s. ISuch tables are given by Jioss for 10' intervals of <l>„, from 
40° to 80°, but, once more, interpolation with second differences is neces- 
sary in some cases. 

A I'igorous set of fonuuhe for the inverse problem of finding length 
and azimuth from the latitude and longitude of the terminal stations, 
and vvhi(*h is valid for lines of some thousands of miles, was given by C'larke 
in his Otoflesjj * and other simpler fonuuhe for the same problem, but 
not of (juite the same degret* of accuracy, were given by W. D. Lambert 
in lb24.t In 1932-33, (l./F. McCaw published formulae for both the 
direct and the inverse solutions which are valid for lines of two or three 
thousand miles, but these, like those of (Marke, require the use of 10-tigure 
logarithms for full scale accuracy (0''’001).J More recently, J. H. Cole 

* (ieoftvsif, ISSO Hdition, pa^evs lOG^lOS. Note, howover, that the azimuths 
ill tliose lormiila* are the azimuths of tlu' plane curves, not the azimutlis of the 
j^eodesie, which aire tlie aizimuths obtained from the formuhe given above. 

t “ The Distance Jietweeii 4\vo Widely Separated Points on the Surface of the 
Karth.” liy Walter D. Lambert. Journal of the Washington Academy of Sciences, 
Vol. XXXir, No. o. 

t “ Long hines on tlie Karth.” By G. T. McCaw. Empire Survey Heview, 
Vol. I, No. 0 and Vol. II, Nos. 9, 12, and 14. 

p. A o. s. 
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(1946)* has extended Puissant’s formulae to give results which are 
sufficiently accurate for all ordinary radar computation, and FI. F. 
Rainsfoj‘d (1949) t luiJi ])roduced otlier formulae, in the form of long 
series, which are accurate up to about 500 miles or more and which, 
like Cole’s formulae, need only be computed with S-figurc logaritJims. 
The exact limits beyond which the formulae given above ai*o no longer 
of sufficient accuracy have not yet been tlioroughly worked out, but it 
would appear that satisfactory results maj^ be expected for arcs up to 
about 20° in extent. These formula} also need no more than 8-figuro 
tables for their computation, but, when they are used for lines much 
longer than about 1,000 miles, it is advisable to use 10-figure tables. 

* “ Computation of Distances of Long Arcs for Ha<lio Purposes ” Hy .J. If. Colo. 
Empire Survey lievieii\ Vol. V'lII, No. 59, and “Point to Point Computation of 
(jleographicnl Co-ordinato of Long Linos.” Empire Survey lit view, Vol. IX, No. (50. 

t “ Long Lines on the L art h : Various Formula^.’* Hy H. F. Kainsford. Empire 
Siirvey Review, Vol. X, Nos. 71 and 72. 



TABLE OF CONSTANTS 


ir , , . , . 

1 -r w 


Number 

. 3-14159 26536 

. 0-31830 98862 

lA>ffarlthm 
0-49714 98727 
9-50285 01273 

e, ba^o of natural logarithms 
logic e = j!Vf = modulus 
log^ 10 = 1 -f M 

»» 


. 2-71828 18285 

. 0-4.3429 44819 

. 2-30258 50930 

0-43429 44819 
9-63778 43113 
0-36221 56887 

1 radian, in degrees 

1 radian, in minutes . 

1 radian, in socotuls 


. 57-2957 79513 

. .3437-74 67708 

. 206264- 80625 

1-7.5812 26324 
3-53627 38828 
5-31442 51332 

1 (degree, in radians 

1 minute, in radians . 

1 second, in radians 


. 0 01745 .32925 

. 0-00029 08882 

. 0-00000 48481 

8-24187 73676 
6-46372 61172 
4-68.557 48668 

1 metre .... 

1 metre .... 

1 kilometre 


. .39-37014 7 inches 
. 3-28084 55 feet 

. 0-62137 226 miles 

1-59516 703 
0-51598 578 
9-79335 186 

1 inch .... 

1 foot 

1 mile .... 


. 25-3999 56 millimetres 
. 0*30479 947 metres 

. 1-00934 12 kilometres 

1-40483 297 
9-48401 422 
0-20664 814 

1 French legal nuJro . 

I United States legal metre . 


. 3*28086 93 feet 

. 3-28083 33 foot 

0-51598 893^ 
0-51598 417 

1 kilograniino 

1 pound .... 


. 2-20462 2.3 pounds 

. 0-45359 243 kilogrammes 

0-34333 420 
9-65666 580 


Loyarilhms of nvmhera than unity have been increased by 10. 

Note. — The relations between the British and Mr^trical units of length given here 
are bnsed on the determination of the ratio of the Imperial Standard Yard to the 
Internationa) Prototype Metre made by Sears, Johnson and Jolly in 1927, when 
they found that 1 metro = 39-370147 inches [Phil, runs,, A R';iies, Vol. 227, 1928). 
Tho values given in the corresponding table in the second edinon of this book were 
based on the conversion factor, 1 metro = 39-370113 inches, determined by Chaney 
and Benoit in 1S96. For an important and interesting account of different deter- 
minations of the relations betw'oon British and Metrical units of length, and of their 
effects on geodetic operations, see an article by McCaw on “ The Two Metres ; The 
;Story of an African Foot” in the Empire Survey Eeview, Vol. V, Xo. 32, page 96, 
April 1939. 


Greek Alphabet 


A 

a 

Alpha 

I 

l 

Iota 

P 

P 

RJio 

R 


B('ta 

K 

K 

Kappa 

E 

a 

Sigma 

r 

y 

Gamma 

A 

A 

Ijambda 

T 

T 

Tau 

A 

8 

Delta 

M 

P 

Mu 

Y 

V 

Upsilon 

E 

€ 

Epsilon 

N 

V 

Nu 

0 

<!> 

Phi 

z 

c 

Zeta 

S 

$ 

Xi 

X 

X 

Chi 

H 

r) 

Eta 

0 

0 

Omicron 

V 


Psi 

e 

e 

Th(da 

n 

TT 

Pi 

a 

CO 

Omega 


o) All altcTnative form for Pi 
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ANSWERS TO EXAMPLES 


CHAPTER I (page 45) 

1. - 12° 59' 10^-6. 

2. 55° 17' 55\ 

3. 12»^ 36'« 12«-9. 

4. 10»> 08«« 33^-7, 

6. 2P» 12'“ 49«-2. 

6. 22'* 39»* 46«. 

7. 12'* 06'** 00*-7. 

8. 2 1'* 44*** 00« ; eastern. 

9. 22'* 13"* Oe--? and 3'* 06m i 4«.3 

55° 30' 41^ 

10. 12'* 10'** 28»--2. 

CHAPTER 11 (page 136) 

1 . 4"* 1 1" fast ; 5™ 00* slow. 

2. 1"* 15‘’*5 fast. 

3. 38'*'5 fast. 

r 

4. 6"* 12'’*3 slow. 

5. 4*“ 20"-4 fast. 

6. 90° 17' 28^ 71° 57' 28^ west of 

south. 

7. 64° 32' 42" west of south. 

8. 0° 55' 52" west of south. 

9. 132° 26' 60" ; 21'^ 44'" 43\ 

10. 65° 66' 03" N. 

11. 61° 30' 12" N. 

12. 2° 22' 40"-8 N. 

13. 49° 01' 36" N. 

14. 23° 10' 69" 0 E. 

15. 17»*34 gaining. 

16. .30' 19"-6, 49' 34"-6, 1° 13' 43"-6, 

53' 10"*6 west of A. 

17. 6«-56 losing ; 21° 03' 36"-8. 

18. 13' 39" W. or 88° 42' 36" W. 

CHAPTER III (page 264) 

1. 58 ft. 

2. 812 ft. 

3. Line of sight fails to clear C by 
64 ft. 

- 3*0046 ft. 


5. 31,348*544 ft. 

6. 1724*45 ft. 

7. 16.632*37644 m. 

8. + 0*00586 ft. 

9. 97° 08' 39"*88. 

10. - 1"*32. 

11. + 3"*9. 

12. 71° 49' 46"*22. 


CHAPTER IV (page 310) 

Answers to questions on angle adjiist- 
raciit are given in terms of the seconds 
only. 

1. a, 11 *97; 6, 50"*17 ; r, 36"*0S ; 

a + 6 + c, 38"*22. 

2. a, 30"*60; 6, 13"*11 ; c, 3"*3I ; 

d, 49"*47; e, 23"*5I. 

3. AOB. 32"*74; HOC, 2l"*88 ; 

COD. 2"*64; DOE. 17"*57 ; 

EDA. 45"*27. 

4. a, 39"*97 ; 0, 15"*29 ; c, 32"*45. 

5. a, 10"*99; 6, 30"*42 ; c, 29"*20 ; 

p.e. of an observed angle *= ± 
0"*5l, of an adjusted angle 

= ± 0"*30. 

6. o, 22"*6 ; 6, 44"*9 ; c, 52"*5. 

7. ± 0"*51 ; ± 1"*44. 

8. ± 0*039 ft. 

9. 1 : 1-28 : 6"*00. 

10. 32 miles. 

11. 41"01. 

12. ± 0 01803 ft. 

13. A, 27"*19 ; Hi, 35"*19 ; Cj. 67"*62 ; 

H,. 2"*82 ; Cj. 14"*36 ; D, 42"*82. 

14. iJ, 3"*28 ; 6. 34"*48 ; c, 14"*81 ; 

d, 46"*60 ; c. 24"*21 ; /, 10"*73 ; 
g, 32"*66 ; h, 7"*43. p.e. of an 
observed angle =* d; 1"'107, of 
an adjusted angle db 0"*783 and 
of side CD ± 0*53 ft. 

16. <j, 3"*36,* b, 34"*38; r, 14"*69 ; rf. 
46"*43; e, 24"*13 ; /, 16"*85 ; 
g, 32"*66 ; h, 7"*52. 

16. AH, 46,367*24 m. ; HC, 37.700*48 
m. 


4 . 
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CHAPTER V (page 390) 

1. 6,382,000 m. 

2. CO’ 25' ir-40 N. 

3. 25,8604 m.: ]78*‘30'66’4. 

4. 111,239 m.; 111,258 m. 

5. 3'-86; log AH = 5 130 5994, 

' log HC = 6 090 0424. 

0. 22“ 00' 04'-80 .S ; 14“ 59' 40'-13 E ; 
41“ 22* 62''-15. 

7. X = 195 099-5 ; Y = 200 210-0 ; 

a'= 02“ 16' 17'-37. 

8. tun i(A -[ m = 

cosR^— ^') cosoci \- 4>') i-ot ; 
tun J(4 — 71) = 

Hin — ^') SCO 1 ^ j cot 


9. sin - — sin A L cos A' cosi-c A 

r 

— sHi tkL cos ^ cosoc 71 ; 

A = 74“ 32' -0, li = 264“ 2r-3 ; 
a = 3194-9 miles. 

10. 38“ 04' 19“ -04. 

11. log a - 4-9.33 4005; A = 351' 43' 



34 

^•18. 


12. 

Xn 

= + 82G 176-79 ; 

Yh = - 



009 424-60; X„=: -f S 

20 170-79 ; 



- 009 539-48. 


13. 

Y = 

23' 65"-38 ; X;, = + 

704 012-1 ; 



Yn^ - 033 741-7. 


14. 

11 

® 56' 04^-12 N ; 9° 40^ 

; 22^-79 W. 

If). 

Xc 

= + 908 505-18; 

= - 



729 092-22. 


IG. 

X 

= +553 105-9; 7- - 

-513 002-5; 


y 

^ - r 23' 2r-54. 


17. 

8 

== 3' 20'-4S; u' 

12-51 ft.; 


ft 

- r>0 (>5 ft. 
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Aberration, Annual, correction for, 
42 

diurnal, correction for in azimuth 
observations, 101 

correction for in time observations, 
80 

Absolute length of base, correction for, 
181 

determinations of longitude, 125 
Accidental error, 250, 257 

in precise spirit levelling, 416, 418, 
420 

laws of, 258 

Accumulation of error in surveying, 141, 
142 

Accuracy of barometrical observations, 
450 

of base measurement, 1 07 
of first-order traverses, 229, 230 
of radar ranging, 508, 510, 517 
of range finder, 404 
of second-order traverses, 230, 240, 
247 

Accurate length measurements by com- 
bined optical and electronic moans, 
143, 100, 535 
Acetylene lamps, 168 
Adjusted angles in triangulation, pro- 
bable error of, 200 

observations, probable error of, 
280 

Adjustment by method of differential 
displacements, 205, 300 
of directions, 280, 201 
conditions for figure, 281, 283, 287, 
288, 289, 290 
figuTO, 281 

of binocular precise level, 403 
of chain of triangulation between fixed 
bases and azimuths, 300 
of collimation line of theodolite, 195, 
196 

of complicated figures, 287 
of Cooke, Troughton & Simms level, 
407 

of geodetic quadrilateral, 283 
approximate, 206 

of horizontal axis of theodolite, 105 
of network of precise spirit levels, 
422 

of traverses, 301, 308 
of triangulation, 300 
of trigonometrical iieights, 433 
of optical micrometer of Tavistock 
theodolite, 212 

of plate levels of theodolite, 195 


Adjustment of precise traverses, 301 

by corrections applied directly to 
co-ordinates, 3()1 

to measured angles and 
lengths, 301, 305 
in terms of geographical co- 
ordinates, 301, 305 
of rectangular co-ordinates, 301 
of quadrilateral, 283 
of run of micrometer, 197, 198 
of simple figures, approximate, 298 
of single triangle, 283 
of striding level of theodolite, 196 
of traverses, Bowditch’s rule for, 301, 
308 

of triangulation, 2S1, 300 
station, 281, 205 
survey, 256 

Adjustments by least squaroa, use of 
calculating machines in, 268, 523, 
524 

of micrometers of Tavistock theodo- 
lite, 212 

of micrometers of theodolite, 195, 197, 
198 

of portable transit instrument, 55 
of sextant, 60 

of Tavistock geodetic theodolite, 212 
of theodolite, 195 
of Wild precise theodolite, 2(>7 
of Zeiss precise level, 404 
of zenith telescope, 57 
Admirdlty List of Rodio Stations^ 125, 
120, 129 

Advantages of eaUnilat ing Tnachinos, 523 
Aerial photographic surveying, 478 
advantages of, 479 
cameras for, 47t), 480 
contouring by, 482, 483 
engineering uses of, 480 
interpretation of photographs, 481 
photography, 481 
plotting from photographs, 481, 
'482 

references on, 485 
uses of, 478 
Air mosaics, 484 

survey, applications of radar to, 143, 
163, 483, 507 
Survey Committeo, 480 

use of radar triangulation in, 143 
Warfare Analysis Section (A.W.A.S.), 
512 

Airy's figure of the earth, 324 
zenithal projection, 495 
Alidade, telescopic, 462 
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Aligning and levelling telescope for base 
measurement. 175, 177 
Alignment, correction for horizontal. 
188. 245 
curve of. 388 

of luminous signals. 164, 155, 156, 158. 
160 

Almanac,^ Naulivdl, 14, 15, 19, 20, 22, 23, 
24, 25, 26, 29, 31, 32, 33, 34, 41, 
- 43, 69, 97, 100 
use of, 32 

Star, for Land Survnjora, 19, 25, 32, 
33, 43; 99 
use of, 32 
Almucantar. 123 
Altazimuth instiumont, 192 
Altimeter, 483, 508, 512 

Puiilin micro-, 450, 459, 460 
survey iiiji, Paulin, 450, 460 
Walla<‘e and Picrnan, 4(i0 
Altitude, 11 
geocentric. 20 

observed, correction to for level of 
theodolite, 77 
for parallax, 20 
for refraction, 19 

Altitudes of a cin urn -polar star, latitude 
by meridian, 121 
of Polaris, latitude by, 113, 121 
of stars, azimuth by ox-meridian, 98, 
103, 129 

latitude by oircuia-meridian, 113, 
116 

by equal, 65, 113, 123, 124, 129 
by ex-meridinn, 113, 123 
by meridian, 113, 120 
time by equal, 65, 85, 95, 128 
by ex-rneridinn, 85, 89, 128 
of sun, latitude by circum-ineridian, 
113, 118 

by meridian, 113, 1 20 
time by equal, 85, 96 
by ox-ineridinn, 85. 93 
American (Geographical Society, Star 
Lists -of, 69 

Lnran ra<lar system, 509 
Shoran radar system, 509 
Anchoring polo or trestle, 241, 242, 247, 
248 

Aneroid barometer, 19, 446, 448 
advantages of, 449 
construction of, 44S 
error in reading of due to parallax, 
449. 459 

hysteresis in, 449 
lapso-rnto formula for, 456 
method of rootling, 449 
observations in the tropics, 452 
Paulin. 449, 459, 460 
table for graduation of, 457 
use of in West Africa, 452 
Angle, auxiliary, 524 


Angle between plane curves, 326, 387 
and geodesic, 388 
book, keeping of, 224 
equations, 284. {See also Angular 
Condition Equations.) 
hour. See Hour Angle, 
measurement, 191 
observations, Orst-order, 221, 224 
intervals between zeroes in, 22 1 
parallactic, 14 

Angles, comparison of spherical and 
spheroidal, 313 
conversion of into time, 22 
direction or reiteration method of 
observing. 220, 221, 223 
distance. See Distance Angles, 
geodesic, 313, 541 

correction for difference between 
spherical and, 315, 541 
horizontal, observation of, 218 
on a sphere, 3 

on precise travAses, allowablo closing 
error of main, 236 
allowable closing error of sub- 
sidiary, 237 

on second-order traverses, allowable 
closing error of, 246, 247 
repetition method of observing. See 
Repetition Method of Observing 
Angles. 

.spherical, 3, 313, 324 

correction for difference between 
geodesic and, 315, 541 
correction for difference betw*een 
plane and, 313, 315, 541 
.‘spheroidal, 313 

comparison of with spherical angles, 
313 

three tripod method of obsseiving, 214, 
236 

vortical, observation of, 425 
Angular conditional equations, forma- 
tion of, 287, 288 

measurements, determination of pro- 
bable error of in traversing, 252, 
308 

c.stimation of probable error of in 
traversing, 252, 253, 30S 
interv^als between zeroes in, 221 
on main triangulation, 191, 222, 224 
on precise traverses, 234 
main, 236 
subsidiary, 237 
on rapid triangulation. 442 
on second-order traverses, 246, 248 
triangiilation, 223, 224 
on topographical and geographical 
triangulation, 43S 

observations, miscellaneous coitoc- 
tioiis to, 224 

stations on second -order trav’orses, 
interv^als between main, 246, 247 
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Annual aberration, correction for, 42 
parallax, 20 

correction for, 42 • 

Answers to examples, 548 
Antemeridiem, 23 
Aphelion, IG 
Apogee, 16 

Ajij)arent Places of Fundamental Stars, 
12, 15, 20, 25, 33, 34, 69, 87, 
99 

use of, 41 

Applications of radar to air survey, 143, 
163, 483, 507, 517 
to flare triangulation, 161, 517 
to geodesy, 143, 507, 517 
to hydrographical work, 507, 517 
Apse line, 16 
Apses of earth’s orbit, 16 
Arc, electric, 158 

of 30th meridian in Uganda. 158. 174 
175, 427 

Arcs, lay-out of oblique, 390 
Argand lamp, reverberatory, 168 
Aries, first point of, 12, 18 
Arithmetic mean, 259, 277 
probable error of, 277 
Artificial horizon, 63 
observing by, 64 

Ascension, right. See Right Ascension. 
Aflakson, Colonel 0. 507, 539 

Association, International Geodetic, 112. 
141, 418, 421 

Astrolabe, prismatic, 64, 90 

advantages and disadvantages of, 
72 

computation of results, 70 
observing with, 69 
preparation of p/ogramrae of work 
for, 68 

Astronomer Royal, ll.M., 126 
Astronomical and geodetic, positiens, 47 
azimuth, 48 
clock, 21 

determinations, combined, 129 
latitude, 48 

latitudes and longitudes and the 
deflection of the vertical, 48 
measurements, corrections to, 18 
notation. 34 
observations, 47 

ns horizontal framework, 51, 142, 
436, 437, 445 

derivation of corrections to, 84 
general procedure in, 77 
instruments for, 62 
pairing of, 68, 79, 80. HI, 83, 87, 91, 
95,99, 102, 103, 106, 1 10. 1 1 1, 113, 
116, 120, 122, 123, 124, 130, 131 
reduction of, 83 

positions as check on triangidation or 
traverse, 49 
refraction, 18 


Astronomical sextant. See Sextant, 
terms, definition of, 8 
time, 23 

into civil time, conversion of, 23 
triangle, 14 

right-angled, 14 
solution of, 14, 83 

work, barometrical observations in, 
19, 77 

Astronomically observed latitudo.s' and 
longitudes, advantages and dis- 
advantages of, 51, 142, 436 
observed latitudes and longitudes as 
control for mapping, 51, 142, 436, 
437, 415 

Astronomy, references on field, 138 
use of in surveying, 1 
Atlas, Norton’s star, 81 
Attachment, solar, 72 
Australia, ISO, 355, 517 

temperature measurements in by 
electric resistance, 180 
Autumnal equinox, 17 
Auxiliary angle, 524 
sheets, 461, 501 
spherical triangle, 542 
Axes of error, 309 

Axis, correction for dislevelment of hori- 
zontal, 101. 224, 226, 236, 238 
major, of the earth, 317 
minor, of the earth, 317 
of a circle, definition of, 2 
of error, principal, 309 
strain in light-weight geodetic theodo- 
lites, 217, 223 

Azimuth and distance, calculation of 
from latitude and longitude, 338 
and latitude traverse, 340, 437, 445 
and time, combined determinations 
of. Ill, 129, 130, 131 • 

astronomical, 48 

by circumpolar stars at culmination, 
98, 110 

at elongation, 98, 102 
by close circumpolar stars. 98 
by equal altitudes of stars, 98, 100, 129 
by ocpml altitudes of sun, 98, 109 
by ox -meridian altitudes of stars, 98, 
103, 129 

of* the sun, 98, 106 
by hour angles of stars, 98, 108 
of sun, 98, 108 

correction in observations for, by 
circumpolar stars at elonga- 
tion, 102 

in primary time rloterminations, 86 
to for dislevelment of horizontal 
axis of theodolite, 101, 238 
to for height of signal, 1 1 2 
to for mean position of earth's pole, 
112 

to for semi-diaraotor of sun, 107 
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Azimuth, dofinition of, 11 
dotonnination of, 07, 08 
gcodotic, 48 

Laplace corroction to observed, 48, 
2H7, 2r>l 

loiif'itude and latitude, combined 
observations for, I3t), 121 
methods for deterini nation of, 08 
observations for, 90 

on precise traverses, 237 
on second-order traverses, 240, 247 
reference mark for, 08 
primary determination of, 08, 1 1 0 
radius of curvature of earth in any, 
318 

, rouj'li detcrmirialions of, 83, 131 
stations, intervals between, 51 

on first-order traverses, 230, 
237 

on second-order traverses, 230, 
246, 247 

Azimuthal projections, 489, 497 
Azimuths as check on traversing and 
triangulation, .11 

in first-order work, corrections to 
observed, 112 

reverse, calMtlation of from azimuth 
aiul distance, 324, 32.5, 327, 
332, 337. 338, 541 
of from latitude and longitude, 
338, 330, 554 


Hack sights and foresights, correction 
for inequality of, 414 
equality of in precise spirit 
levelling, 411, 413, 414, 425 
solution of normal equations, 2G7 
Backward and forward levelling, allow- 
able discrepancy between, 410, 421 
Baily formula for barometric heights, 
454 

Baker, Captain T, Y., li.N„ 65 
Balance, spring. Sec Spring Balance. 
Ball, Dr. J.,l\, 123, 125 
Balloons, use of in aerial photographic 
surveying, 479 
Barograph, micro-, 451 
Barometer, 19, 446 

aneroid. Sec Aneroid Barometer, 
mercurial. See Morcui'ial Barometer, 
observations of in astronomical work, 
19, 77 

Barometrical gradient, 450 . 
levelling, 438, 446 
advantages of, 446 
effect of humidity on, 450 
effect of irregularities of baro- 
metrical gradient on, 450 
effect of temperature on, 450 
field work of, 451 
lapse-rate formulue for, 450, 456 


Barometrical levelling, limits c/ error in, 
459 

observations in, 450, 451 
scope of, f/46 

simultaneous obsoivations in, 451 
single observations in, 451 
sources of error in, 450, 458 
observations, accuracy of, 459 

corrections applicable to, 452, 453, 
457 

reduction of, 453, 456 
sources of error in, 450, 458 
tables for reduction of, 453, 454, 
456, 457 

pressure, 19, 446 
Barr and Stroude, Messrs., 482 
Base bars, 167 

Base line, calculation of length of, 181 
Lossiemouth, 175 
measurement, accuracy of, 167 
by fiexible apparatus, 170 
by rigid bars, 165 
by steel and brass wires, 1 SO 
by wires and tapes in catenary, 
170, 173, 178 
equipment for, 173, 176 
field work in, 176 
levelling in, 177 

organization of field parties for, 
176 

probable error of, 167, 189 • 

rapid, 442 

straining apparatus for, 175 
use of long tape.s for, 178 
Morgiii, 189 
hitc.s, selection of, 147 
to triaiigulatioii, coimection of, 148 
lines, distances between, 148 
for triangulation, 142, 147, 442 
lengths of, 148 

measuring appaiauis, bimetallic. See 
* Bimetallic Base Measuring 
Apparatus. 

Colby, 168 

Eimbcck Duplex. 169 
flexible, 165, 166, 170 
forms of, 165 
“Macea,” 175 

optical, 143, 165, 168, 170, 190, 
540 

standardisation of, 166 
Woodward iced bar, 170 
stereoscopic, 475, 476 
B.B.(\ wireless time signals. 129 
Beacon, self-centering, 156 
Bearing and distance, calculation of from 
conical orthomorphic co-ordi- 
nates, 374 

calculation of from rectangular 
spherical co-ordinates, 354 
calculation of from Transverse Mer- 
cator co-ordinates, 359 
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Bearing ivnd distance, computed from 
rectangular spherical co-ordinates, 
distortion of, 350, 353 
Bearings, grid. See Grid*15oariiigs. 

rectangular spherical, 312 
Bench marks, 41 1 
lietioU, J. Ji.t 105, 547 
Bergstrand, E., 100, 101, 535, 530, 540 
Besselian interpolation coefficients, 27 
tables of, 27 

Bessers figure of the earth, 323 
interpolation formulae, 27 
tables of astronomical refraction, 19 
Bilhy, J. S., 163 

Bilby portable observing tower, 144, 
146.153,230 

Bimetallic base measuring apparatus, 
1(55, 169 

correction for temperature for, 
182 

Binaries, observations of for latitude. 114 
Binocular precise level, 401 
adjiistmint of, 403 
Binomial coefficients, tables of, 28 
expansion, 7 
Blacker*s projection, 499 
Boiling-point thermometer, 446, 460 
observations with, 460 
reduction of observations, 460 
tables for use with, 460 
BCnne’s projection, 403, 497 
Boss* Catalogue of Stars, 15 
Boundaries, location of, 388 
Bowditch rule for adjustment of tra- 
verses. 301, 308 
Box chronometer, 73 
Boyle-Gay-Lussac law for gases, 455 
Brazil-Bolivia boundary survey, 123 
Bridges-Lee photo -tlufodolite, 469 
Brightness of stars, 15 
British Gee radar system, 509, 515 
Gee-H radar system, 508, 515, 517 
Oboe radar system, 509, 517 
Broken-telescope transit, 64, 208 
Brown, Major-ffenerttf R. LI., 464 
Browne, Lienf.-i'oionel W. E., 161 
Brunsviga calculating machine, 519, 
520, 5'22, 524 
Bulletin Horaire, 12S 
Bureau International dcs Poids et 
Mesurcs, 164, 166, 171 
of Standards, Washington, 173 
Burns, Major -Oeneral E. L. M.^ 373 
Burt's solar attachment, 72 


Cadastral surveys, object of, 435 
Cadmium, use of red line of as standard 
of Icjngth, 164 
Calculating machine, 519 

Brunsviga, 519, 520, 522, 524 
double interpolation by, 526 


Calculating maeliinc, Facit, 519, 520. 
522 

Kriedeii, 522 

interpolation by, 523, 524, 525, 526 
inverse interpolation by, 523, 525 
least square adjustments by, 268, 
523, 524 
Madas, 522 

Marchant, 520, 522, 525 
method of operation of, 520 
Miinro»% 622 
Odlmer, 520 
'fwiii Brunsviga, 525 • 

Mareliant, 525 
machines, 519 

advantages of, 523 
c'hoico of, 520 
electric, 519, 520, 622 
advantages of, 522 
disadvantages of, 520 
hand, 519, 520 
keyboards of, 620 
requirements of, 519 
twin, 524. 526 

advantages of, 525 
varieties of, 520 

Camera, aerial surveying, 479, 481 
stations, selection of, 472 
surveying, 467, 474 
tilt. 481. 482 

determination of, 482 
Canada, 144, 163, 229, 238, 316, 370, 
467. 517 

National Research Council of, 218 
Canadian Geodetic Survov, 150, 195, 377, 
541 

method of computing traverses. 
377 

wireless lime sign.ds, 129 
Cancer, Tropic of, 17 
Canopus, 16 
Capricorn. Tropic of, 18 
Caro of invar tapes and wires, 173 
Carpentier, M., 173 

Casella double reading theodolite, 202, 
248 

Casolla, Messrs. C. F., 469 
Cassini co-ordinates, 304, 316, 341. See 
also Rectangular Spherical Co- 
ordirjates. 

projection. 493, 496 
Catalogues of stars, 15 
Catenary, correction for doformatiuii of, 
185, 186 
table for, 187 

measurements, 170, 173, 176, 178, 231. 
238, 239, 247, 248 
Cathode ray oscillograph, 514 
tub(\ 514 

Ceechini, Professor, 112 
Celestial bodies, 1 
body, position of, 10 
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CeleHtial equator, 9 
horizon, 9 
longitude, 42 
meridian, 9 
poles, 2 
sphere, 1 

Centra] projection, 490 
Ceylon, geodetic levelling of, 412. 410, 
421 

Chain figure system of triangulation, 147 
of triangulation, adjustment of be- 
tween fixed bases and azimuths, 
300 

Chambers's seven-figure mathematical 
tables, 2B, 352, 627 

• six-figure jriatlieinatical tables, r>2.’), 
528 

C#kine;v, M., 547 

Change of gravity, eorroctiofi to baro- 
metrical observations for. 453, 
457 

correction to linear measurements 
for, 183, 245 

of tension, correction for, 182, 215 
t^harts, navigation, 49n, 404, 407 
Check on formation of conditional 
normal equations, 272, 273 
of observational normal equation'', 
201, 203, 205 

on solution by conditional etiuations, 
final, 275 

by observational equations, final, 
208 

on triangulation or traverse positions, 
astronomical positions as, 49 
taping, 243, 247, 248 
(Mioire of calculating machines, 529 
of (Conditional ('({nations, 299 
of projection, 497 

of \\a\(’l(#ngtlis of tran>'init led radar 
pulses, 513 
Chronograph, 55. 127 
tapo, 56 

(Chronometer, box, 73 
mean time, 70, 120 
pocket, 73 

rate, correction for in primary time 
observations, 80 
sidereal, 7(5, 120 

Chronometers, comparison of, 76 
Churchill, J, H., 401 
Circle, axis of, 2 
portable transit, 54 
vertical, 425 
Circlc.s, great, 2 
polos of, 2 
secondaries of, 3 
small, 2 
vortical, 9 

Circum-meridian altitudes of stars, lati- 
tude by, 113, 116 
of sun, latitude by, 113, 118 


Circumpolar star, latitude by meridian 
altitudes of, 113, 120 
stars, 1 3 ^ 

at culmination, azimuth by, 98, 110 
at elongation, azimuth by, 98, 102 
Ci.sl^n’n barometer, 447 
Civil time, 23 

into astronomical time, conversion 
of, 23 

('Inrkp, (\)foupl A. It., 229, 291, 313, 
325, 499 

darke’s (1K5S) figure of the earth, 
321, 323, 324, 332 

(18(56) figure of the earth, 112, 320, 
323, 333, 544 

(1889) figure of the (*arth. 321, 323, 324 
formuhe for long lines, 324, 325, 338, 
387. 541, 545 

for medium and short lines, 324, 
325, 327, 337, 338, 339. 340, 344, 
348, 37S, 511 

“ Geodesy,” 229, 313, 325, 327, 545 
minimum error projection, 490, 497 
Classification of errors, 256 
of map projections, 1 88 
of {)r(*cise spirit lev(‘lhng, 4 IS, 421 
traverses, 230 
of stars, ] 5 

of triangulation, 145, 1 16 
Claude, A., 65 
(’linomoter, Indian, 462 
Clock, astronomical, 21 
sidereal, 21 

Close and WiiiU rbotham’s •* Text-book 
of Topographical Surveving,** 71, 81, 
lOl, IIS, 323, 332, 334, ’339, 435, 441, 
454. 4(50. 498. 505 

Close circumpolar stars, azimuth by, 98 
(JlOi'Cd figure, scale correction around a, 
385 

riosiiq> ei ror bel\\c(m azimuth stations 
(’ll! precise traverses, allowable 
angular, 23(5 

between azimuth stations on second- 
order t raverses, allowable angular, 
246, 247 

of subsidiary angli's on precise 
traverses, allowable, 237 
Co-altitude, 1 1 
Co-declination, 11 

C()('fTioient of expansion of invar, 171 
variations of, J72 
of steel tapes, 179 
of terrestrial refraction. 150, 126 
Coetl5ci('nts, Jlesheliaii interpolation. 27 
binomial, 28 

Lagrange interpolation, 29 
Coincidenoo method of comparing 
chronometors, 76 
Co-latitude, 10 

(\»lhv base measuring apparatus, 168 
('vlhif, Major-lUmral, 16S 
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Cole, *7. H\, 545 

Collimaiion correction in azimuth deter- 
minations by circu{ppolar stars at 
culmination, 110 

in primary time determinations, 86 
line of theodolite, adjustment of, 195, 
106 

Colour filters, use of on levels and 
theodolites, 400 

Combined astronomical determinations, 
129 

observations for time and azimuth. 111, 
129, 180, 131 

and latitude, 129, 130, 131 
traverse and triangnlation, 233 
Comparator, 166 
stereo-, 478 

Comparison of chronometers, 76 

of spheroidal and spherical angles, 313 
Cumparison of watches, 76 
Compass, solar, 72 

traverse, computation of, 441 
primary, 463 

secondary and tertiary, 463 
traversing, 438, 462 

Compensating baso measurement appa- 
ratus, 165, 167, 168 

Complicated figures, adjustment of, 287 
Components of local deviations of the 
^vertical, 49 

Compound stereoscope, 482 
Compression of the earth, 318, 323 
Comptometer, 620 
Computation, geodetic, 312 
of angles of triangles, 5, 315 
of barometrical observations, 453, 456 
of compass traverses, 44 1 
of deviations or loops, 232 
of length of base line, 181 
of lengths of sides of triangles, 3 1 2 
of minor theodolite traverses, 383, 
440 

of precise levels, 414 
traverses, 376, 378, 380 
of prismatic astrolabe observations, 70 
of secondary and minor traverses in 
terms of Transverse Mercator co- 
ordinates, 383, 440 
of tables, 29, 32, 528 
of topographical and geographical 
triangulation, 439 

of traverses by approximate methods, 
381, 383, 440. 441 

by method used by the Geodetic 
Survey of Canada, 377 
in terms of geographical co-ordi- 
nates, 376, 440, 441 
of Transverse Mercator co-ordi- 
nates, 370, 378, 380, 383, 440 
of triangulation, 312 
of trigonometrical levels, 427, 428, 
429, 430 


Computed quantities, probable error of, 
278 

Computing, mechanical, 519 

Service, Ltd., The Scientific, 528, 530 
Comrie, Dr. L. J., 527, 528 
Comstock, Prof. G. C., 78 
Conditional equations, 269, 27 1 
choice of, 290 

6nal chock on solution by, 275 
formation of angular, 287, 288' 
of side, 289, 290 
normal equations, 272 

checks on formatioA of, 272, 273 
formation of, 271, 272 
number of, 288, 289, 423 
solution of, 275 
Conditioned quantity, 257 

quantities, most probable values of, 
268 

probable error of, 280 
Conditions favourable for trigonomet- 
rical observations, 219 
for figure adjustment, 281, 283, 287, 
288, 289 

number of, 288, 289, 423 
Conformal, definition of, 365, 489 

projections, 489. See also OrLho- 
morphic rrojcctions. 

Conical co-ordinates, 37 1 
equal-area projc'ction, 492 
orthomorphic co-ordinates, 316, 370, 
376, 492 

calculation of from bearing and 
distance, 373 

from geographical co-ordinates, 
372 

conversion of into geographical 
co-ordinates, 373 
form n he for, 372 
general properties of, 372 
modified meridian distance for, 
372 

projection, 492 

projection, modified secant, 491 
simple, 491, 497 

with two standard parallels, 491, 498 
projections, 489, 490, 491, 494, 495, 
497, 498 

Constant errors, 256, 257 
Constant^^, table of, 547 
Constellations, 15 

Construction of field sheet graticule, 498 
of final map, 501 
of map models, 505 
of maps, references on, 506 
of tables, 29, 32, 628 
Contact baso measuring apparatus, 165, 
169 

Controlled mosaics, 484 
Contouring from air photographs, 482, 483 
from stereoscopic photogrnidis, 482 
Contours, 502 
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Control for mapping, astronomical obser- 
vations as, 51, 142, 430, 437, 445 
horizontal for topographical surveys, 
435, 430. 437, 438 
primary horizontal, 142 
vertical, for topographical surveys, 
435, 430, 438, 440 

Conventional signs, 504 

Convergence, 324, 343, 372. See also 
llvverse Azimuths. 

calculation of from conical orthomor- 
phic co-ordinates, 372, 373 
from latitude and longitude, 344 
from rectangular spherical co-ordi- 
nates, 343, 345, 340 

, from Transver.so Mercator co-ordi- 
nates, 358 
jf meridians, 324 

(’ouke, 'rroiiglitoii ^ Simms Ltd., 
Messrs., 05, 07, (iS, 175, 2t)0, 405, 
410, 412 

precise level, 405, 412 
adjustment of, 407 

Co-operative and noii-eo-operativo radar, 
508 

Co-ordinate system, altitude and azi- 
muth, 1 1 

doelination and )iour angle, 12 
and right ascension, 12 
systems, 10 

Co-ordinates, (^assini. Sec Cassini Co- 
onlinates. 
conical, 371 

orthomorphic. See Conical Ortho- 
morphic Co-ordinates, 
geographical. See Ceographieal Co- 
ordinates. 

Lambert. See Lambert Co-ordinates, 
plane rectangular. See Plane Rect- 
angular. Co-ordinates, 
rectangular spherical. See Rectangu- 
lar »Sph('rical Co-ordinates. 
Transverse Mercator. See Transverse 
Mercator (yO-ordinates. 

Co-ordinatograph. Coradi, 501 

Correction, azimuth, in azimutli observa- 
tions by circumpolar stars at 
elongation, 110 

in primary time determinations, SO 
collimation, in primary uzimyih obser- 
vations, 1 10 
time determinations, 80 
oyo and object, in trigonometrical 
levelling, 425, 428, 431 • 
for aberration in primary azimuth 
observations, 101 
time observations, 80 
for absolute length of base, 181 
for annual aberration, 42 
for annual parallax, 42 
for astronomical refraction, 1 8 
for change in nutation in R.A., 42 


Correction, for change of tension, 182, 
245 

for changes^ of sun's declination in 
solar observations, 96, 109 
for chronometer rate in primary time 
observations, 86 

for curvature and refraction in precise 
spirit levelling, 414 
in trigonometrical levelling, 426 
reconnaissance, 150 
of path of star, 70, 84, 89, 01, 101, 
104, 107, 108 

derivation of formula for, 83 
for deformation of catenary, 185, 186, 
187 

for difference between plane and 
spliericul angles, 313, 315, 541 
spherical and geodesic angles, 
315, 541 

for differential refraction, 115 
for dislovelment of horizontal axis, 
101, 224, 226, 236, 238 
for diurnal aberration, 86, 101 
for dynamic height in precise levelling, 
416 

for eccentricity of instrument, 224, 
228 

of signal, 224, 228 

for height of signal above mean sea 
level in angular observations, 
224, 228 • 

of signal above mean sea level in 
azimuth observations, 112 
of station above mean sea level 
in latitude observations, 
125 

for horizontal alignment, 188. 245 
for inclination of end readings of a 
tape in catenary, 186, 245 
for index error ^f a spring balance, 
ISJ, 245 

for inequality of sights in precise 
levelling, 414 

for level in azimuth observations, 101, 
238 

in latitude observations by Talcott’s 
method, 115 

in observations of horizontal angles, 
224, 226, 236 
of vertical angles, 77 
in primary time observations, 86 
for mean position of earth’s pole in 
^ azimuth observations, 112 
in latitude observations, 125 
for orthometric height in precise 
levelling, 414 

for parallax in solar observations, 20 
for phase of signal, 154, 224, 227 
for proper motion, 42 
for rate of chronometer, 74, 75, 86 
for reading of eyepiece micrometer, 
100, 224, 226 
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CorreotioiF, fop roduction of measured 
lengths to longtlis ut mean sea 
level, ISS, 246. 247^ 248 
to meridian in obsorvatioiis by 
Talcott’s method, 11;” 
for latitude by circum-meridian 
altitudes of stars, 117 
for refraction in observations by 
Talcott’s method, 116 
in precise spirit levelling, 414 
in trigonometrical levelling, 426 
reconnaissance, 160 
for run of micrometer, 107 
for sag, 182, IS;”), ISO, IS7, 24.'), ;“),*} 1 
on odd length bays, 243 
on slopes, 1S6, ISO 
table of, 1S7 

for scale. See Scale Correction, 
for semi-diameter of sun, 20, 107 
for short -iieriod terms of nutation, 
42 

for slope, 184, 246, 247, 248 
for standardisation of staff, 411, 414 
of tape, 181, 245 
of thermometers, 17G 
for temperature, 181, 246, 247, 248 
bimetallic apparatus, 182 
in barometrical observations, 453, 
467 

for terrestrial lefraction, 150, 12G, 
* 427 

for time of travel of wireless time 
signals, 12S 

for variation of gravity in linear 
measurements,' 1S3, 245 
in barometrical observations, 463, 
457 

Laplace, 48, 237, 251 
Corrections to angular observations, 
miscellaneous, 224 
to astronomical observations, 1,8 
derivation of, 84 

to barometrical observations, 462, 453, 
457 

to measured length of base lino, isl 
lengths, 246 

to obsci-ved azimuths in firfit order 
work, 112 

latitudes in first-order work, 125 
to precise levels, 414 
to wireless time signals, 128 
Correlative normal equations. See Con- 
ditional Normal Equations. 
Correlatives, method of, 271 
Craig, ./. 355 

“ Creep ” in light-weight geodetic theo- 
dolites, 218 

Creep of invar with age, 171 
Criterion for neglect .of second and 
higher order differences, 27 
Pierce’s, 281 
Culmination, 13 


Curvature and refraction, correction for. 
See Correction for Curvature and 
Kefraction. 

effect of in precise levelling, 413 
in trigonometrical levelling, 426 
on intervisibility of stations. 160 
in any azimuth, radius of, 318 
mean radius of earth’s, 318, 320 
of meridian, radius of, 318 
t)f path of star, corroc'tion for, ,70, 84, 
SO, 01, ID I, 104, 107, lOS 
derivation of correction for, 83 
of prime vortical section, radius of, 
31S 

Curve of alignment, 388 
of probability, 268 
plane, or lino of sight, 326, 387, 646 
Curves on the spheroid, 326, 387, 645 
plane, angle between, 326. 387 
Cylindrical equal-area projection, 494 
orthomorphic projection, 494 
projection, simple, 493 

with two standard parallels, 404 
projections, 489, 493 


Daubrassie, M., 268 

Day and night ob.sorvations, relative 
merits of, 219 
lunar, 21 
mean solar, 22 
sidereal, 21 
solar, 21, 22 

variations in length of, 22 
Docca radar syst(*in, .70! J 
Decimal division of quadratit, 527 
Declination, 11 

and hour angle system, 12 
and right ascension system, 12 
magnetic, 141 

of sun at given local time, 38 

correction to solar observations for 
changes of, 96, 109 
from Nautical Almanac^ 35 
from Star AliHfimtc for Land Sur- 
rrfjors, 35, 38 

Deformation of catenary, correction for, 
185, 186, 187 
tables for, 1S7 

De GraaJJ Hunter, Dr, .58, 83, 426 
Denmark anti Norway, t rigont)tnet rieal 
connection between, 161 
Dennis, W, M., 218 

Derivation of corrr3ctions to ast ronomical 
observations, 84 
Derived normal equations, 267 
Description of stations, 149, 164 
Detail survey, accuracy of in topo- 
graphical surveying, 435 
methods used in topographical 
surveying, 437, 461 
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Determination of approximate Green- 
wich time, 128 
local time, 452 
of azimuth, 97, 98 
methods for, 98 
primary, 98, 110 
of camera tilt, 482 

of elevations from photographs, 468, 
473 

of'fqcal length of camera lens, 470 
of Greenwich time, 125 
of horizon line, 471 
of latitude,* 1 12 
methods for, 113 
primary, 113 
. of longitude, 125 
of principal line, 47 1 
of probable error of angular measure- 
ments in traversing, 252, 308 
of the figure of the earth, 141, 321 
of time, 84 

methods for, 85 
primary, 85 

of value of one division of oyopioce 
micrometer, 226 
of theodolite level, 78, 192 
of oito turn of micrometer screw, 
.-.7 

Deviations of plumb lino or vortical, 47, 
48. 141, 322 

and observed latitudes and longi- 
tudos, 4S 

components of, 49 
offoot of on azimuth control, 49 
on the survey of position, 49 
local, 48. Ml, 322 
or loops in traversing, 230, 231, 246 
Deville, Dr. K.. 467 
Diagonal eyepiece, 54 
Diaposit ivo;!, 483 

DifTeronces between Colonial and Amcii- 
can methods of precise traversing, 
231 

criterion for neglect of second and 
higher, 27 

Differences in methods of survey of pre- 
cise and ordinary traverses, 230 
interpolation by successive, 26 
I)ifh*ren< ial dis|)Iae(’in(Mits, adjusl meni 
by iiudhod t)f, 295, 300 ^ 

refraction, correction ti)r, 11.) 
Diffraction of ra»lio waves, 513 
Dimensions of invar tapes and wdres, 173 
of the earth, 141, 323 
Dip, magnetic, 141 
Direct moasuromonts, 257 
Direction instruments, 220 

observations, reduction of to mean sea 
level, U2. 224, 228 
of plumb lino, 47, 48, 141, 322 
or reiteration method of observing 
angles, 220, 221 


Directions, adjustment by method of, 
289, 291 

Directly observed independent quam 
tities, mo&t probable values of, 259 
probable error of, 277 

Directorate of Military Survey, 480 

Discrepancy between forward and back- 
ward linos of precise levelling, allow- 
able, 410, 421 

Dislevelment of horizontal axis of theo- 
dolite, correction for, 101 , 224, 226, 236, 
238 

Displacements, differential, adjustment 
by method of, 295, 300 
probable linear, 249, 251, 3t)7, 309 
resolved, 309 

Distance and azimuth, calculation of 
from given latitude and longitude, 
338 

and bearing, calculation of from 
conical orthomorphic co-ordi- 
nates, 375 

from rectangular spherical co- 
ordinates, 354 

from Transverse Mercator co- 
ordinates, 359 
angles, 147, 290, 299 
choice of, 147, 290 
magnitude of, 147, 290 
grid. See Grid Distance, 
measurement of by pacing, 465 
by range finder, 464 
by soimd, 466 
by time, 466 
by wdieel, 465 

meridional. See Meridional Distances, 
polar, 11 
zenith, 11 

Distances along a meridian. See Meri- 
dional Distances, 
between ba&o 148 

triangu In tion stations, 140, 150 
ineasurein»‘nt of hy comhinetl o[)tical 
aiul electronic inc.ins, 143, 19n, 535 
on a sphere, 3 

Distortion of length and bearing com- 
puted from rectangular spherical co- 
ordinates, 347, 350 

Distortions arising from use of a map 
projection, 4Ss 

Diurnal aberration, correction for, S6 
in azimuth observations, 101 

Diurnal aberration, correction for, in time 
observations, 86 

variation of atmospheric pressure in 
the tropics, 450, 452 

Division of eyepiece micrometer, deter- 
mination of value of, 226 
of level, Wisconsin metliotl of deter- 
mining value of, 78. 192 
of micromotor screw. ilot<'rinination 
of value of, 57 
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Double entry, tables of, 32, 526 
interpolation, 31, 526 
by machine, 526 , 

reading theodolites, 191, 109 
advantages of, 200 

Doubtful observations, rejection of, 280 
Drienconrt, L., 65 
Drummond light, 158, 160 
Duplex mirror, 157 

Duplication of measurements, 244, 247, 
248 

Dynamic height, 414 
correction for, 416 


Earth, axes of, 317 

compression of, 318, 323 

determination of figure of, 141, 321 

dimensions of, 14 ij 323 

eccentricity of, 317 

figure of the. See Figure of the Earth. 

mean density of, 141 

motion of the, 16 

the, 9 

Earth's crust, structure of, 141 
vertical movements of, 141 
orbit, 16 

Eccentricity of instrument, corroction 
for, 224, 228 

of signal, correction for, 224, 228 
Elliptic, 16 
oblk]uity of, 16 
E^pt, Survey of, 156, 355 
Eimbock duplex base measuring appa- 
ratus, 169 
Eimbeck, W., 160 

Electric arc, use of in triangulation, 160 
beacon lamp, 158 

calculating machines, 510, 520, 522 
advantages of, 523 
disadvantages of, 520 , 

Electrical resistance, measurement of 
temperature of tapes by, 180 
Electronic means, acourale lenglh 
measurements by combined optic*al 
and, 143, 100 

methods of measuring distances, 143, 
100 

Position Finder, 510 
Elevations from photographs, deter- 
mination of, 468, 473 
Elongation, 13, 14 

of a star, local sidereal time of, 41 
End readings of a tape, correction for 
inclination of, 186, 245 
measurement of, 177, 243, 248 
Engineering uses of aerial photographic 
surveying, 480 

England and Wales, aecond geodetic 
levelling of, 416, 418, 422 
Englund. Crawford and Mumford's 
formula for index of refraction, 511 


Entry, tables of double, 32, 526 
Equal altitudes of stars, azimuth by, 98, 
109 129 

latitude by, 65, 113, 123, 124, 129 
time by, 65, 85, 94, 129 
of sun, azimuth by, 98, 109 
time by, 85, 96 

area projections, 489, 492, 493, 494, 
. 495, 497 

Equality of backsights and foresights in 
precise levelling, 411, 413, 414, 425 
Equation of curve of probability, 258 
of time, 23 • 

from Nautical A Imanac, 24 
from Star Ahnauac for Laud Sur- 
veyors, 25, 34 
variations in, 24 

Equations, angle. See Angle Equations, 
conditional. See ConditiDnal P^qua- 
tions. 

correlative. See Conditional Normal 
Equations. 

normal. See Normal Equations, 
observational. See Observational 
Equations. 

side, 284, 285. See also Conditional 
Side Equations. 

Equator, celestial, 0 
terrestrial, 9 

Equidistant projection, zenithal, 405, 497 
Equinox, autumnal, 17 
vernal, 17 

Equinoxes, precession of, 12, 18, 21 
Equipment for base line measurement, 
173, 176 

for wireless time signals, 127 
P^quivalent projections, 489 
Erntt, W. A.. 71 

Error, accidental. See Accidental Error, 
accumulation of in surveying, 141, 142 
and rate, watch, 74 
axes of, 309 

centering, of sextant, 62 
in barometrical levelling, liiriits of, 450, 
451 

in precise spirit levelling, allowable, 
410, 421 

in traversing, estimation of allowable, 
248 

in trigQnometrical levelling, allowable, 
432 

index of sextant, 61, 62 
laws of accidental, 258 
linear, propagation of in traversing, 
249 

in tri angulation, 299 
mean, 275 

square. See Mean Square Error, 
probable. See Probable Error, 
propagation of in precise spirit level- 
ling, 416 

in trigonometrical levelling, 431 
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Error, residual, 267, 277, 278 
scale. See Scale Error, 
systematic. See Systematic Error, 
true, 267 

Errors, classification of, 266 
constant, 266, 257 

in distance and bearing arising from 
the use of plane roctangular co^ 
ordinates, 363 

tif.radar moasuromonis, 516 
theory of, 256 
Ksserij Dr. L., 530 

n -errors in precise sjjirit levelling, 418 
J^tuvage, 172 
Euler’s formula, 318 
Everest^ Colonel, 334 
Everest’s figure of the earth, 323 
formula', 334, 339 
Examples, 45, 136, 254, 310, 390 
answers to, 548 

Excess, spherical, 6, 282, 312, 313, 314, 
315, 541 

spheroidal, 2S2, 314 

Ex -meridian altitudes of stars, azimuth 
by, 98, 103, 129 
latitude by, 1 1 3, 123 
time Dy. >>5, 89, 129 
of sun, azimuth by, 98, 1 06 
time by, 85, 93 

Exploratory and rcconiittissanco survey.s, 
436, 437 

surveys, methods of, 437 
objects of, 436 
scales for, 436 
Exponontial series, 7 
Eye and ear method of recording time, 
54, 79 

and object correction in trigono- 
metrical levelling, 425, 428, 431 
Evo])iccOf diagonal, 54 
Hunter Shutter, 58, 85 
micrometer, correction for reading of, 
190. 224. 226 

detoriniiiation of value of one 
division of, 226 

reduction to horizontal of anglo 
measured with, lUt) 
ihse of for vertical anglr 3 mcnsurc- 
inonts, 426 


Fabry, M., 165 

Facit cnle-ulating machine, 519, 520, 
522 

Ferrero’s formula for probable error of 
an observed angle in irianguintioii, 
252, 298 

Field astronomy instruments used for, 
52 

. rcforoncos on, 138 
uses of, I 

observations in triangulntion. 218 


Field of view of telescope, illumination 
of, 52, 192 

parties f^r base line measurement, 
organization of, 176 
sheet graticule, construction of, 498 
projections, 497 
sheets, 461 

completion of, 501 
preparation of, 46 J , 498 
sketching, 437, 438, 467 
tapes and wires, standardisation of, 
178, 244. 245, 247, 248 
Figure adjustment, 281 

conditions for, 281, 283, 287, 288, 289 
of the earth, 141, 316 
Airy’s, 324 
Bessel’s, 323 

Clarke’s. See Clarke’s Figure of the 
Earth. 

determination of, 141, 321 
Everest’s, 323 
Hay ford’s, 323 
Helmert’s, 323 
“ Madrid,” 321, 323 
results of determination of, 323 
Fiji, Trigonometrical Survey of, 71, 
433 

Filters, colour, use of on levels and 
theodolites, 400 

Final map, construction of, 501 
Finder, mechanical programme, 68^ 
Finishing the map, 505 
First-order angle observations, 221, 224 
traverses, 230 

accuracy of, 229, 230 
intervals between uziinuth stations 
on, 230, 237 
triangulation, 145, 146 

probable angular error of, 221 
First Point of Ar' s, 12, 18 
jof Libra, is 
Flare triangulation, 160 
Flemer, J. A., 469 

Flexible base measuring apparatus, 165, 
166, 170 

comparative merits of rigid and, 
165 

Florida, State of, 370 
Focal length of camera lens, determina- 
tion of, 470 

Formation of angular conditional equa- 
tions, 287, 288 

of conditional equations, 287. 2S8 
of correlative normal equations, 271, 
272 

checks on, 272, 273 
of observational normal equations, 
260. 2ti2. 263. 265. 272 
checks on, 261. 263. 265 
of side conditional equations, 289, 
290 

Form lines, 602 
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Fortin barometer, 447 
Fourcade^ H. O,, 478, 482 
France, 316, 323, 341, 467^479, 527 
Frazer, R. A., 482 

French Academy expeditions to Peru 
and Lapland, 317 

Frequencies and wavelenj'ths of radar 
systems, 510 

Frioden calculating inacliino, 522 
Fundamental standards of length, 164 
Fundamental Stars, Apparent Places of, 
12, 15, 20, 25, 33, 34, 60, 
87, 90 
use of, 41 


G ALTON sun signal, 156 
Gauss, K, F„ 355 

Gauss conformal projection, 406. See 
aho Transverse Mercator Projection. 
Gee radar system (Ilrilish), 500, 515 
Gee-H radar svstoin (Ilritisli), 508, 515, 
517 

Gec-units, 515 
Geocentric altitude, 20 
horizon, 9 
latitude, 48, 317 
Geodesic, 313, 387, 541 

and spheri<*nl angles, currect ion for 
^difference bet^^ccn, 315, 541 
angles, 313, 541 

Geodesy and Geophysics, International 
Union of, 141, 323 
application of to other sciences, 141 
Association of, 112, 141, 418, 421, 422 
chief divisions of, 141 
field of, 141 

practical importance of, 141 
Geodetic azimuth, 48 

computation. 312 , 

latitude, 48, 317 

latitudes and ]ongitudo.s tind the 
deviation of the vertical, 48 
levelling, 397 

of Ceylon, 412, 416. 421 
of England and Wales, second, 416, 
4 IS, 422 

references on, 434 
longitude, 48 
points, 141 

positions, astronomical and, 47 
calculation of, 324 
quadrilateral, 283 
adjustment of, 283 
approximate adjustment of, 206 
surveying, 141 

general princi pies, 141 
references on, 392 
Survey of (>ntiada, 3S8, 377, 541 
tables, 318, 321, 323 
Geodimeter, 540 


Geographical co-ordinates, 10 

adjustment of precise traverses in 
terms of, 301, 306 

computation .of .traterses in terms 
of, 376, 440, 441 

conversion of conical orthomorphic 
co-ordinates into, 373 
of into conical orthomorphic co- 
ordinates, 372 

of into rectangular co-ordinates, 
626 

spherical co-ordinates, 342 - 
of into Transverse Mercator co- 
ordinates, 358, 361 
of rectangular spherical co-ordi- 
nates into, 342, 344 
of Transverse Mercator co-ordi- 
nates into, 358 
surveying, methods of, 437 
surveys, 436 
triangulation, 438 

angular measurements on, 438 
computation of, 430 
Geoid, 180, 317, 322 
Geometrical properties of sphere, 2 
Geometry, spherical, 2 
Germany, 527 

Globular projection, 495, 407 
Gnomonic projection, 400, 407 
Gold Coast, 220 

Survey Department, 186, 309 
Gore, Colonel St, G, (\, 40S 
Graduating engines, 101 
Graduation errors of precise lf)velling 
staffs, determination of, 412 
of theodolite, reduction of, 220, 221, 
222 

“ Grand ” trinnguhit ion, 51 1 
Graphic triangulation. See Plane Table 
Triangulation. 

Graticule, 461, 488, 498 
Graticules, construction of field sheet, 498 
Gravity, correct loii for change of, 183, 
245 

to barometrical observat i-')ns for 
variations of, 453. 467 
corrections to value of, 183 
value of, 184 

variations in force of, 141, 18 4, 414, 
415. 116 

Grazing rays, 151, 231 

Great Britain, 311, 363, 479, 406 

central meridian for Transverse 
Mercator co-ordinates, 363 
principal triangulation of, 201 
ro-triungulation of, 158, 222 
second geodetic levelling of, 416, 
4 IS, 421 

circle, definition of, 2 
sailing, 490 

Trigonometrical Survey of India, 158, 
16S. See also Survey of India. 
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Greek alphabet, 547 
Greenwich meridian, 10 
time,' 26 

ii]j]jrnxiiqii4)0 deicrniiiuition of, 128 
determination of, 125 
from local time, calculation of, 36 
wiroloHH lirno si^^niils, 120 
Gregory -New ton interpolation formula, 
28 

Gri66l[e, T. G., 450 
Grid bearings, 352 

.calculation of, 351, 352, 350, 374 
distance, 352 

from true distance, calculation of, 
361, 352. 359. 374, 375 
, Gridiron svstom of triangulation layout, 
147 

Crip, tape, 243 

Ground control points for aerial photo- 
graphic surveying, 481 
Guillaumc-Carpciiticr base apparatiH, 
173, 174, 175, 100 
Omllaume, Dr. C. E.^ 171, 172, 174 
Guillaume measuring trif)odM, 174 


Hachukino, .m'2 
horizontal, 604 
vertical, 503, 604 

Ibunburg wireless time' siniials, 12(» 
Hanover, 355 

Hart^ l^rof, <\ -L, ISO, 4S2, 507. 51 S 
Hayford’s figure of the earth, 323 
Height above sen level, correction for, 
188, 245, 247, 248 
dynamic. See Dynamic Height, 
of signal, correction to observed 
azimuth for, 112 

correction to observed direction for, 
224, 228 

of station, correction to observed 
latitude for, 125 
of triangulatioii stations, 150 
ortihomctric. Orthoinetrie Height 
Heights, and slopc^s, irieasureiuent of, 
175, 176, 177, 239, 243, 247, 24S 
of trianguintion stations, relative, 151 
Heliograph, 154, 155 

alignment of, 155, 156, 157 
Heliotrope, 154, 155 ^ 

alignment of, 155, 156, 15 < 

Helmert’s ligure of the earth. 323 
Henricif O. and K, O., 185 
Horizon, artificial, (i.'l 
observing with, 64 
celestial, 9 
geocentric, 9 
line, 468, 469 

dotcrxnination of, 471 
rational, 9 
sensible, 9 
true, 9 


Horizontal alignment, correction for, 
188, 245 

angles, observation of, 218 
axis, adjustment of, 195 

correction for dislovelmont of, 101, 
224, 226, 236, 238 
control for primary work, 142 

for topographical surveys, 435, 436, 
437, 438 
hachuring, 504 
parallax, 20 

llorrobow-Talcott level, 208 

metbed of olrservifjg lalitudes, 113 
Horsjield, 71 

Hotine, Brigadier M., 173, 174, 186, 218 
Hour angle and right ascension, relation 
between, 21, 23 

and time, relation between, 21, 23 
definition of, 13 
method of reckoning, 13 
of stars, azimuth by, 98, 108 
of sun, a?imuth by, 98, 108 
system, declination and, 12 
Jlvddart. L. H. L., 466 
Humidity, effect of on barometric 
levelling, 450 

Hanfrr. J)r. J. De dranff^ 58, 83, 130, 
131, 42(i 

Hunter sliuttcM* (‘vepiece, 58, 85 
Hy<lrographical Department, Admiralty, 
68 # 
Hyp.someter. See Doiliiig-point Ther- 
mometer. 

Hysteresi.s in the aneroid barometer, 449 


IcKD bar base measuring apparatus, 
165, 170 

re«»noinotry, 4t)S 

Idi ntilication of r»^int3, 149, 443 
of .«si,ir.'^, 8n, ?' I 

llliiinination of field of view of telescope, 
52, 192 

of micrometers, 53, 192 
Impersonal micrometer, 64. 56, 58, 208 
Iiiciex error of precise staffs, determina- 
tion of, 412 
of ndVaetion. 511 

Kiuiliuul, (.’raw-ford and Mumforirs 
formiil.t for, 511 

\arialioiis of with at mosplieric 
changes and heights above sea 
level, 51 1 
of sextant, 61, 62 

of spring balance, correction for, 
1S3, 245 

to .star plaivs, 34 

India, Great Trigonometrical Survey of, 
158, 168. Stv also Survey of India, 
maps of, 49S 

Survey of. See Survey of India. 
Indian clinometer, 462 
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Indirect measurement, 267 

Indirectly observed independent quan- 
tities, most probable value of, 259 
observed independent quantities, pro- 
bable error of, 279 

Inequality of backsights and foresights, 
correction for, 414 

Instrument, correction for eccentricity 
of, 224, 228 

portable transit, 52, 54, 85 
stability of, 218 

Instruments for astronomical observa- 
tions, 52 

Intensity of earth’s magnetic force, 
141 

Intercepl, 135 

International Bureau des Foids et 
Mesures, 164, 166, 171 
formula for calculation of barometric 
heights, 453 

Geodetic Association, 112, 141, 418, 
421, 422 

formulas for errors of precise 
spirit levelling, 416, 418 
map projection, 493 
metro, 164, 547 

(Onego) system of wireless time 
signals, 128 

Union of Geodesy and (^ophysics, 
141, 323 

Intefpolation, 26 

by machine, 523, 524, 525, 526 
by successive differences, 26 
coefficients, Besselian, 27 
Lagrange, 29 
double, 31, 526, 
by machine, 526 
formula, Bessel’s, 27 
Gregory-Newton, 28r 
Lagrange, 28 
inverse, 29 
by machine, 523, 525 
linear, 26, 27 
tables for, 27, 28, 29, 30 

Interpretation of photographs, 481 

Intersection, piano table, 437 
use of in rapid triangulation, 444 

Intervals between azimuth stations, 51 
on first -order traverses, 230, 
237 

on second -order traverses, 230, 
246, 247 

main angular stations on second- 
order traverses, 246, 247 
zeroes in angular observations, 221 

Intervisibility of stations, 149, 150 

effect of earth’s curvature and 
refraction on, 150 
effect of height of stations on, 150 

Invar, 142, 165, 171 
advantages of, 165, 171 
coefficient of expansion of, 171 


Invar, creep of with age, 171 
elastic limit of, 172 
modulus of elasticity of, 172 
stable, 172 

tapes and wires, care of, 173 
dimensions of, 173 
tension used with, 175 
tensile strength of, 172 
use of in precise levelling staffs, 410 
variations of coefficient of expajision 
of, 172 

Inverse cases (latitudes, longitudes and 
reverse azimuths), 338, 544 
interpolation, 29 

by machine, 523, 525 
lonospheie, 513 
Ireland, 493 


Jdderin, 180 

Jeffreys^ iJr, //., 184 

Johnson, IF. 7f 547 

Joining traverses to triangiilation, 232 

Jolly, H. L. P., 304. 416, 547 

Jordan, Dr. IF., 313, 541 

Kites, use of for aerial photographic 
surveying, 479 

Laokancje interpolation formula, 28 
La Hire’s projection, 490 
Lallnmand, Ch., 416 

Lallainand’s formula for probable error 
of levelling, 416 

Lambert co-ordinates, 304, 315, 370. 
Sec also Conical Orthoinorpluc Co- 
ordinates. 

Lambert, J. H, 355 
Lambert, IF. 1)., 545 
Lamp, acetylene, 15S 

Argand revorb(M*atory, 158 
Drummond, 158, 160 
electric, 158 
arc, 160 
hurricane, 158 
magnesium, 160 
McCaw, 158 

Tilley petrol vapour pro.ssure, 158 
Laplace correction, 48, 237, 251 

formula for barometric heights, 453, 
455 

points, 48, 231 
Laplace, P, S.„ 453, 455 
Lapland, French Academy Expedition 
to, in 1736, 317 
Lapse -rate, definition of, 456 
formula) for aneroid scales, 456 

for barometrical levelling,, 450, 450 
Lateral refraction, 219 
Latitude and azimuth traverse, 340, 
437, 445 
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Liatitiicle and time, combined observa- 
tions for, 129 
astronomical, 48 
by altitudes of Polaris, 113, 121 
by circum-meridian altiturles of stars, 
113, 116 
of sun, 113, 118 

by equal altitudes of stars, 66, 113, 
123, 124, 129 

by .ox-meridian altitudes of stars, 1 1 3, 
123 

by meridian altitudes of a circumpolar 
stah 113, 120 
of stars, 1 13, 120, 129 
of sun, 113, 120 
by Talcott’s method, 57, 1 1 3 
by transits of stars, 113, 120, 12!) 
calculation of from a/.irniith and 
distance, 324, 32.“», 327, 332, 337, 
.)4l 

from conical orthomorphic co-ordi 
nates, 373 

from rectangular spherical co-ordi- 
nates, 312 

from Transverse Mercator co-ordi- 
natn, 35 S 
00 10 

determination of, 112 
preocentrio, 48, 317 
geodetic, 48, 31 7 
layout of parallels of, 389 
longitude and ayiiuuth, (‘oinhiiKMl 
ohsei’N at ions for, 130, 131 
and reverse azimuth formula' for 
very long lines, 338, olS, 541 
methods of determination of, 1 1 3 
observed, correction to for height of 
station, 125 

for mean position of earth’s polo, 
1.26 

primary determination of, 113 
radius of parallel of, 317, 318 
reduced, 542 
terrestrial, 10 
sign of, 10 

variations of, 125, 141 
Latitudes and longitudes, advantages 
and disadvantages of astronomi- 
cally observed, 51, 142, 436 
astronomically determined, fls con- 
trol for mapping, 51, 142, 436, 
437, 445 

in first-order work, corrections to be 
applied to, 125 
Lavssedat, A., 467, 470 
Laws of accidental error, 258 
Lay-out of meridians, 3S8 
of oblique arcs, 388, 300 
of parallels of latitude, 389 
of precise traverses, 231 
of Sydney Harbour Bridge, 408 
of triangiilation, 146 


Least square adjustments by calculating 
machines, 268, 523, 524 
squares, general principles of, 258 
Legal metre, 164 
Legendre’s rule, 312 
theorem, 312 
Leitz magnifier, 516 

Length computed from rectangular 
spherical co-ordinates, distortion 
of. 347, 350 

fundamental standards of, 164 
measurements, accurate, by combined 
optical and electronic means, 143, 
190 

of base line, calculation of, 181 
of side in triangiilation, 146 
of sight in precise spirit levelling, 412 
of solar day, variations in, 22 
standards of, 164 

wavelength of light as fundamental 
standard of, 164 

Lengths, corrections to measured, 245 
of sides of triangles, computation of, 
312 

Lettering on maps. 505 
Level correction in azimuth observa- 
tions, 101, 238 

in horizontal angle observations, 
224, 226, 236 

in latitude observations, 115 
in primary time observations, 86 
for precise levelling, sensitiveness of, 
398, 401, 407, 408 

for Talcott method, sensitiveness of, 57 
for theodolite, sensitiveness of, 52, 
192, 194 

for zenith telescope, sensitiveness of, 
57 

Horrcbow-Talcott, 208 
of theodolite correction to for 
observed altitude, 77 
striding. See Striding Level, 
trier, 192. 

Wisconsin method of determining 
value of one division of, 78, 192 
Levelling, barometrical. See Baro- 
metrical Levelling, 
for base line measurement, 177 
geodetic, 397. See ahu Precise Spirit 
Levelling. 

of England and Wales, second geo- 
detic, 416, 418, 422 
precise spirit. See Precise Spirit 
Levelling, 
reciprocal, 413 

telescope for base line measurement, 
aligning and, 175, 177 
trigonometrical. See Trigonometrical 
Levelling. 

Levels of theodolite, determination of 
value of one division of, 78, 192 
plate, adjustment of, 195 
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Libra, first T^oint of, 18 
Light, velocity of, 191, 507, 535, 539 
Lightweight geodetic theodolites, axis 
strain in, 217, 223 
creep in, 218 
Line, apse, 16 

horizon, 468, 469, 471 
of sight or plane curve. See Plano 
Curve. 

principal, 468, 469. 471. 

Linear displacements, probable, 249, 251, 
307, 309 

error in triangulation, propagation of, 
299 

interpolation, 26, 27 
measurements in precise traversing, 
231, 238 

probable error of, 248, 307 
in second-order traversing, 247, 248 
Local apparent time from local mean 
time, 37 

from standard mean time, 44 
deviations of the plumb line or 
vertical, 47, 48, 141, 322 
mean timo from local apparent time, 
36 

sidereal time, 40 
of local apparent noon, 39 
sidereal 0>‘, 39 
of transit of a star, 41 
sidereal time from local mean time, 40 
from standard mean time, 45 
of elongation of a star, 41 
Location of boundaries, 388 
Logarithmic series, 7 
Logarithms, number of places used in 
computing triaiigulatiori, 314 
Longitude and time, relation between, 
25 

astronomical, 48 

calculation of from a/.iinutli and dis- 
tance, 324, 325, 327, 332, 337, 541 
Longitude calculation from conical or- 
thomorphic co-ordinates, 373 
from rectangular spherical co-ordi- 
nates, 343 

from Traverse Mercator co-ordi- 
nates, 358 
celestial, 42 
determination of, 125 
geodetic, 48 

latitude and azimuth, coinbined ob- 
servations for, 130, 131 
terrestrial, 10 

method of reckoning, 10 
Long lines, Clarke's formuhe for, 324, 
325, 338, 387, 541, 545 
tapes, use of for base measurement, 
178 

Loops or deviations in traversing, 230, 
23L 246 

Loran radar system, American, 509 


Lossiemouth base line, 175 
Lower transit, 13 • ' 

Loxodrome, 494 
Luminous signals, 154 

alignment of, 154, 155, 156, 158, 160 
widths of, 156 
Lunar day, 21 


“Macca” base measuring apparatus, 
175 

Machine, table metking, 528 
Machines, calculating. Sei Calculating 
Machines. 

Maclaurin's theorem, 7 
Madas calculating machine, 522 
“ Madrid ** figure of the earth, 321, 223 
Magnetic declination, 141 
dip, 141 

force, intensity of earth’s, 141 
Magnitude of stars, 15 
Main angular stations on second- order 
traverses, intervals between, 246, 247 
Malaya States Survey Department, 229 
Mangin reflector, 158 
Map construction, 488 
reforonoes on. 506 
finishing of. 505 
models, 505 

projection, choice of, 497 
projections, 488 

classification of, 48S 
object of study of, 488 
references on, 392, 606 
Mapping, astronomical observations as 
control for, 51, 142, 436, 437, 445 
Maps, lettering on, 505 
sealt's for, 436 

Marclmnt calculating machine, 520, 522, 
525 

Mark, reference, for azimuth observa- 
tions, 246, 247 

Marking of stations, 163, 234 
tripods, 240, 241. 247, 248 
Masler slat inn, 509 

Mathematical tables, Chambers’s Seven- 
Figure, 28, 352, 527 
Chambc'rs's Six-Kigiire, 525, 528 
sensitivity of, 523, 524 
various, 527 
Maxwell, J. Clerk, 164 
McCaw acetylono lamp, 158 
McCaw, ('apt. C. T., 49, 71, III, 152, 
157, 158, 298, 328, 330, 361, 373, 388, 
433, 458, 545, 547 

Mean and apparent solar timo, relation 
between, 23 

and probable errors, relation between, 
275 

and sidereal time intervals, relation 
between, 24 

ta])los for conversion of, 26 
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Mean arithtnotiCp 260, 277 
probable error of, 277 
error,’ 276 

racliii» of curvature, 320 
sea level, correction to measured 
lengths for height above, 
188, 245. 247. 248 
observ'od directions for height 
above, 112, 224, 228 
latitude for height of station 
above, 125 

determination of, 397 
variations of, 141. 397 
solar time, 22 

square and probable errors, relation 
. betWeen, 276 

error, definition of, 275 
use of, 277 

standard time from local apparent 
time, 44 

sidereal time. 4 4 
time chronometer, 76 

intervals to sidereal intervals, tables 
for conversion of, 25 
local, from local apparent time, 36 
of apparent noon, 39 
of local Nidcreal 0*', 39 
time, 44 

of transit of a star, 41 
Measured lengths, corrections to, 245 
Measurement of base lino by lloxible 
apparatus, 179 

by invar tapes and wires, 170, 
173, 178 

by rigid bars, 165 
by steel and brass wires, 180 
of distance by pacing, 465 
by range finder, 464 
by sound. 466 
by tin}e, 466 
by wheel, 465 

of end readings, 177, 243, 248 
of heights in base iino measurement, 
175, 176, 177 

in traversing, 239, 243, 247, 248 
of odd-length bays, 239, 243 
of slope on base lines, 175, 176, 177 
on traverses, 239, 243, 247, 248, 410 
of subsidiary angles on precise tra- 
verses, 237 

of temperature by electric n>.sistauce, 
ISO 

in base line measurement, 177, 179 
in traversing, 239, 243, 247, 2 48, 
440 

Measurements, angular. See Angular 
Measurements. 

corrections to astronomical, 18 
direct, 2^7 

duplication of, 244, 247, 24 S 
in catenary, 170, 173, 176, 178, 231, 
23S, 239, 247, 248 


Measuremonls, indirect, 267 , 

linear. See Linear Measurements, 
radar, principles of, 507 
Measuring paVty on base measurement, 
176 

tripods, 241, 243, 247, 248 

for base measurement, 174, 176 
Mechanical computing, 519 
roforoncos on, 529 
programme finder. 68 
.Medium and short lines, Clarke’s fonnul® 
for. 324, 325, 327. 337, 338. 339, 340, 
344, 34S, 378, 541 

Mercator projection, Transverse, 493, 
496, 497 

Mercator’s projection, 494, 497 
Mercurial barometer, 19, 446 
construction of, 446 
disadvantages of, 448 
error due to parallax in reading, 459 
rnethofl of reading, 447, 459 
transport of, 448, 458 
Mei’eiiry, use of green lino from isotope 
»>f as a st am lard of lengtli, 164 
Meridian altitudes of a circumpolar star, 
latitude by, 113, 120 
of stars, latitude by, 113, 120, 129 
of sun, latitude by, 113, 120 
arc of in Uganda, 152, 174, 175, 427 
celestial, 9 

distance for conical orthomorphic 
co-ordinatos, modified, 372 
distances along a, 320 
Greenwich, 10 
normal to the, 317, 318 
radius of curvature of, 318 
reduction to in latitude observations 
by cireuin-rneridian altitudes, 117 
in latitude ob.se rvations byTalcott’s 
method, 115 
terrestrial, 9 

Meridlan.s, conveigence of, 324 
lay-out of, 388 

Meridional component of deviation of 
• plumb line, 49 
distances, 320 

tables of, 321, 323, 324 
Merits of day and night observations, 
relative, 219 

of double rending theodolites, 200 
of rigid and fiexiblo base measuring 
apparatus, relative, 165 
of star and sun observations, relative, 70 
of tapes and wires for base measure- 
ment, relative, 170 

of triangulation and precise traversing, 
relative, 143, 229 
Method of correlatives, 27 1 

of differential displacement. s, adjust- 
ment b}*. 295, 300 

of directions, adjustment by, 289, 291 
of operation of radar, 504 
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Methods for determination of azimuth, 
98 

of latitude, 113 
of time, 8.") 

of detail survey in topographical 
sui-veying, 437, 401 
of precise traversing, differences be- 
tween British, Colonial and Ameri- 
can, 231 

of survey of precise and ordinary 
traverses, differences between, 230 
Metre, international, 164, 647 
legal, 164 

ratio of yard to, 164, 547 
Michelson, Prof,, 164 
Micro-nltimotcr, Paulin, 4,10, 4,10, 400 
Micro-barograph, 451 
^lioro-socond, 507 

Micrometer, adjustments of, 19.1, 197, 
198 

of Tavistock optical, 212 
of for run, 197, 198 
correction for run of, 197 
eyepiece, correction for reading of, 
100, 224. 220 

determination of value of one divi- 
sion of, 220 

reduction of angle measured by, 100 
use of for vertical angle observa- 
tions, 420 

impersonal, 54, 50, 68. 2()S 
optical, 200 

parallel plate, 202, 399, 403, 405, 400, 
408, 409 
run of, 197 

screw, determination of value of one 
division of, 57 
theodolites, 192 

transit or impersonal, 54, 56, 58. 208 
Micrometers, illumination of, 53, 192 
of theodolite, adjustments of, 195, 
197, 198 

Microscope, pointer, 192 
Mid-latitude formulae, 324, 325, 337 
Minor theodolite traverses, 439 
computation of, 383, 440 

of in terms of Transverse Mer- 
cator co-ordinates, 383, 440 
traverses, survey of, 440 
Mirror, duplex, 167 
Miscellaneous projections, 489, 495 
Mistakes, 250, 257 
Models, map, 505 

Modified meridian distance for conical 
orthomorphic co-ordinates, 372 
secant conical projection, 491 
Modulus of elasticity of invar, 172 
MolUor, Prof,, 410 

Monometallic base measuring apparatus, 
16.5, 170 

Monte Grande wireless time signuls, 126 
Mosaics, air, 484 


Most probable value of an observed 
quantity, 257, 259 
Motion of the earth, 16 
of the stars, apparent, 2 
of the sun, apparent, 10, 18 
Multiplex apparatus for plotting air 
pilot ographs, 483 
Munroe calculating machine, 522 
/i -second, 507 

Nadid, 9 

Nadiral telescopy, 192. Sec also 
Optical I’lummct. , 

National Physical Laboratory, 62, 106, 
167, 456 

Besearch Council of Canada, 218 
Natural trigonometrical functions, list 
of tables of, 527 

Xaulical Almanav, 14, 15, 19, 20, 22, 23, 
24, 25, 20, 29, 31, 33, 4 1, 43, 09, 
97, 100, 115 
changes in, 32 
use of, 32 

Nautical sextant. See Si^xtant. 
Navigation charts, 490, 494, 497 
Network of precise spirit levels, adjust- 
ment of, 422 

traverses, adjustment of, 301, 308 
of triangulation, adjustment of, 300 
Newton-Gregory interpolation formula, 
28 

Newton, Isaac, 317 
Nigeria, 229, 363 

Night observations, relative merits of 
day and, 219 
signals, 158 
Nilex steel, 410 

Non co-oj)erat ive and co-operat i\ o radar, 
508 

Non-setting stars, J3 
Normal equations, 259 

checks on formation of correlative, 
272, 273 

of observational, 201, 263, 266 
correlative, 272 
derived, 267 

formation of correlative, 271, 272 
of observational, 259, 260, 261, 
203, 265, 272 

general formulas for correlative, 27 1 
fof observational, 261 
relative number of conditional and 
observational, 288, 2S9, 423 
solution of correlative, 275 
of observational, 266 
section, curve of. See Plane Curve 
Normal to the meridian, 317, 318 
Norton’s Star Atlas, 15, 81 
Notation, astronomical, 34 

used in the Nautical Almanac, 34 
Note-keeping, 79, 224, 244 
in precise levelling, 413 
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Notices to Mariners, 125, 128 
Numboc of conditions, 289, 289, 423 
of observational and correlative normal 
equations, relative, 288, 289, 423 
Nutation, 12, 21 

correction for short -period terms of, 42 
in R.A. correction for change in, 42 


Opl’ate spheroid, 317 
Oblique arcs, layout of, 388, 390 
Obliquity of the ecliptic, 16 
Oboe radar siystem, Ilritish, 509, 517 
Observation of azimuth, 99 
of horizontal angles, 218 
> of latitude, 112 
of time, 84 

of vortical angles, 425 
towers, 153, 218, 229 

Rilby portable, 144, 145, 153, 230 
heights of, 153 
on precise traverses, 234 
relative heights of, 153 
Observational equations, 259 

final chocks on solution by, 268 
normal equations. See Normal 

Kq nations. 

Observations, angular. See Angular 

Measurements. 

astronomical. See Astronomical 
Observations. 

azimuth. Sec A7.im1^^h Obscrv’ations. 
barometrical, in astronomical work, 
19. 77 

clay arui night, relative merits of, 219 
doubtful, rcq’ection of, 280 
field, in triangulation, 21 S 
in barometrical levelling, 150, 451 
of temperature. See Teinpcraturo, 
Measurement of. 
pendulum, 322 

reciprocal, in trigonometrical levelling, 
427, 428, 429 

reiteration or direction, 220, 221 
.sc'coiul- and third-order, 223 
repetition, 220 

second- and third-order, 224 
solar, refereneo mark for, 98 
tidal, 141, 397 

torsion balnnc’c, 322 , * 

trigonometrical. See "J’rigonometricnl 
Observations. 

Observed angle in triniigulntion, Forrero's 
formula for probable error of, 252, 298 
Observing angles, direction or reiteration 
method of, 220, 22 1 
repetition method of, 220 
throe-tripod system of. 236 
Obsorviiig. by theodolite, 77, 218 
sun with (liagonal eyepiece, 54 
times, eye and ear method of, 54, 79 
transits, 64 


Obstructions on line of sight,'*! 51 
Odd-length bays, measurement of, 239, 
243 , 

sag correction for, 243 
Odhner calculating machine, 520 
Odometer, 465 

Onego system of wirele.ss time signals, 
128 

Opaque signals, 154 
width of, 154 

Optical base measuring apparatus, 143, 
165, 168, 170, 190, 540 
micrometer, 200 
adjustment of, 212 
plummet, 175, 192 

system of Tavistock geodetic theodo- 
lite, 211 

Orbit, apses of the earth’s, 16 
earth’s, 16 

Ordnance Survey, 147, 1.53, 158, 168, 
175, 185, 191, 222, 327, .341, 355, 403, 
404, 405, 407, 409, 410, 411, 412, 416, 
427, 436, 484, 493, 496, 502, 504, 509 
Organization of field parties for base lino 
measurement, 176 
Orientation of picture traces, 472 
Orthographic projection, 490 
Orthometric height, 414 
correction for, 414 

Orthomorphic, definition of, 355, 480 
projections, 489, 492, 494, 496 * 


Pacing, measurement of distance by, 465 
Pairing astronomical observations, 68, 
79, 80, 81, 83, 87, 91, 93, 95, 99, 102, 
103, 106, 110, 111, 1 13, 116, 120, 122, 
123, 124, 1.30, 131 
Parallactic angle, 14 
Parallax, 19 
anqual, 20 

correction for, 42 
horizontal, 20 

in reading aneroid barometer, error 
• due to, 449, 459 

mercurial barometer, error duo to. 
459 

stereoscopic, 478, 479 
Parallel of latitude, radius of, 317, 318 
plate micrometer, 202, 399, 403, 405, 
406, 408. 409 

Parallels of latitude, layout of, 3S9 
Paris-Pointoise wirele.ss time signals, 126 
Path of star, correction for curvature of, 
70. 84. 89, 91, 101, 104, 107, 108 
Paulin aneroid barometer, 449, 450. 460 
micrq-altimeter, 450, 459, 4()0 
.surveying altimeter, 450, 460 
Pendulum observations, 322 
Perambulator, 465 
Perigee, 16 
Perihelion, 16 
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Pcroi, 3f.,*166 
Perspective, 468 
projections, 489, 404 
Peru-Bolivia Boundary Survey, 123 
Peru, French Academy expedition to in 
1735, 317 

Peters, J., 527, 528 
Phase, 154, 155, 227 
of signal, correction for, 154, 224, 227 
Photographic surveying, 438, 467 
advantages of, 467 
aerial. See Aerial Photographic 
Surveying, 
field work, 471 
general principles, 468 
references on, 486 

stereo-. See Stereo -photographic 
Surveying. 

Photographs, contouring from air, 482, 
483 

from stereoscopic, 482 
determination of elevations from, 468, 
473 

interpretation of, 481 
plotting from, 473 
from air, 481, 482 
from stereoscopic, 477, 478 
preparation of for plotting, 472 
Photo-theodolite, 409 
Zeiss, 476, 477 
Picture traces, 468 
orientation of, 472 

Pierce’s criterion for rejection of doubtful 
observations, 281 
Pisces, 18 

Places of Fundamental Sfars^ Apparent, 
12, 15, 20, 25, 33, 34, tjO, 87, 90 
use of, 41 

Plane and spherirul aftglcs, ('orroct ion 
for differeneo bet vvoon, 3 1 3, 3 1 5, 54 1 
curve or line of sight, 313. 32(i, 387 
curves, angles between, 326, 387^ 
rectangular co-ordinates, errors in 
distance and bearing arising from 
use of, 353 
table, 437 

intersection, 437 
resection, 437 

triangulation, 437, 443, 445 
tabling, 437, 461, 467 
field work, 462 

preparation of field sheets, 461, 498 
Plate levels of theodolite, adjustment of, 
195 

Plotting by rectangular co-ordinates, 498 
from air photographs, 481, 482 
from photographs, 473 
from stereoscopic photograplis, 477, 
478 

of field sheet graticule, *498 
preparation of photographs for, 472 
trigonometrical points, 500 


Plumb line, components of local devia- 
tions of, 49 

deviations of, 47, 48, 141, 322 
of and observed latitudes and 
longitudes, 48 

direction of, 47, 48, 141, 317, 322 
effect of deviations of on azimuth 
control, 49 

on the survey of position, 49 
Plummet, optical, 175, 192 . • 

Pocket chronometer, 73 
Pointer microscope, 192 
Points, geodetic, 141 • 

identification of, 149, 443 
Laplace, 48. 231 
Polar distance, 11 
triangle, 4 
Polaris, 16 

latitude bv altitudes of, 113. 121 
use of in azimuth observations. 99, 102, 
237 

Polo or trestle, anchoring, 241, 242, 247, 
248 

Polos, celestial, 2 

of circle, definition of, 2 
terrestrial, 9 

Polyennicnl projection, rectangular, 493, 
498 

simple, 492, 493, 498 
Polyhcdric projection, 496 
Portable transit instrument, 52. 54, 85 
Position rircle, 134 

finder, ele<*t n>ni<*, 510 
linos, 133. 13 1 
of oolost iiil body, 10 

Positions, astronomical and geodetic, 
47 

calculation of geodetic, 324 
station, 316 
Postmeridiem, 23 
Prandl prism, 66 

Precession of tlio equinoxes, 12, 18, 21 
Precise and ordinary traverses, differ- 
ences in methods of survey of, 230 
level, binocular. See Binocular Pre- 
cise level. 

Cooke, Troughton & Simms. See 
Cook»‘, Troughton & Simms Pre- 
cise Level. 

Watts,* self-adjusting, 408 
Zeiss. See Zeiss Precise Level, 
levels, 398 

by Watts, 407, 408, 412 
essential :i^eaturoB of, 398 
reception of wireless time signals, 127 
spirit levelling, 397, 398 

accidental error in, 416, 418, 420 
allowable discrepancy between 
backward atid forward lines 
of, 410, 421 

probable errors of, 417, 418, 
419, 421 
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Preoise spirit lovi^Iling and ordinary | 
- spirit levelling, differences be- 
tween, 398 

oliiHKifi(‘ut ion of, 418, 421 
computation of, 414 
correction for curvature and 
refraction in, 414 
for dynamic height in, 418 
for inequality of backsights and 
foresights in, 414 
for orthometric height in, 414 
’ for standardih'ation of staffs in, 
4n, 414 

corrections to be applied to, 414 
effect of curvature and refraction 
• on, 413 

equality of backsights and fore- 
sights in, 411, 413, 414, 42.") 
general methods of fieldwork, 410 
length of sight in, 412 
note-keeping in, 413 
precautions in running lines, 411 
probable error of, 417, 4 is, 410, 
421,424 

propagation of error in, 4 1 0 
systcincJ K* error in, U 8, 417, 4 IS, 

' s20 

uses of, 397 

levels, adjustment of network of, 422 
weighting of lines of, 422 
staffs, 40S 

correction lor standardisation of, 
411,414 

determination of graduation errors 
of, 411 

of index errors of, 4 1 2 
supports for, 410 
traverses, adjustment of, 301 

by means of corrections applied 
• directly to co-ordinates, 301 
of corrections applied to 
measured angles and lengths, 
301, 305 

in terms of geographical co-ordi- 
' nates, 301, 305 
of rectangular co-ordinates, 
301 

network of, 301, 308 
allow'able angular closing error be- 
tween azimuth stati^^ns on, 236 
closing error of subsidiary angles 
on, 237 

angular measurements on, 234, 236, 
237 

azimuth observations on, 237 
classification of, 238 
computation of, 376, 378, 380 
layout of, 231 

linear* measurc'inonta on, 231, 238 
main angular observations on, 238 
measurement of subsidiary angles 
on, 237 


Preeise iTaverses, observatioi? towers on, 
234 

relative ivlvantagcs of triangulation 
and, 142, 229 
setting out of, 234 
signals and station marks on, 234 
weighting of, 301, 307, 309 
Precise traversing, 142, 229 

aeeuracy of, 229, 230, 248, 247 
differences between British Colonial 
and American methods of, 23 1 
in methods of ordinary and, 230 
probable error of linear measure- 
ments in, 248, 307 

Precision of the most probable value, 
275 

i’reparation of a y^rognimmo of stellar 
observal ions, 88, 83 
of field slioets, 481, 498 
of photographs for plotting, 472 
Pressure, barometrical, 19, 446 

diurnal variations of in the tropics, 
450, 452 

Price, T. i>.. 421 
Primary compass traverse, 463 
determination of azimuth, 98, 110 
of latitude. 113 
of time, 85 

horizontal control, 142 
triangulation, 145, 146 
Prime vertical, 9 * 

component of deviation of the 
plumb lino, 49 

section, radius of curvature of, 318 
Princip.*!! axes of error, 309 
line, 46S, 469. 471 
determination of, 47 1 
point, 468, 469 

Triangulatioii of Great Britain, 291 
Principles of least squares, general, 258 
of r^ular ineasUii iniMila, 507 
Priam, Prandl, 68 
Prismatic astrolabe, 84, 90 

advantages and disadvantages of, 

’ 72 

computation of observations with, 
70 

observing with, 69 
preparation of programme of work 
for use with, 6S 
Probability, curve of, 258 
equation of, 258 

Probable and mean errors, relation 
between, 276 

square errors relation between, 275 
error, application of to weighting, 
2,79 

definition of, 27 5 
formuliB for, 277, 278. 279. 280 
of adjusted angles in triangulation, 
299 

observations, 280 
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Probable error of angular measurements 
in first-order triangulation, 
221 

in traversing, determination of, 
252. 308 

estimation of. 252, 253, 30H 
of arithmetic mean, 277 
of base line measurement, 167, ISO 
of computed quantities, 278 
of conditioned quantities. 280 
of directly observed quantities, 277 
of indirectly observed independent 
quantities, 259 

of linear measurements in precise 
traversing, 248, 307 
of observed angles in triangulation, 
Ferrero’s formula, 252, 298 
of precise spirit levelling, 417, 418, 
419. 421, 424 

of side in triangulation, 299 
of single measure, 277 
of trigonometrical levelling, 431, 432 
of weighted mean, 277 
use of, 277 

linear displacements, 249, 251. 307, 
309 

resolved displacements, 309 
value, the most, 257 

precision of the moat. 275 
values of conditioned quantities, 268 
^of directly observed independent 
quantities, 259 

of indirectly observed independent 
quantities, 259 

Procedure in astronomical observations, 
general, 77 

Programme finder, mechanical, 68 
of measurement by reiteration, 221 
by repetition, 223 

of work for observations with the 
prismatic astrolabe, preparatiqn of 
68 

of work for stellar observations, 
preparation of, 80, 83 
Projection, Airy’s zenithal, 495 
Blacker’s, 499 
Bonne’s, 493, 497 
by rectangular co-ordinaces, 496 
Cassini, 493, 496 
central, 490 
choice of a, 407 

Clarke’s minimum error, 490, 407 
conical equal -area, 492 
orthomorphic, 492 
simple, 491, 497 

with two standard parallels, 491, 498 
cylindrical equal-area, 494 
orthomorphic, 494 
simple, 493 

with two standard parallels, 494 
Gauss conformal, 496. See aUo Trans- 
verse Mercator Projection. 


Projection, globular, 495, 497 
gonomonic, 490, 497 
International map, 403 
La Hire’s, 400 
Mercator, 494, 497 
modified secant conical, 491 
orthographic, 490 
polycomcal, simple, 492, 403, 498 
polyhcdric, 496 * 
rectangular polyconicnl, 493, 498 ' 
Sanson-Flamstood, 493, 407 
sinusoidal oquabaroa, 493 
Sir Henry James’, 400 
stereographic, 490 
Survey of India, 499 
tables. 498, 499 

Transverse Mercator, 493, 496, 497 
trapezoidal, 407 
zenithal equal-area, 495, 49" 
cqui-distant, 405, 497 
Projections, azimuthal, 480, 497 
classification of, 4SS 
conformal, 480. .Scs also Ortho- 
morphio projections, 
conical, 489, 490, 491, 494, 49.), 497, 
498 

cylindrical, 489. 403 
equal -area, 489, 492, 493, 494, 495, 407 
equivalent, 489 
field sheet, 497 
map. See Map Projections, 
miscellaneous, 489, iiK') 
orthomorphic, 489, 492, 494. 4tMi 
perspective, 489, 494 
references on map, 392, oOO 
zenithal, 489, 494, 497 
Propagation of error in precise spirit 
lo veiling, 416 
in traversing, 249 
in trigonometrical levelling, 431 
of linear error in triangulation, 299 
Prop<'r motion, (‘orrection for, 42 
Properties of spheroid, 317 
Puissant, L., 332 

Piiis.'.ant 's foriiiiilic, 324, 32.7, 332, 334, 
337, 338, 339, 340, 376, 378, 380. 
441, .741, .746 

modifications of, 324, 331, 380 
Pul/rich, (7., 478 


Quaduilatehal, adjustment of, 283 
geodetic See Geodetic Quadrilaterai. 
Quarter squares, tables of, 3.72 


liADAii, applications of lo air survey, 
143, 163, 483, .707 
of to gotulesy, 143, .707 
of to hydrographuail work, .707 
measurements, errors in, 516 
principles of, 507 
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Radar, method of operation of, 514 
ranging, 507, 510 

accura(;y of, 508, 510, 517 
systems, 500 

froqiienoios and wavelenvjtlis of, 510 
Irinngiilalion, 143, 1(53, 315, 507 
over wide gaps, 5 1 1 
use of in air survey, 143, 163, 483, 
507 

use of ill flare (riangulatjori, 161 
Radio SiffHalfi, Admiralttf List of, 125 
11 ^ 6 . 120 

Radio waves* velocity of. Spp Velocity 
of Radio Waves. 

Radius of a parallel of latitude, 317, 
318 

of curvature in any azimuth. 318 
mean, 318, 320 
of meridian, 3 IS 
of prime vortical section, 31 8 
Rfiinsford, H, 315, 546 
Range finder, accuracy of, 464 

measurement of distance hy, 464 
principle of, 464 
Rannie, J. L., 218 
Rapid base measurement, 442 
triangulation, 441 

angular mcasim inents in, 442 
use of intersected and resected 
stations in, 444 

Rato, chronometer, correction for in 
primary time obsc rvations, S() 
standing. Standing Rate, 
travelling. See Travelling Rato, 
watch error and, 74 
Ratio of yard to metre, 164, 547 
Rational horizon. 9 

Reception of precise wireless time 
signals, 127 

of wireless time signals, I2(i 
Reciprocal levelling, 413 

observations in trigonometrical level- 
ling, 427, 428, 429 

Reconnaissance and exploratory .surveys, 
436; 437 
surveying, 435 
surveys, methods of, 437 
object of, 4.36 
scales for plotting of, 436 
traverse, 231 # • 

triangulation, 143, 149 
by aeroplane, 150 

Rectangular co-ordinates, adjustment of 
precise travel scs in 'terms of, .301 
conversion of into gcographicnls, 526 
plotting by, 498 
projection by, 49i) 
systems of, 316 

polyconical projection, 493. 498 
sphovical bearings, 342 

convergence, 343. See also Con- 
vergence. 


Rectangular spherical co-erdmates, 316, 
341 

calcu1o|ion of bearings and dis- 
tances from, 354 
from bearings and distances, 346 
from geographical co-ordinates, 
343 

conversion of into geographical 
co-ordinates, 342 
distortion of length and bearing 
computed from, 347, 350 
relation between Transverse Mer- 
cator co-ordinates and, 355, 
356, 357, 360, 496 
sign conventions for use with, 343 
spheroidal co-ordinates, 341 
Reduced lalituiJe, 542 
Reduction of astronomical observations, 
83 

of barometrical observations, 453, 4.56 
of measured lengths to mean sea 
level, 188, 245, 247, 248 
of observed directions to mean sea 
level, 112 224, 228 
of radar observed slant distanees to 
surface distances, 512 
of scale error. 362, 375, 491. 494 
to the meridian in latitud# observa- 
tions by circum-meridian alti- 
tudes, 117 

in latitude observations by Talc^tt's 
method, 115 
Reeves f E, A., 65 

Reference mark for azimuth observa- 
tions, 98 
tapes. 174. 178 

References on aerial photographic survey- 
ing, 485 

on field astronomy, 138 
on geodetic levePmg, 434 
sjirvoying, 

on map construction, 606 
projections, 392, 506 
on mechanical computing, 629 
bn photographic surveying, 485 
on survey adjustment, 392 
on topographical surveying, 485 
Referring object, 98 
Reflector, Mangin, 158 
Refraction and curvature, table of, 150 
astronomical, 18 
tables of, 19 

coefficient of terrestrial, 150, 426 
correction for astronomical, 18 

in latitude observations by Talcott’s 
method, 115 
in precise levelling, 414 
in trigonometrical levelling, 426 
work, 149, 150 

ilififorential, correction for, 116 
effect of in precise levelling, 413 
in trigonometrical levelling, 426 
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Refraction? index of. See Index of 
Refraction. 

lateral, 219 ^ 

terrestrial, correction for, 150, 420, 427 
R^glette, 173 

Reiteration observations, second- and 
third-order, 223 

method of observing angles, 220, 22 1 
Rejection of doubtful observations, 280 
Relation between Transverse Mercator 
and rectangular spherical co- 
ordinates, 355, 350, 357, 300, 490 
yard and metre, 164, 547 
Relative advantages of day and night 
angular observations, 219 
of rigid and flexiblo base measuring 
apparatus, 165 

of sun and star observations, 79 
of tapes and wires for base measure- 
ment, 170 

of triangulation and precise tra- 
verses, 143, 229 

determinations of longitu<ie, 125 
heights of triangulation stations, 151 
Relief, representation of. 502 
Repeating instruments, 220 
Repetition method of observing angles, 
220 

observations, second- and third-order, 
224 

f^^ogramme of measurement by, 223 
Representation of relief, 502 
Requirements of calculating machines, 
519 

Resection, plane table, 437 

use of in rapid triangulation, 444 
Residual, 257, 277, 278 
Resistance, measurement of tcrnpciature 
by electrical, 180 

Results of figure determinations, 323 
Re-triangulation of Great Britain. 15S, 
222 

Reverse azimuths, calculation of from 
azimuth niid distan<*c, 324, 325, 
327, 332, 337, 338, 541 
from latitude and longitude, 338, 
339, 544 

Reversion of series. 

Rhumb line, 494 

Rhythmic time signals, standard, 125, 
126, 128 
Rigel, 15 

Right-angled spherical triangle, solution 
of, 6 

skscension, 12 

and declination system, 12 
and hour angle, relation (lotwcen, 
21. 23 

and sidereal time, rojation between, 
21 

of star from Apparent Places of 
Fundamental Stars, 43 


Right ascension of sun and given local 
time, 38 

from Nautical Almanac, 35 
from Star Almanac for Land 
Survvi/ors, 36, 38 
relation botween hour angle and, 
23 

Rigid and flexible base-measuring appa- 
ratus, comparative merits of, 165 
Rigidity of tape, effect of on sag correc- 
tion, 186 

River crossings, levelling over, 408,* 413 
Rope and sound traverse, 463 
Pass, J. K. If., 541, 544 
Route sketching, 467 
traverse, 436, 437, 465 
Royal Geographical Society, 321, 323, 
324, 499 

Rugby wireless time signals, 1 26 
Run of micrometer, 197 

adjustment for, 197, 198 
correction for, 197 

Biino and N'ignal’s formula) for probable 
errors of precise levelling, 418 
Pane, Prof. d. P., 418, 421 


Saegmullau’s solar attachment, 73 
Sag, correction for, 182, 185, 186, 187, 
245, 531 

for odd-length bays, 243 
on a slope, 185, 186 
table for, 187 
of tape, 532 

Sailing, great circle, 490 
Sansori-Flamstccd projection. 493, 497 
ScaJo correction, 245, 378, 380, 383, 384, 
385 

in Transverse Mercator system, 
245, 378, 3S0, 383, 384, 385 
round a clos» d figure, 385 
error, calculation of, 351, 356, 360. 
374. 375 

of computed distanevM, 351, 356, 
360, 374, 375 

reduction of, 363, 375, 491, 494 
Scale readings in catenary measurements, 
177, 245, 

correction for inclination of, 1.S6, 245 
Scales# for, exploratory and reconnais- 
sance surveys, 436 
for topographical maps, 436 
Scientific Computing Service Ltd., 528, 
530 

Scotland, 493 

Test Triangulation in, 192, 222 
Screw, micrometer, determination of 
value of one division of, 57 
Sea levol, correction of base line for 
height above mean, 188 
to measured lengths for height 
above mean, 18K, 245, 247, 248 
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Sea lovoK corro(',Uon to ohBorved direction \ 
for height of Bignal above \ 
mean, 1 12. 224, 22H 
latitude for lujight of Btutiou 
above moan, 12,3 
detei'tninatioii of mean. iiD? 
variations in moan, 141, S!)7 
Sears, J, E., 547 

Second and third-order reiteration 
• ^observations, 22 
repetition observations, 224 
order traverses, 230, .2 4 6, 43!) 
accure^y of, 230, 246, 247 
allowable closing angular error 
on, 230, 246, 247 

angular moasuremonts in, 246, 
248 

intervals between azimuth sta- 
tions in, 230, 246, 247 
linear measuroinonts on, 247, 248 
methods used in the United 
States for the survey of, 246 
other methods used for survey of, 
247 

sotting out of. 248 
signals for, 248 
survey i/f, 246, 247 
Secondaries of circles. 3 
Secondary and minor traverses, coni- 
putation of in terms of TraiisiVerse 
Mercator co-ordinates, 383, 4-0 1 
and tertiary compass traverse, 463 
triangulation, 145, 146 
Selection of base lino sites, 147 
of camera stations, 472 
of stars, SO, !)!) 

of triaiigulation stations, 145, 118 
Self-adjusting level by Watts, 408 
Self-coiitering beacon, 1.36 
Semi -diameter of svm, correction for, 2(), 
107 

Seiniliki base line in Uganda, 100 
Sensible horizon, 0 

Sensitiveness of level tube for precise 
level, 39S. 401. 407. 40S 
of level for theodolite, 52, l!>2, 191 
Sensitivity of mathematical tables, .323. 
524 

Series, exponential, 7 
logarithmic, 7 
Maclaurin’s, 7 
revorsioxi of, S 
Taylor’s, 7 
trigonometrical 7 
useful, 6 

Sotting out party in base measurement, 
duties of, 176 
out precise traverses. 234 
out second-order traverses, 248 
tripods, *176 
Sextant, 52 

astronomical or nautical. .30 


Sextant, centerii\g error of, 6^ 
index error of, 61, 62 
testing and adjusimont of, 60 
Shading, .302, 504 

Shciran radar system, ArrHiricaii, .309 
Short and medium lines, Clarke’s 
forniulrc for, 324, 325, 327, 337, 338, 
339, 340, 344, 348 

Short- j)eriod terms of nutation, correc- 
tion for, 42 

Shutter eye[)ieee. Hunter, .38, 8.3 
Side equations, 284, 285 

formation and number of, 289, 290 
Sidereal chronometer, 76 
clock, 21 
day, 21 
time, 21 

and hour angle, relation between, 2 1 
and right ascension, relation between, 
21 

from local mean time, 40 
from standard mean time, 45 
intervals, relation between moan 
and, 24 

to mean time intervals, tables for 
conversion of, 25 
of elongation of a star, 41 
of transit of a star, 21 
Signal, correction for eccentricity of, 
224. 228 

for phase of, 154, 224, 227 
for solar observations, 98 
Gal ton sim. 156 

S*(/nah, Afhnirulftf List of Ihiuto, 

126, 12!) 

alignment of luminous, 1.34, 156, 166, 
15S, 160 

and station marks on precise traverses, 
234 

corrections to wireless time, 128 
for second-ord , 'a versos, 248 
for triaiigulation, 154 
Intel national (Onogo) system of wire- 
less time, 12.S 

luminous. See Luminou-s Signals, 
mast, 1.34 
night, 158 

opaque. Sec Opaque Signals, 
precise reception of wireless time, 127 
reception of wireless time. 126 
standard rhythmic wireless time, 125, 
126. 128 

Signals, target, 154 

United States system ol wireless time. 
129 

niroless time, 125 
Signs, coiwentional, 504 
Simple (.'oiiieal projection, 491, 497 
cylindrical projection, 49.3 
figures, approximate adjustment of, 
298 

polyconical projection, 492, 493, 498 
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Single triangle, adjustment of, 283 
Sinusoidal equal-area projection, 493 
Sir Henry James* projection, 490 
Sirius, 16 

Sites, selection of base line, 147 
Sketch board, Verner Cavalry, 467 
Sketching, route, 467 

topographical, 437, 438, 467 
Slant distances, radar observed, to sur- 
face distances, formula? for reduction 
of, 512 

Slave station, 509 

Slope, correction for, 184, 245, 247, 248 
measurement of on base lines, 175, 
176, 177 

on traverses, 239, 243, 247. 248, 
440 

sag correction on a. See Sag Correc- 
tion. 

Small circles, definition of, 2 
Solar attachment, 72 
compass, 72 
day, 21, 22 

variations in length of, 22 
observations, signal for use on, 98 
time, 22 

apparent, 22 
mean, 22 

Solstice, summer, 17 
winter, 17 

Solu^on of astronomical triangle, 14, 83 
of correlative normal equations, 275 
of observational normal equations, 265 
of right-angled spherical triangles, 6 
of spherical triangles, 3 
of triangles with measured sides, 315 
Sound and rope traverse, 463 
measurement of distance by, 466 
velocity of, 466 • 

South Africa, 316, 355 
Spacing wire or tape, 176 
Sphere, angles on, 3 
celestial, 1 
distances on a, 3 
geometrical properties of, 2 
Spherical and geodesic angles, correction 
for difference between, 315, 541 
and plane angles, correction for 
difference between, 313, 315, 541 
and .spiieroidal angles, comparison of, 
313 

angles, 3, 313, 324 

co-ordinates, rectangular. See Rect- 
angular Spherical Co-ordinates, 
excess, 6, 282, 312, 313, 314, 315, 541 
geometry, 2 
triangle, auxiliary, 542 
definition of, 3 
right-angled, 6 
solution of, 3 
trigonometry, 2, 3 

proof of theorem in, 533 


Spheroidal and spherical angles, com- 
parison of, 313 
angles, 313 

co-ordinates, rectangular, 341 
excess, 282, 314 

Spheroid, curves on the, 326, 387, 545 
dimensions of. See Figure of the 
Earth, 
oblate, 317 

properties of, 317 
of reference, 188. 317 
Spring balance, 176, 179, 239, 241, 247, 
248 

correction for index error of, 183, 
245 

Squares and square roots, tables of, 
529 

Stability of instrument, 218 
Stadia hairs, 398 
readings, 407, 411 
Staffs, precise. See Precise Staffs. 
Standardisation of base apparatus, 166 
of field tapes, 178, 244, 245, 247, 
248 

of precise staffs. 4 1 1 

correction for, 411, 414 
of roforonco tapes, 166, 167, 244 
of tape, correction for, 181, 245 
of thermometers, 171) 

Standard mean time from local apparent 
time, 44 

sidereal time, 44 

of length, wavelength of light as a, 
164 

rhythmic wirelo.ss time signals, 125, 
126, 128 
times, 26 

Standards of length, 164 
fundamental, 164 
Washington llureaii of, 173 
Standing rate, 74 

determination of, 74 
Star Alnmnnv for Lond Snrm/ors, 19, 25, 
32. 33. 43, 99 
use of, 32 

Star and sun observations, relative 
merits of, 79 
Atlas, Norton's, 15, 81 
derivation of formula? for correction 
for curvature of path of a, 83 
Lists* of American Geographical 
Society, 69 

local moan time of transit of a, 41 
sidereal time of elongation of a, 41 
of transit of a, 21 
plac-cH, index to, 34 
transits, time by, 85, 89, 129 
Stars, apparent motions of, 2 

places of fundamental. See 
Apparent Plavea of Fundamental 
Stars. 

brightness of, 15 
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.Stars, (‘.ataingiin oF, 15 
circiyppolar, 111 

(ilassificatiori and nonionclatum of, 
15 

idontifictttioii of, 80, 81 
magnitude of, 16 
non-sotting, 13 
selection of, 81, 99 
Station adjustment, 281, 295 

marks on precise traverses, signals 
and, 234 

muster, 509 • 

positions, *)16 
slave, 509 

Stations, desjeriptitiii of, 119, 104 

tjffoct of refraction and curvatun* on 
intorvisibility of, 150 
li ight of triangiilation, 150 
int(*rvisihility of, 149, 150 
Laplace. See f^aplace I’oints. 
marking of, 103, 234 
relative heights of triangiilation, 150 
selection of camera, 472 
of triangiilation, I4S 
Stereo-autograph, 47S 
Stcjreo-comparntor, 47s 
Stereographic piojrc** ion, 4!K) 
Stereo-photographic suiM*ying. 474 
field work, 470 
plotting in. 477, 47s 
Stereo plotter, 47s 
Sttavoscope, eomiiound, Is2 
topographieal, 4S2 
Storooscopie hose, 475, 470, 177 
eombination, 47s 
parallax, 47 S 

photogrnjihs, eontoiiring from, 482 
plotting from, 477, 47s 
Stop watch, 74 

Straining ^ipparatiis for haM3 line 
mensiiroment, 175 
tripods, 175, 242 

Strength of triangiilation figures, 147 
Strc'tcher, tape. 179, 239, 240, 247 
Striding kjvel, 52, 54, 7S, 100, 192, 194 
adjiistiiKMit of, 195 
eorreotion for disk'velinent of, 101, 
224, 220, 23fi. 23S 
<letermination of value of one 
division of, 7S, 192 , 

Subsiiliary angles on precise traverses, 
allowable closing error of, 237 
on preeiso traverses, meaNiircanent 
of, 230 

Sub-solar point, 133 
Siih-slellar pnint, 133 
Subtense bar, 40)1 

Successive differences, interpolation by, 

20 

Sudan, 17S 
Summer solstice, 17 
Sumner, Cdj ft. 7’. //., 133 
p (fc a. B. , 


Sun and star observationo, relative 
merits of, 79 

apparent m 9 tion of, 10, 18 
correction for semidiamoter of, 20, 107 
observations of with diagonal eyepiece, 
54 

signal, Galton, 150 
the. 10 

Sun’s declination at given local time, 38 
from Nautical Almanac, 35 
from Star Ahnannc for Land Sur- 
veyors, 35, 38 

right ascension at given local time, 38 
from Nautical Almanac, 35 
from Star AUnanac for Land 
Surveyors, 30, 38 
Supports for precise staff, 410 

for tapes in base measurement, 179 
in traversing, 211. 212, 217, 248 
Surface taping, 2!31, 247, 248 

methods of in precise trav’^er.sing, 238 
Survey adjustment, 250 
refcrerices on, 392 

of dc'tail in topographical surveying, 
437, 401 

of Lgypt, 1 50, 355 

of rn/liii, 222, 323, 420. 47S, 498, 499 
Sec also (Iri'at Trigonometrical 
Survey of fndia. 
projection, 499 

Ordnance. See Ordnance Survey,- 
“ Survey (’ompiitations,” 30, 321, 332, 
339, 348, 432 

Surveying, aerial photographic. See 
Aerial Photographic Surveying, 
altimeter, Paulin. 450, 400 
W.illai o and Tieriam, 400 
i-amera, 407, 474 
aerial, 479, 481 

geodetic. See Oeoilftic Survr*ying. 
miern-.dtimi*tcr, -* > , 459, 400 
photogrophic. See Photographic Sur- 
veying. 

stereo-photographic. See Stereo- 
' photographic Surveying, 
topographical. See Topographical 
Surveying. 

Sydney Tlarhoiir Bridge, laying-out of, 
‘ lOS 

Systi'inatic error, 250, 257 

ill precise levelling, 410, 117, 4 IS, 420 
Systems, co-ordinate, 10 

of rectangular co-ordinates, 310 
time, inti'ivonver'-sion of, 23 


T.\ule fQi* graduation of aneroid baro- 
meter, 457 

for sag correction on a slope, 187 
making innehine, 52S 
of constants, 547 
of curvature and refraction. 150 
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Tables, Cbainbcrs's Sovon-figuro Mathe- 
matical. 28. 352, 527 
Six-figure Mathematical Tables. 525, 
528 • 

construction of. 29, 32, 528 
for conversion of mean time intervals 
into sidereal time intervals, 25 
of sidereal time intervals into 
moan time intervals, 25 
of time intervals into angles, 22 
for interpolation, 27, 28, 29, 30, 
for reduction of barometrical observa- 
tions, 454, 456, 457, 458 
for use with boiling-point thermo- 
meter, 400 

geodetic, 318, 321, 323 
mathematical, 527 

sensitivity of, 523, 524 
of astronomical refraction, 19 
of Besselian interpolation coelUcionts, 
27 

of Binomial cocflicieiits, 28 
of doublo entry, 32, 526 
of Lagrange interpolation coeOicionts, 
29 

of meridional distances, 321, 323, 324 
of natural trigonometrical functions, 
527 

of quarter squares, 352 
of squares and square roots, 529 
ffrojcction, 498, 499 
to assist in computing Transverse 
Mercator co-ordinates, 369 
Tacheometry, 438, 461 
Talvott, Capt. -4., 113 
I'nlcott level, 208 

Talcott’s method of observing latitude, 
57. 113 

Tape chronograph, 56 
grip, 243 
sag of, 532 

stretchers, 179, 239, 240, 247 ’ 
supports, 179, 241, 242, 247, 248 
Tapes and wires, care of invar, 173 
dimensions of invar, 173 • 

for base measurement, relative 
advantages of, 170 
in calenary, raeasurerrients by, 170, 
173, 176, 178, 231, 23S, 239, 247, 
248 

field, standardisation of, 178, 244, 245, 
247, 248 

long, use of for baso measurement, 
178 

reference, 174, 178 
standardisation of, 166, 167, 244 
Taping, check, 243, 247, 248 ^ 

in precise traversing, 238 
in second-order travertjes, methods of, 
247, 248 

probable error of, 248, 307 
surface. See Surface Taping. 


Tavistock geodetic theodolite, 191, 200, 
202, 208 

adjustments of, 212 
optical system of, 211 
small theodolite, 211, 236, 248 
Taylor’s theorem, 7 
Telescope, broken-, 54, 208 

for baso measurement, alignment and 
levelling, 175, 177 

nadiral, 192. See also Optical Plummet, 
zenith. <Sce Zenith Telescope. 
Telescopic alidade, 462 
Temperature, correction for, 181, 245, 
247, 248 

for in bimetallic apparatus, 182 
to barometrical observations, 453, 
457 

effect of on barometrical lovolliiig, 450 
measurement of, by electric’ resistance 
of tapes, 180 

in astronomical work, 19, 77 
in base measurement, 177, 179 
in Iravorsing, 239, 243, 247, 218, 
440 

Tensile strength of invar, 172 
Tension, appliead ioii of to tape, 175, 179, 
239. 241, 212, 245, 247, 248 
correction for change of, 1S2, 245 
u.sod with invar tapes and wires. 175 
Terms, astronomical, definition of, 8 
Terrestrial equator, 9 
horizon, 9 
latitude, 10 
longitude, 10 
meridian, 9 

Tertiary triangiilatioii, 115. 116 
Test triangulatiou in Seotlarnl, 192, 222 
Theodolite, 52 

adjustments of, 195 

of Tavistock geotletie, 212 
of Wild precise, 207 
advantages of doublo reading, 2(*0 
Cassella double reading, 202, 248 
observing by, 77, 218 
optical system of Tavistock, geodetic, 
211 

photo-, 469 

Tavistock geodetic. See Tavistock 
Geodetic Theodolite. 

•s/nalL 211, 2.36, 248 
Watts Micro])lic ” No. 2, 214 
Watts Zeiss, 248 
Wild “ astronomical,” 54, 207 . 

precise. . See Wild Precise Tlioodo- 
lite. 

universal, 202, 205, 236, 248 
ZoJsH photo-, 476 

universal, 200, 202, 236, 248 
Theodolites, axis strain in Ijght- weight 
geodetic, 217, 223 
creep in light-weight geodetic, 218 
direction, 220 
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rheodolitoH, double reading. See Doublo- 
Cr/uling Thoodolitoa. 
micrometer, 192 
repeating, 220 

Theorem in apherical tri'^onornetry, 
. proof of, 533 
Maclaurin’a, 7 
'Taylor’s, 7 
Theory of errors, 256 
Thc^ririometor, boiling-point. See lioil- 
ing-point Thermometer, 
observations with* in astronomical 
work,’* 19, 77 

in base measurement, 177, 179 
in traversing, 239, 243, 247, 24S, 
440 

Thermometers, standardisation of, 176 
Inird-order reiteration observations, 223 
repetition observations, 224 
travorsefl, 230. See also Minor 'Theo- 
dolite Traverses. 

triangulation. 145, 146. See also 

Topographical Triangulation. 
ritompson, fj. //., 268, 482 
Three-tripod system of observing angles, 
214 

Tidal obse^valion^, 141, 397 

Tilley petrol vapour pressure lamp, 158 

Tilt, eainortt. See Camera Tilt. 

Time, 20 

and U7iimuth, combined Hetormina- 
tions of, 111, 129. 130, 131 
and hour angle, relation between, 21, 
23 

and latitude, combined doterinina- 
tions of, 129 

and longitude, relation between, 25 
apparent local, from local mean time, 
37 

from standard moan time, 14 
astronomical, 23 
base in <*atho(le tube, .7 15 
by equal altitudes of stars, 65, 85, 94, 
129 

of the sun, 85, 96 
of two stars, 95 

by ex-meridian altitudes of stars, 85, 
89, 129 

of the sun, 85, 93 
by star tiansits, 85, 89, 1:^9 « 

by sun transits, 97 
civil, 23 

determination of, 84 
methods for, 85 
equation of, 23 

from Nautical Almanac, 24 
from Star Almanac for Land Sur- 
veyors, 25, 34 
Greenwich, 26 

approximate determination of, 128 
determination of, 125 
from local time, 36 


Time intervals, conversion of ipto angular 
measure, 22 

into angular measure, tables for, 

22 '• 

mean, conversion of into sidereal 
time intervals, 25 
conversion of into sidereal time 
intervals, tables for, 24 
sidereal, conversion of Into moan 
time intervals, 25 
local, 26 

mean, from local apparent time, 36 
of local apparent noon, 39 
sidereal time, 40 
of transit of a star, 41 
sidereal, from local mean time, 40 
from standard mean time, 45 
of elongation of a star, 41 
of transit of a star, 21 
mean solar, 22 

measurement of distance by, 466 
of travel of wireless time signals, 
coiTcetion for, 128 
primary determinations of, 85 
rough determination of for aneroid 
levelling, 452 
sidereal, 21 

signals, wireless. See Wireless Time 
Signals, 
solar, 22 

standard mean, from local apparent 
time, 44 

from local sidereal time, 44 
systems, interconversion of, 23 
universal, 26 
Timekeepers, 73 

Times, eye and oar method of observing, 
54, 79 

Times, standard, 26 
taking, 78 
Tobey, TT. M., It i 

Topographical maps, scales of. -136 
specimens of, 435 
sketching, 437, 438, 467 
« stereoscope, 482 
surveying, 435 
methods of, 437 

of detail survey used in, 437, 461 
references on, 485 
surveys, general features of, 435 

horizontal control for, 435, 436, 437, 
43S 

object of, 435 

vertical control for, 435, 43C, 438, 
446 

triangulation, 435, 436, 437, 43S 
angular measurements on, 438 
computation of, 439 
Torsion bnlanco observations, 322 
Touissant, 7.., 457 

Tower, portable Hi I by observing, 144, 
145, 153. 230 
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Towel’S, obsei’vation. See Observation 
Towers. * 

Transit, brokon-telescopo, o4, 20S 
circle. 54 • 

instrument, portable, 52, 54. 85 
portable, adjustment of, 55 
lower, 13 
observing a, 54 

of a star latitude by, 113, 120, 129 
local mean time of, 41 
sidereal time of, 2 1 
time by, 85. 89. 120 
of the sun, time by, 97 
or culmination, 1 3 

or impersonal micrometer, 54, 56, 58, 
208 

upper, 13 

Transverse ^fercator eo-ordinates, 245, 
.304, 316, 341, 354, 376. 490 
computation of from bearing and 
distance. 359 

of from geographical co-ordi- 
nates, 35 S, 300 

of secondary and minor tra- 
verses in terms of, 383, 440 
of traverses in terms of, 370, 
378, 380, 383. 440 
of triangiilation in terms of, 
303 

conversion of into geographical 
co-ordinates, 358 
formulae for, 357 
general properties of, 357 
relation between rectangular 
spherical co-ordinates and, 355, 
350, 357, 300, 496 
sign conventions J'or use with. 
300 

tables to assist in-compiitiiig, 309 
pr<ijcction, 493, 490, 497 
system, scale correction in. See 
Scale Correction. • 

scale error in. See »Scalo Error. 
Trapezoidal projection, 497 
'J’ravelling rate, 74 

determination of, 75 
Trav’’crso and triangulation, combined, 
233 

latitude and azimuth. 340, 437, 445 
primary compass, 463 
rope and sound, 403 
route, 436, 437, 465 
secondary and tertiary compass, 463 
to triangulation, joining, 232 
'JVaverses. accuracy of first-order, 229, 
230 

of second-order, 230, 246, 247 
adjustment of networks of, 301, *308 
of precise. See Adjustment of 
Precise Travor.so.s. 

Canadian Geodetic Survey method of 
computing. 377 


Traverses^ eohipiitatiori of by approxi- 
mate methods, 381, 383, 4^ 441 
of in terms of geographical co-ordi- 
nates, 376, 440, 441 
of Transverse Mercator co-ordi- 
nates. 376, 378, 380. 383, 440 
of precise, 376, 378, 380 
of secondary and minor in terms of 
Transverse Mercator co-ordinates. 
383, 440 ■. • 

first-order. See First-order Traverses, 
minor theodolite. See Minor Theodo- 
lite Traverses. m 

precise. See Precise Traverses, 
second-order. See Socond;Ordor Tra- 
verses. 

theodolite, for topographical work, 
methods of survey of, 439 
third-order, 230. See al"o Minor 
Theodolite Trav^erses. 

Traversing, compass, 438, 462 

deviations or loops in, 230, .231, 246 
estimation of allowable error in, 248 
precise. See Precise Traversing, 
propagation of error in, 249 
use of in topographical surveying, 43’5, 
436, 437 

value of astronomical positions ns 
chock in, 49 

Triangle, adjustment of single, 283 
astronomical, 14 
right-angled, 14 
solution of, 14, 83. 315 
polar, 4 

spherical, definition of, 3 
formula) for .solution of, 3 
.spherical excess of, 6, 282, 312, 313. 
314, 315, 541 

Triangles on cartli’s surface, eompiita- 
tion of length of sides of, 31l{ 
with mea.sureil sides, .solution of, 315 

Triangiilation. 145 

adjustment of. 281, 300 

of chain of between fixed base.s and 
azimuths, 300 

and traverse, combined, 233 
relative advantages of, 143, 229 
angle inoa.suremcnt in, 191, 222. 223.. 
224, 438 

ba^e biics for, 142, 147. 442 
calcuuitioh of^ 312, 439 

of in terms of Traiisvor.so Mei*cuU)r 
co-ordinates, 303 
chain figuro system of, 147 
cla.ssificatioii of, 145, 140 
connection of base lino to, MS 
field observations in, 218 
figures, strength of, 147 
fiiiro, 100 , 

geographical. See Geographical > Tn- 
, angulation. 

I grades of, 146, 140 
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Triangiiliilioii, “ (jlnind,” 51 1 
griilroii HyHtom of, 147 
in Scotland, Tost, 1!)2, 222 
layout of, 140 
length of side in, 146 
of. Groat Britain, Principal, 291 
piano table, 437, 443, 445 
preliminary operations, 149 
principles of, 145 

probablo error of an adjusted angle in, 
299 

of an observed angle in, Ferroro’s 
fornTula for, 252, 298 
of a .computed side in, 299 
propagation of linear ercor in, 299 
radar. See Kadar MViangulation. 
rapid. See Rapid Triangulation, 
recomiaissanco for, 143, 149 
by aeroplane, 150 
schemes, 140 

stations, description of, 149, 104 
distances between, 140, 1 .j 0 
height of, 150 
relative heights of, 150 
selection of, 148 

topographicpl Nee Topographical 
Triangulatioii. 
to traverses, joiniiig of, 232 
value of astronomical positions as 
check on, 49 

witli ino«/suro<l sides. 142, 191, 315, 
507, 540 

Trigonometrical levelling, 397, 425 
allowable error in, 432 
correction for curvature and refrac- 
tion in, 426, 

oflFoct of curvature and refraction 
in, 426 
errors of, 431 

eye and object correction in, 425, 
42S, 431 

limitations of, 397, 425 
methods of, 397, 425, 427 
probable error of, 431, 432 
propagation of error in, 431 
n*eiprocal observations in, 427, 42S, 
429 

rough determinations by, 431 
uses of, 397, 425 

levels, adjustment of nctwo’^ of; 433 
eomputation of, 427, 428, 429, 430 
' weighting of Jines of, 433 

obs(‘rvations, favourable coiulitions 
for, 219 

general method.s of taking, 219 
points, plotting of. 500 
series, 7 

Tripods, marking, 240, 241, 247, 248 
monsuring, 241, 243. 247, 24S 
for base measurement, 174, 176 
setting, 176 
straining, 175. 242 


Tropical year, 25 
Tropic of Cancer, 17 
of Capricorri^ IS 

Tropics, aneroid observations in the, 452 
diurnal variation of atrriosphoric pres- 
sure in the, 450, 452 
True error, 257 

horizon, 9 ^ 

Twin Brunsviga calculating machine, 525 
calculating machines, 525, 526 
advantages of, 525, 526 
Marchant calculating machine, 525 
Two stars, time by equal altitudes of, 95 

Uganda, 171, 427 

arc of 30th meridian in, 158, 174, 175, 
427 

iSerniliki base in, 190 
Uru'ontrolled mosaics, 484 
Undetermined multipliers or correlatives, 
271 

Union of Geodesy and Geophysics, 
International, 141, 323 
United States, 144, 2.34, 230, 237, 238, 
239, 316, 323, 325, 370, 479, 481 
(-onst and Geodetic Survey, 144, 
153, 169, 170, 222, 229, 230, 235, 
238, 240, 241, 244, 246, 247, 253, 
301, 307, 324, 333, 371, 376, 400, 
401, 403, 410, 427, 492, 498, #10, 
527, 530 

systems of co-ordinates used in the, 
316, 370 

of wireless time signals, 129 
Tniversal time, 26 
Upper transit, 13 

V'AiiiATioNs in equation of time, 24 
in force of grav\,, 141, 184, 414. 415, 
-U6 

of latitude, 125, 141 
of moan sea level, 141. 397 
Vega. 15, 16 

Vel<H*ity of light, 191, 507, 535, 539 

variations of with atmospheric 
changes, 540 

t>f radio-waves, 128, 507. 539 

\ariations of with atmospheric 
changes and height ahcjve sea 
level, 511 
of souiul, 466 
Vernal equinox, 17 
Veriier Cnv^alry sketch board, *167 
Vortical angles, observation of. 425 
• circles, 9 
circle, the, 425 

control for topographical suiveys, 
435, 436, 437. 438 
I deviations of, 47, 48, 141, 322 
direction of, 47. 48. 141, 322 
1 hachuring, 503, 504 
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Vertical, focal deviations of the, 47, 48, 
141, 322 
prime, 9 

Very long lines, latitude, longitude and 
reverse azimuth formula) for, 338, 
618; 541 

Vignnl and Runo's formulae for probable 
errors of levelling, 418 
Vignalf Jean, 418, 421 
von Orel, E., 478 


Wallace and Tiernan surveying alti- 
meter, 460 

Washington wireless time signals, 129 
Watch error and rate, 74 
stop, 74 

Watches, comparison of, 76 
Watts, Messrs. E. R. and Son Ltd., 102, 
195, 407, 449 

“ Microptic ” theodolite No. 2, 214 
precise levels, 407, 408, 412 
self-adjusting level, 408 
-Zeiss theodolite, 248 
Wavelength of light as standard of 
length, 164 

of transmitted pulses, choice of, 513 
Wavelengths of radar systems, 510 
Weight, 257 

W§ighted arithmetic mean, 259, 277 
probable error of, 277 
Weighting, application of probable error 
to, 279 

of linos of precise spirit levels, 422 
of trigonometrical lev^els, 433 
of precise traverses, 301, 307, 309 
West Africa, tapes used in for base 
measurement, 175 
U:je of aneroid in, 452 
Wheel, measurement of distance by, 465 
Width of luminous signals, 156 « 
of opaque signals, 154 
Wild “ astronomical ’* theodolite, 54, 207 
Messrs. H. Sc Co. Ltd., 199 
precise theodolite, 191, 200, 202, ^04 
adjustments of, 207 
Universal theodolite, 202, 205, 236, 248 
Wild, H., 199 
WiUiams, W, W„ 412 
Winterbotham’s “ Survey Comp'ita- 
tions,” 30, 321, 332, 339, 348, 432 
Winter solstice, 1 7 
Wireless time signals, 125 
B.B.C., 129 
Canadian, 129 

correction to for time of lravf-1 
of, 128 

corrections to for times of trans- 
mission, 128 ■ ' 


Wireless time signals, equipment for 
observing, 127 • . 

Greenwich, 129 
Hamburg, 126 

International (Onogo) system of 
128 

list of, 125, 126, 128, 12!) 

JMonte Grande, 126 
Paris-Pointoiso, 126 ■ 

precise reception of, 127 • 
reception of, 126 
Rugby, lij6 

standard rhythmic,'^! 25, 126, 128 
United States system of. 129 
Wires and taoes, care of invar, 173 
dimensions of invar, 173 
for base mcasiiremcait, relative 
merits of, 170 

in entonarv, inoasnreiaents by. 
170, 173', 176, 178, 231, 23S, 
239, 247, 248 

Wisconsin method of dotortnination of 
value of one division of level, 78, 
192 

Wootlbury, b*. /i.. 479 
Woodward iced-bnr base mca.uiriiig 
apparatus, 170 
Woodward, M, S., 170 
Wright and na>f»>rd*s “ Adjustincrd of 
Observations,” 281, 300 


Yard to metro, ratio of, 164, 547 
Yates, F„ 253, 309, 310, 381, 3S5 
Year, tropical, 25 
Young, A, E., 183 


Zeis«^ & Co. Ltd.. 199. 404, 478 
optical pluininct, 175 
photo -theodolite. 476, 477 
precise level, 403 

adjustments of, 404 
Universal theodolite*, 200, '202, 236, 
248 
Zenith, 9 
distance, 11 

correction to for curvature of path 
• offitar, 70 
telescope, 52. 57, 113 

adjubtmont.i of, 57 • 

Zenithal equal-area projectifin, 495, 497 
cquidistairt projection, 4!*5, 497 
projection, Airy’s, 495 
projections, 489, 4!)4, 497 
Zeroes, intervals between in angidnr 
observations, 221 

J-errors in precise sjiirit Itivelling, 419 





